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Introduction

Let us denote by Sy the sphere of RY of center 0 and radius v'N, and by
un the uniform measure on Sy. For 7,k > 1, consider independent standard
Gaussian random variables (r.v.s) g;  and the subset Uy of RV given by

Uk = {(xl,n-,IN) RN N gipwi > 0} :
i<N

The direction of the vector (g;x)i<n is random (with uniform distribution
over all possible directions) so that Uy is simply a half-space through the
origin of random direction. (It might not be obvious now why we use Gaussian
r.v.s to define a space of random direction, but this will become gradually
clear.) Consider the set Sy Ng<ar Uk, the intersection of Sy with many such
half-spaces. Denoting by E mathematical expectation, it should be obvious

that
E(uN (SN N Uk>) =M (0.1)

k<M

because every point of Sy has a probability 2~ to belong to all the sets Uy,
k < M. This however is not really interesting. The fascinating fact is that
when N is large and M/N =~ «, if o > 2 the set Sy Ng<mr Uy is typically
empty (a classical result), while if a < 2, with probability very close to 1, we
have

%log,u]v (SN ﬂ Uk) ~ RS(a) . (0.2)

k<M

) 2/q 1 gq 1
_ El S Clog(l -
RS(a) = min, (O‘ og N (m) T ol q>> ’

where A (z) denotes the probability that a standard Gaussian r.v. g is > =z,
and where logz denotes (as everywhere through the book) the natural log-
arithm of x. Of course you should rush to require medical attention if this
formula seems transparent to you. We simply give it now to demonstrate
that we deal with a situation whose depth cannot be guessed beforehand.
The wonderful fact (0.2) was not discovered by a mathematician, but by

XI



XII Introduction

a physicist, E. Gardner. More generally theoretical physicists have discov-
ered wonderful new areas of mathematics, which they have explored by their
methods. This book is an attempt to correct this anomaly by exploring these
areas using mathematical methods, and an attempt to bring these marvelous
questions to the attention of the mathematical community. This is a book of
mathematics. No knowledge of physics or statistical mechanics whatsoever is
required or probably even useful to read it. If you read enough of this volume
and the next, then in Volume II you will be able to understand (0.2).

More specifically, this is a book of probability theory (mostly). Attempt-
ing first a description at a “philosophical” level, a fundamental problem is
as follows. Consider a large finite collection (Xj)r<a of random variables.
What can we say about the largest of them? More generally, what can we say
about the “few largest” of them? When the variables X}, are probabilistically
independent, everything is rather easy. This is no longer the case when the
variables are correlated. Even when the variables are identically distributed,
the answer depends very much on their correlation structure. What are the
correlation structures of interest? Most of the familiar correlation structures
in Probability are low-dimensional, or even “one-dimensional”. This is be-
cause they model random phenomena indexed by time, or, equivalently, by
the real line, a one-dimensional object. In contrast with these familiar situ-
ations, the correlation structures considered here will be “high-dimensional”
— in a sense that will soon become clear — and will create new and truly
remarkable phenomena. This is a direction of probability theory that has not
yet received the attention it deserves.

A natural idea to study the few largest elements of a given realization
of the family (Xj)r<ar is to assign weights to these elements, giving large
weights to the large elements. Ideas from statistical mechanics suggest that,
considering a parameter 3, weights proportional to exp 6X are particularly
appropriate. That is, the (random) weight of the k-th element is

exp Xy
ZigM exp BX; -

These weights define a random probability measure on the index set.
Under an appropriate normalization, one can expect that this probability
measure will be essentially supported by the indices k for which X} is ap-
proximately a certain value x(83). This is because the number of variables
X}, close to a given large value x should decrease as x increases, while the
corresponding weights increase, so that an optimal compromise should be
reached at a certain level. The number z(3) will increase with 5. Thus we
have a kind of “scanner” that enables us to look at the values of the family
(Xk)k<m close to the (large) number z(3), and this scanner is tuned with
the parameter 3.

We must stress an essential point. We are interested in what happens for
a typical realization of the family (Xj). This can be very different (and much

(0.3)
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harder to understand) than what happens in average of all realizations. To
understand the difference between typical and average, consider the situation
of the Spinland State Lottery. It sells 10?3 tickets at a unit price of one spin
each. One ticket wins the single prize of 10?* spins. The average gain of a
ticket is 1 spin, but the typical gain is zero. The average value is very different
from the typical value because there is a large contribution coming from a
set of very small probability. This is exactly the difference between (0.1) and
(0.2). If M/N ~ «a < 2, in average, iy (Sy Ni<nmr Ux) = 27N, but typically
N1 logpN(SN Nk<m Uk) o~ RS(Q)

In an apparently unrelated direction, let us consider a physical system that
can be in a (finite) number of possible configurations. In each configuration,
the system has a given energy. It is maintained by the outside world at a given
temperature, and is subject to thermal fluctuations. If we observe the system
after it has been left undisturbed for a long time, what is the probability to
observe it in a given configuration?

The system we will mostly consider is Xy = {—1,1}", where N is a
(large) integer. A configuration o = {o1,...,0n} is an element of Xn. It
tells us the values of the N “spins” ¢;, each of which can take the values £1.
When in the configuration o, the system has an energy Hy (o). Thus Hy
is simply a real-valued function on Xy. It is called the Hamiltonian of the
system. We consider a parameter 3 (that physically represents the inverse of
the temperature). We weigh each configuration proportionally to its so-called
Boltzmann factor exp(—( Hy (o)). This defines Gibbs’ measure, a probability
measure on Xy given by

exp(—fHn(0))

Gr({oh) = T2 (0.4)
N
where the normalizing factor Zy is given by
Zn =Zn(B) =) exp(—BHn(0)) . (0.5)

The summation is of course over o in Xy. The factor Zy is called the par-
tition function. Statistical mechanics asserts that Gibbs’ measure represents
the probability of observing a configuration o after the system has reached
equilibrium with an infinite heat bath at temperature 1/8. (Thus the ex-
pression “high temperature” will mean “8 small” while the expression “low
temperature” will mean “g large”.) Of course the reader might wonder why
(0.4) is the “correct definition”. This is explained in physics books such as
[102], [126], [125], and is not of real concern to us. That this definition is very
fruitful will soon become self-evident.

The reason for the minus sign in Boltzmann’s factor exp(—SHy (o)) is
that the system favors low (and not high) energy configurations. It should be
stressed that the (considerable...) depth of the innocuous looking definition
(0.4) stems from the normalizing factor Zy. This factor, the partition func-
tion, is the sum of many terms of widely different orders of magnitude, and it



XIV Introduction

is unclear how to estimate it. The (few) large values become more important
as [ increases, and predominate over the more numerous smaller values. Thus
the problem of understanding Gibbs’ measure gets typically harder for large
0 (low temperature) than for small 8 (high temperature).

At this stage, the reader has already learned all the statistical
mechanics (s)he needs to know to read this work.

The energy levels Hy (o) are closely related to the “interactions” between
the spins. When we try to model a situation of “disordered interactions” these
energy levels will become random variables, or, equivalently, the Hamiltonian,
and hence Gibbs’ measure, will become random. There are two levels of ran-
domness (a probabilist’s paradise). The “disorder”, that is, the randomness
of the Hamiltonian Hy, is given with our sample system. It does not evolve
with the thermal fluctuations. It is frozen, or “quenched” as the physicists
say. The word “glass” of the expression “spin glasses” conveys (among many
others) this idea of frozen disorder.

Probably the reader has met with skepticism the statement that no further
knowledge of statistical mechanics is required to read this book. She might
think that this could be formally true, but that nonetheless it would be
very helpful for her intuition to understand some of the classical models
of statistical mechanics. This is not the case. When one studies systems at
“high temperature” the fundamental mental picture is that of the model with
random Hamiltonian Hy (o) = — ),y h;0; where h; are ii.d. Gaussian
random variables (that are not necessarily centered). This particular model
is completely trivial because there is no interaction between the sites, so it
reduces to a collection of N models consisting each of one single spin, and
each acting on their own. (All the work is of course to show that this is in
some sense the way things happen in more complicated models.) When one
studies systems at “low temperature”, matters are more complicated, but
this is a completely new subject, and simply nothing of what had rigorously
been proved before is of much help.

In modeling disordered interactions between the spins, the problem is to
understand Gibbs’ measure for a typical realization of the disorder. As we
explained, this is closely related to the problem of understanding the large
values among a typical realization of the family (—Hpy(o)). This family is
correlated. One reason for the choice of the index set Xy is that it is suitable
to create extremely interesting correlation structures with simple formulas.

At the beginning of the already long story of spin glasses are “real” spin
glasses, alloys with strange magnetic properties, which are of considerable
interest, both experimentally and theoretically. It is believed that their re-
markable properties arise from a kind of disorder among the interactions of
magnetic impurities. To explain (at least qualitatively) the behavior of real
spin glasses, theoretical physicists have invented a number of models. They
fall into two broad categories: the “realistic” models, where the interacting
atoms are located at the vertices of a lattice, and where the strength of



Introduction XV

the interaction between two atoms decreases when their distance increases;
and the “mean-field” models, where the geometric location of the atoms in
space is forgotten, and where each atom interacts with all the others. The
mean-field models are of special interest to mathematicians because they are
very basic mathematical objects and yet create extremely intricate struc-
tures. (As for the “realistic” models, they appear to be intractable at the
moment.) Moreover, some physicists believe that these structures occur in
a wide range of situations. The breadth, and the ambition, of these physi-
cists’ work can in particular be admired in the book “Spin Glass Theory and
Beyond” by M. Mézard, G. Parisi, M.A. Virasoro, and in the book “Field
Theory, Disorder and Simulation” by G. Parisi. The methods used by the
physicists are probably best described here as a combination of heuristic ar-
guments and numerical simulation. They are probably reliable, but they have
no claim to rigor, and it is often not even clear how to give a precise mathe-
matical formulation to some of the central predictions. The recent book [102]
by M. Mézard and A. Montanari is much more friendly to the mathemati-
cally minded reader. It covers a wide range of topics, and succeeds well at
conveying the depth of the physicists’ ideas.

It was rather paradoxical for a mathematician like the author to see sim-
ple, basic mathematical objects being studied by the methods of theoretical
physics. It was also very surprising, given the obvious importance of what the
physicists have done, and the breadth of the paths they have opened, that
mathematicians had not succeeded yet in proving any of their conjectures.

Despite considerable efforts in recent years, the program of giving a sound
mathematical basis to the physicists’ work is still in its infancy. We already
have tried to make the case that in essence this program represents a new
direction of probability theory. It is hence not surprising that, as of today, one
has not yet been able to find anywhere in mathematics an already developed
set of tools that would bear on these questions. Most of the methods used
in this book belong in spirit to the area loosely known as “high-dimensional
probability”, but they are developed here from first principles. In fact, for
much of the book, the most advanced tool that is not proved in complete
detail is Holder’s inequality. The book is long because it attempts to fulfill
several goals (that will be described below) but reading the first two chapters
should be sufficient to get a very good idea of what spin glasses are about,
as far as rigorous results are concerned.

The author believes that the present area has a tremendous long-term
potential to yield incredibly beautiful results. There is of course no way of
telling when progress will be made on the really difficult questions, but to
provide an immediate incitement to seriously learn this topic, the author has
stated as research problems a number of interesting questions (the solution
of which would likely deserve to be published) that he believes are within the
reach of the already established methods, but that he purposely did not, and
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will not, try to solve. (On the other hand, there is ample warning about the
potentially truly difficult problems.)

This book, together with a forthcoming second volume, forms a second
edition of our previous work [157],“Spin Glasses, a Challenge for Mathemati-
cians”. One of the goals in writing [157] was to increase the chance of signifi-
cant progress by making sure that no stone was left unturned. This strategy
greatly helped the author to obtain the solution of what was arguably at the
time the most important problem about mean-field spin glasses, the validity
of the “Parisi Formula”. This advance occurred a few weeks before [157] ap-
peared, and therefore could not be included there. Explaining this result in
the appropriate context is a main motivation for this second edition, which
also provides an opportunity to reorganize and rewrite with considerably
more details all the material of the first edition.

The programs of conferences on spin glasses include many topics that
are not touched here. This book is not an encyclopedia, but represents the
coherent development of a line of thought. The author feels that the real
challenge is the study of spin systems, and, among those, considers only pure
mean-field models from the “statics” point of view. A popular topic is the
study of “dynamics”. In principle this topic also bears on mean-field models
for spin glasses, but in practice it is as of today entirely disjoint from what
we do here.

This work is divided in two volumes, that total a rather large number
of pages. How is a reader supposed to attack this? The beginning of an
answer is that many of the chapters are largely independent of each other,
so that in practice these two volumes contain several “sub-books” that can
be read somewhat independently of each other. For example, there is the
“perceptron book” (Chapters 2, 3, 8, 9). On the other hand, we must stress
that we progressively learn how to handle technical details. Unless the reader
is already an expert, we highly recommend that she studies most of the first
four chapters before attempting to read anything else in detail.

We now proceed to a more detailed description of the contents of the
present volume. In Chapter 1 we study in great detail the Sherrington-
Kirkpatrick model (SK), the “original” spin glass, at sufficiently high temper-
ature. This model serves as an introduction to the basic ideas and methods.
In the remainder of the present volume we introduce six more models. In
this manner we try to demonstrate that the theory of spin glasses does not
deal only with such and such very specific model, but that the basic phe-
nomena occur again and again, as a kind of new law of nature (or at least
of probability theory). We present enough material to provide a solid under-
standing of these models, but without including any of the really difficult
results. In Chapters 2 and 3, we study the so-called “perceptron capacity
model”. This model is fundamental in the theory of neural networks, but the
underlying mathematical problem is the rather attractive question of com-
puting the “proportion” of the discrete cube (resp. the unit sphere) that is
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typically contained in the intersection of many random half-spaces, the ques-
tion to which (0.2) answers in a special case. Despite the fact that the case
of the cube and of the sphere are formally similar, the case of the sphere is
substantially easier, because one can use there fundamental tools from con-
vexity theory. In Chapter 4 we study the Hopfield model, using an approach
invented by A. Bovier and V. Gayrard, that relies on the same tools from
convexity as Chapter 3. This approach is substantially simpler than the ap-
proach first invented by the author, although it yields less complete results,
and in particular does not seem to be able to produce either the correct rates
of convergence or even to control a region of parameters of the correct shape.
Chapter 5 introduces a new model, based on V-statistics. It is connected to
the Perceptron model of Chapter 2, but with a remarkable twist. The last two
chapters present models that are much more different from the previous ones
than those are from each other. They require somewhat different methods,
but illustrate well the great generality of the underlying phenomena. Chap-
ter 6 studies a common generalization of the diluted SK model, and of the
K-sat problem (a fundamental question of computer science). It is essentially
different from the models of the previous chapters, since it is a model with
“finite connectivity”, that is, a spin interacts in average only with a number
of spins that remains bounded as the size of the system increases (so we can
kiss goodbye to the Central Limit Theorem). Chapter 7 is motivated by the
random assignment problem. It is the least understood of all the models pre-
sented here, but must be included because of all the challenges it provides.
An appendix recalls many basic facts of probability theory.

Let us now give a preview of the contents of the forthcoming Volume
II. We shall first develop advanced results about the high-temperature be-
havior of some of the models that we introduce in the present volume. This
work is heartfully dedicated to all the physicists who think that the expres-
sions “high-temperature” and “advanced results” are contradictory. We shall
demonstrate the depth of the theory even in this supposedly easier situation,
and we shall present some of its most spectacular results. We shall return
to the Perceptron model, to prove the celebrated “Gardner formula” that
gives the proportion of the discrete cube (resp. the sphere, of which (0.2)
is a special case) that lies in the intersection of many random half spaces.
We shall return to the Hopfield model to present the approach through the
cavity method that yields the correct rates of convergence, as well as a region
of parameters of the correct shape. And we shall return to the SK model
to study in depth the high-temperature phase in the absence of an external
field.

In the rest of Volume II, we shall present low-temperature results. Be-
sides the celebrated Ghirlanda-Guerra identities that hold very generally,
essentially nothing is known outside the case of the SK model and some of its
obvious generalizations, such as the p-spin interaction model for p even. For
these models we shall present the basic ideas that underline the proof of the
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validity of the Parisi formula, as well as the complete proof itself. We shall
bring attention to the apparently deep mysteries that remain, even for the
SK model, the problem of ultrametricity and the problem of chaos. A final
chapter will be devoted to the case of the p-spin interaction model, for p odd,
for which the validity of the Parisi formula will be proved in a large region
of parameters using mostly the cavity method.

At some point I must apologize for the countless typos, inaccuracies, or
downright mistakes that this book is bound to contain. I have corrected many
of each from the first edition, but doubtlessly I have missed some and created
others. This is unavoidable. I am greatly indebted to Sourav Chatterjee,
Albert Hanen and Marc Yor for laboring through this entire volume and
suggesting literally hundreds of corrections and improvements. Their input
was really invaluable, both at the technical level, and by the moral support
it provided to the author. Special thanks are also due to Tim Austin, David
Fremlin and Fréderique Watbled. Of course, all remaining mistakes are my
sole responsibility.

This book owes its very existence to Gilles Godefroy. While Director of
the Jussieu Institute of Mathematics he went out of his way to secure what
has been in practice unlimited typing support for the author. Without such
support this work would not even have been started.

While writing this book (and, more generally, while devoting a large part
of my life to mathematics) it was very helpful to hold a research position
without any other duties whatsoever. So it is only appropriate that I express
here a life-time of gratitude to three colleagues, who, at crucial junctures,
went far beyond their mere duties to give me a chance to get or to keep this
position: Jean Braconnier, Jean-Pierre Kahane, Paul-André Meyer.

It is customary for authors, at the end of an introduction, to warmly thank
their spouse for having granted them the peaceful time needed to complete
their work. I find that these thanks are far too universal and overly enthu-
siastic to be believable. Yet, I must say simply that I have been privileged
with a life-time of unconditional support. Be jealous, reader, for I yet have
to hear the words I dread the most: “Now is not the time to work”.



1. The Sherrington-Kirkpatrick Model

1.1 Introduction

Consider a large population of individuals (or atoms) that we label from 1
to N. Let us assume that each individual knows all the others. The feelings
of the individual ¢ towards the individual j are measured by a number g;;
that can be positive, or, unfortunately, negative. Let us assume symmetry,
gij = gji, 50 only the numbers (g;;)i<; are relevant. We are trying to model a
situation where these feelings are random. We are not trying to make realistic
assumptions, but rather to find the simplest possible model; so let us assume
that the numbers (g;;)i<; are independent random variables. (Throughout
the book, the word “independent” should always be understood in the prob-
abilistic sense.) Since we are aiming for simplicity, let us also assume that
these random variables (r.v.s) are standard Gaussian. This is the place to
point out that Gaussian r.v.s will often be denoted by lower case letters.

A very important feature of this model (called frustration, in physics) is
that even if g;; > 0 and g;, > 0 (that is, ¢ and j are friends, and j and %
are friends), then ¢ and k are just as likely to be enemies as they are to be
friends. The interactions (g;;) describe a very complex social situation.

Let us now think that we fix a typical realization of the numbers (g;;).
Here and elsewhere we say that an event is “typical” if (for large N) it occurs
with probability close to 1. For example, the situation where nearly half of
the r.v.s g;; are > 0 is typical, but the situation where all of them are < 0
is certainly not typical. Let us choose the goal of separating the population
in two classes, putting, as much as possible, friends together and enemies
apart. It should be obvious that at best this can be done very imperfectly:
some friends will be separated and some enemies will cohabit. To introduce
a quantitative way to measure how well we have succeeded, it is convenient
to assign to each individual ¢ a number o; € {—1,1}, thereby defining two
classes of individuals. Possibly the simplest measure of how well these two
classes unite friends and separate enemies is the quantity

Zgijgioj . (1].)

i<j

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der Mathematik 1
und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics 54,
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2 1. The Sherrington-Kirkpatrick Model

Trying to make this large invites making the quantities g;;0;0; positive, and
thus invites in turn taking o; and o; of the same sign when g;; > 0, and of
opposite signs when g;; < 0.

Despite the simplicity of the expression (1.1), the optimization problem of
finding the maximum of this quantity (for a typical realization of the g;;) over
the configuration o = (01,...,0N) appears to be of extreme difficulty, and
little is rigorously known about it. Equivalently, one can look for a minimum

of the function
— Z gijaiaj .
i<j

Finding the minimum value of a function of the configurations is called in
physics a zero-temperature problem, because at zero temperature a system
is always found in its configuration of lowest energy. To a zero-temperature
problem is often associated a version of the problem “with a temperature”,
here the problem corresponding to the Hamiltonian

HN(O') = —\/Lﬁ Zgijaioj . (12)

i<j

That is, we think of the quantity (1.2) as being the energy of the configuration
o. The purpose of the normalization factor N~1/2 will be apparent after (1.9)
below. The energy level of a given configuration depends on the (g;;), and
this randomness models the “disorder” of the situation.

The minus signs in the Boltzmann factor exp(—GHy (o)) that arise from
the physical requirement to favor configurations of low energy are a nuisance
for mathematics. This nuisance is greatly decreased if we think that the object
of interest is (—Hy), i.e. that the minus sign is a part of the Hamiltonian.
We will use this strategy throughout the book. Keeping with this convention,
we write formula (1.2) as

— HN(O') = \/LN Zgijaiaj . (13)

i<j

One goal is to understand the system governed by the Hamiltonian (1.3)
at a given (typical) realization of the disorder (i.e. the r.v.s g;;), or, equiva-
lently, at a given realization of the (random) Hamiltonian Hp. To understand
better this Hamiltonian, we observe that the energies Hy (o) are centered
Gaussian r.v.s. The energies of two different configurations are however not
independent. In fact, for two configurations o' and o2, we have

E(Hy(eY ) Hy(0%) = — Zoilajl-o?a?
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Here we see the first occurrence of a quantity which plays an essential
part in the sequel, namely

R12—R1 2(0’ 0' ZJ U . (15)

z<N

This quantity is called the overlap of the configurations o', o2, because the

closer it is to 1, the closer they are to each other. It depends on ¢! and o2,
even though the compact notation keeps the dependence implicit. The words
“which plays an essential part in the sequel” have of course to be understood
as “now is the time to learn and remember this definition, that will be used
again and again”. We can rewrite (1.4) as
E(Hn(o')Hn(0%) = S Ri, — (1.6)

Let us denote by d(o!,o?) the Hamming distance of o', o2, that is the
proportion of coordinates where o', o2 differ,

1
d(e',o0?) = Ncard{i <N;o} #0?%}. (1.7)

Then
Ris=1-2d(a",0?), (1.8)

and this shows that R; o, and hence the correlation of the family (Hy (o)),
is closely related to the structure of the metric space (X'n,d), where X =
{—1,1}". This structure is very rich, and this explains why the simple ex-
pression (1.3) suffices to create a complex situation. Let us also note that
(1.4) implies

EH? (o) = % ) (1.9)

Here is the place to point out that to lighten notation we write EHZ,
rather than E(H% ), a quantity that should not be confused with (EHy)?.
The reader should remember this when she will meet expressions such as
E|X - Y%

We can explain to the reader having some basic knowledge of Gaus-
sian 1.v.s the reason behind the factor v/N in (1.3). The 2V Gaussian r.v.s
—Hy (o) are not too much correlated; each one is of “size about v/ N”. Their
maximum should be of size about v N+/log2V, i.e. about N, see Lemma
A.3.1. If one keeps in mind the physical picture that Hy (o) is the energy
of the configuration o, a configuration of a N-spin system, it makes a lot of
sense that as N becomes large the “average energy per spin” Hy(o)/N re-
mains in a sense bounded independently of N. With the choice (1.3), some of
the terms exp(—GHy (o)) will be (on a logarithmic scale) of the same order
as the entire sum Zy(8) = >, exp(—FHy(0)), a challenging situation.
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In the heuristic considerations leading to (1.3), we have made the assump-
tion that any two individuals interact. This is certainly not the case if the
individuals are atoms in a macroscopic sample of matter. Thus (1.3) is not,
by any means, a realistic model for disordered interactions among atoms.
A more realistic model would locate the atoms at the vertices of a lattice
(e.g. Z*%) and would assume that the strength of the interaction between two
atoms decreases as their distance increases. The problem is that these models,
while more interesting from the point of view of physics, are also extremely
difficult. Even if one makes the simplifying assumption that an atom inter-
acts only with its nearest neighbors, they are so difficult that, at the time
of this writing, no consensus has been reached among physicists regarding
their probable behavior. It is to bypass this difficulty that Sherrington and
Kirkpatrick introduced the Hamiltonian (1.3), where the geometric location
of the atoms is forgotten and where they all interact with each other. Such a
simplification is called a “mean-field approximation”, and the corresponding
models are called “mean-field models”.

The Hamiltonian (1.3) presents a very special symmetry. It is invariant
under the transformation o — —o, and so is the corresponding Gibbs mea-
sure (0.4). This special situation is somewhat misleading. In order not to get
hypnotized by special features, we will consider the version of (1.3) “with an
external field”, i.e. where the Hamiltonian is

— HN(O') = \/LN Zgijaiaj + h Z ag; . (110)

i<j i<N

The reader might observe that the sentence “the Hamiltonian is” preceding
(1.10) is not strictly true, since this formula actually give the value of —Hpy
rather than Hpy. It seems however harmless to allow such minor slips of
language. The last term in (1.10) represents the action of an “external field”,
that is a magnetic field created by an apparatus outside the sample of matter
we study. The external field favors the + spins over the — spins when h > 0.
With the Hamiltonian (1.10), the Boltzmann factor exp(—B8Hy (o)) becomes

exp(\/% > gijoio; —s—BhZai) : (1.11)

i<j i<N

The coefficient 3h of ), _ \ o; makes perfect sense to a physicist. However,
when one looks at the mathematical structure of (1.11), one sees that the two
terms N—1/2 ZKJ- 9i;0:0; and Zigz\r o; appear to be of different natures.
Therefore, it would be more convenient to have unrelated coefficients in front
of these terms. For example, it is more cumbersome to take derivatives in G
when using the factors (1.11) than when using the factors

exp(% Zgijaio—j + h Z 0'7;) .

i<j i<N
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Thus for the sake of mathematical clarity, it is better to abandon the
physical point of view of having a “main parameter” 3. Rather, we will think
of the Hamiltonian as depending upon parameters (3, h,... That is, we will
write

—HN(O')Z—HN(O',Q,}I):izgijgiO’j—FhZO’i (112)
VN i<j i<N
for the Hamiltonian of the Sherrington-Kirkpatrick model. The Boltzmann
factor exp(—SHy (o)) then becomes

exp(—HN(O', 57 h))
or, with simpler notation, when § and h are implicit it becomes
exp(—Hn (o)) . (1.13)

Once one has survived the initial surprise of not seeing the customary term
0 in (1.13), this notation works out appropriately. The formulas familiar to
the physicists can be recovered by replacing our term h by Sh.

1.2 Notations and Simple Facts

The purpose of this book is to study “spin systems”. The main parameter
on which these depend is the number N of points of the system. To lighten
notation, the number N remains often implicit in the notation, such as in
(1.16) below. For all but the most trivial situations, certain exact computa-
tions seem impossibly difficult at a given value of N. Rather, we will obtain
“approximate results” that become asymptotically exact as N — oco. As far
as possible, we have tried to do quantitative work, that is to obtain optimal
rates of convergence as N — oo.

Let us recall that throughout the book we write Yy = {—1,1}".
Given a Hamiltonian Hy on Yy = {—1,1}", that is, a family of numbers
(HN(0))oesy, 0 € XN, we define its partition function Zn by

Zy =Y exp(—Hn(0)). (1.14)

(Thus, despite its name, the partition function is a number, not a function.)
Let us repeat that we are interested in understanding what happens for N
very large. It is very difficult then to study Zy, as there are so many terms,
all random, in the sum. Throughout the book, we keep the letter Z to denote
a partition function.

The Gibbs measure Gy on X'y with Hamiltonian Hy is defined by

exp(—Hy())

Gr({o)) = T

(1.15)
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Exercise 1.2.1. Characterize the probability measures on X'y that arise as
the Gibbs measure of a certain Hamiltonian. If the answer is not obvious to
you, start with the case N = 1.

Given a function f on X'y, we denote by (f) its average for Gy,
1
= [ forianie)= 5 S s@)ent-Hnl@) . (119

Given a function f on X% = (Xn)", we denote

o) / o, o™ dGn (o) - - - dGy (o™)

% Y flat... 0" eXp< > Hy(o ) (1.17)

<n

The notations (1.16) and (1.17) are in agreement. For example, if, say, a
function f(o',0?) on Y% depends only on o!, we can also view it as a
function on X'y; and whether we compute (f) using (1.16) or (1.17), we get
the same result.

The formula (1.17) means sirnply that we integrate f on the space
(X%, GS™). The configurations o', 02, ... belonging to the different copies
of X'y involved there are called replzcas. In probabilistic terms, the sequence
(0%)¢>1 is simply an i.i.d. sequence distributed like the Gibbs measure. Repli-
cas will play a fundamental role. In physics, they are called “real replicas”,
to distinguish them from the n replicas of the celebrated “replica method”,
where “n is an integer tending to 0”. (There is no need yet to consult your
analyst if the meaning of this last expression is unclear to you.) Through-
out the book we denote replicas by upper indices. Again, this simply means
that these configurations are integrated independently with respect to Gibbs’
measure.

Replicas can be used in particular for “linearization” i.e. replacing a prod-
uct of brackets (-) by a single bracket. In probabilistic terms, this is simply
the identity EXEY = EXY when X and Y are independent r.v.s. Thus (with
slightly informal but convenient notation) we have, for a function f on Xy,

(f)? = (f(e")f(e?)) . (1.18)

The partition function Z is exponentially large. It is better studied on a
logarithmic scale through the quantity N~!log Zx. This quantity is random;
we denote by py its expectation

1
PN = NElog ZN . (1.19)

Here, E denotes expectation over the “disorder”, i.e. the randomness of the
Hamiltonian. (Hence in the case of the Hamiltonian (1.12), this means expec-
tation with respect to the r.v.s g;;.) One has to prove in principle that the
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expectation exists. A sketch of proof is that the integrability of the function
log Zn can be obtained on the set {Zy > 1} by using that logz < x and that
EZn < oo and on the set {Zy < 1} by using that Zy > exp(—Hn/(0yp)),
where o is any given point of X'y . This argument is “semi-trivial” in the
sense that there is “a lot of room”, and that it contains nothing fancy or
clever. We have claimed in the introduction that this is a fully rigorous work.
It seems however better to lighten the exposition in the beginning of this
work by not proving a number of “semi-trivial” facts as above, and a great
many statements will be given without a complete formal proof. Of course
triviality is in the eye of the beholder, but it seems that either the reader is
trained enough in analysis to complete the proofs of these facts without much
effort (in the unlikely event that she feels this is really necessary), or else that
she better take these facts for granted, since in any case they are quite beside
the main issues we try to tackle. We fear that too much technicality at this
early stage could discourage readers before they feel the beauty of the topic
and are therefore better prepared to accept the unavoidable pain of technical
work (which will be necessary soon enough). This policy of skipping some
“details” will be used only at the beginning of this work, when dealing with
“simple situations”. In contrast, when we will later be dealing with more
complicated situations, we will prove everything in complete detail.

The number py of (1.19) is of fundamental importance, and we first try to
explain in words why. There will be many informal explanations such as this,
in which the statements are a sometimes imprecise and ambiguous description
of what happens, and are usually by no means obvious. Later (not necessarily
in the same section) will come formal statements and complete proofs. If you
find these informal descriptions confusing, please just skip them, and stick to
the formal statements.

In some sense, as N — oo, the number py captures much important
information about the r.v. N=!log Zy. This is because (in all the cases of
interest), this number py stays bounded below and above independently
of N, while (under rather general conditions) the fluctuations of the r.v.
N~1log Zx become small as N — oo (its variance is about 1/N). In physics’
terminology, the random quantity N ' log Zy is “self-averaging”. At a crude
first level of approximation, one can therefore think of the r.v. N~1'log Zn
as being constant and equal to py. For the SK model, this will be proved on
page 18.

Let us demonstrate another way that py encompasses much information
about the system. For example, consider py = pn (5, h) obtained in the case
of the Hamiltonian (1.12). Then we have

01,y 1102y
OhN BN T N7y oh
11 O(—Hn (o))
= NZNZ o exp(—Hy (o))
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%% ;(Z m) exp(—Hny (o))

i<N

;<Za> (1.20)

i<N

and *therefore*, taking expectation,

85% = %E<Z ai>. (1.21)

i<N

The *therefore* involves the interchange of a derivative and an expectation,
which is in principle a non-trivial fact. Keeping in mind that Zy is a rather
simple function, a finite sum of very simple functions, we certainly do not
expect any difficulty there or in similar cases. We have provided in Proposition
A.2.1 a simple result that is sufficient for our needs, although we will not check
this every time. In the present case the interchange is made legitimate by the
fact that the quantities (1.20) are bounded by 1, so that (A.1) holds. Let
us stress the main point. The interchange of limits is done here at a given
value of N. In contrast, any statement involving limits as N — oo (and first
of all the existence of such limits) is typically much more delicate.

Let us note that )
NE<Z (Ti> = E<O’1> 5
i<N

which follows from the fact that E{o;) does not depend on ¢ by symmetry.
This argument will often be used. It is called “symmetry between sites”. (A
site is simply an ¢ < N, the name stemming from the physical idea that it is
the site of a small magnet.) Therefore

%V = E{o1) (1.22)
the “average magnetization.”

Since the quantity py encompasses much information, its exact compu-
tation cannot be trivial, even in the limit N — oo (the existence of which
is absolutely not obvious). As a first step one can try to get lower and up-
per bounds. A very useful fact for the purpose of finding bounds is Jensen’s
inequality, that asserts that for a convex function ¢, one has

¢(EX) < Ep(X) . (1.23)

This inequality will be used a great many times (which means, as already
pointed out, that it would be helpful to learn it now). For concave functions
the inequality goes the other way, and the concavity of the log implies that

1 1
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The right-hand side of (1.24) is not hard to compute, but the bound (1.24)
is not really useful, as the inequality is hardly ever an equality.

Exercise 1.2.2. Construct a sequence Zy of r.v.s with Zy > 1 such that
limpy—oo N 'Elog Zn = 0 but limy oo N tlogEZy = 1.

Throughout the book we denote by ch(x), sh(z) and th(z) the hyperbolic
cosine, sine and tangent of x, and we write chx, shz, thz when no confusion
is possible.

Exercise 1.2.3. Use (A.6) to prove that for the Hamiltonian (1.12) we have

1 32 1

~logEZy = Z(l - N) +1log?2 + log ch(h) . (1.25)
If follows from Jensen’s inequality and the convexity of the exponential

function that for a random variable X we have Eexp X > exp EX. Using this

for the uniform probability over Xy we get

2N S exp(— Hy (@) > exp (2N > —HN<o>) ,

and taking logarithm and expectation this proves that py > log 2. Therefore,
combining with (1.24) and (1.25) we have (in the case of the Hamiltonian
(1.12)), and lightening notation by writing chh rather than ch(h),

2
1

log2 < py < %(1— N)—HogQ—Hogchh. (1.26)

This rather crude bound will be much improved later. Let us also point out

that the computation of py for every # > 0 provides the solution of the
“zero-temperature problem” of finding

%Emfx(fHN(a)) . (1.27)
Indeed,
exp(fmax(~Hy(0)))< Y exp(~fHn (o)) < 2V exp(fmax(~Hy ()
so that, taking logarithm and expectation we have

J Emax(~Hy(0)) < px(8) = %Elogza:eXp(—ﬁHN(U))

<log2+ %Emax(fHN(a))

and thus
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1 log 2
0< ”Tw) ~ SEmax(—Hy (o)) < g
Of course the computation of pyn(3) for large S (even in the limit N —
00) is very difficult but it is not quite as hopeless as a direct evaluation of
Emax, (—Hy(0)).

For the many models we will consider in this book, the computation of
pn will be a central objective. We will be able to perform this computation
in many cases at “high temperature”, but the computation at “low temper-
ature” remains a formidable challenge.

We now pause for a while and introduce a different and simpler Hamilto-
nian. It is not really obvious that this Hamiltonian is relevant to the study of
the SK model, and that this is indeed the case is a truly remarkable feature.
We consider an i.i.d. sequence (z;);<n of standard Gaussian r.v.s. Consider

the Hamiltonian
— Hy(o) =Y oi(Bziv/g+h), (1.29)
i<N

. (1.28)

where ¢ is a parameter, that will be adjusted in due time. The sequence
(Bziy/q + h) is simply an ii.d. sequence of Gaussian r.v.s. (that are not
centered if h # 0), so the random Hamiltonian (1.29) is rather canonical.
It is also rather trivial, because there is no interaction between sites: the
Hamiltonian is the sum of the terms o;(82;,/q + h), each of which depends
only on the spin at one site. Let us first observe that if we are given numbers
a;(1) and a;(—1) we have the identity

Z H ai(o;) = H (ai(1) +ai(=1)) . (1.30)

o i<N i<N
Using this relation for

a;(0) = exp(o(Bziv/q+ h)) (1.31)
we obtain

Iy =Y exp(ZJi(ﬂzi\/a—Fh))

oi==+1 i<N

[ (exp(Bziv/a + h) + exp(—(Bziv/g + )

i<N

=2 [] ch(Bziva+h), (1.32)

i<N
where we recall that ch(z) denotes the hyperbolic cosine of x, so that
pNn = log 2+ Elogch(8zy/q + h) (1.33)

where z is a standard Gaussian r.v.
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Consider now functions f; on {—1,1} and the function

flo) =11 fie) -

i<N

Then, using (1.30) yields

S fo) [T ailen) =D ] filon)ai(or) = [ (fi(D)ai(1)+ fi(—1)ai(=1)) .

i<N o i<N i<N

Combining with (1.32) we get

(flo)) =TT (1.34)
where
fiDai(1) + fi(=1)ai(-1)
a;(1) + ai(=1) '
This shows that Gibbs’ measure is a product measure. It is determined by
the averages (0;) because a probability measure p on {—1,1} is determined

by [ adu(z). To compute the average (o;), we use the case where f(o) = o;
and (1.34), (1.35), (1.31) to obtain

exp(Bziy/q + h) — exp(—(Bzi\/q + h))
exp(Bzi/q + h) + exp(—(Bzi\/q + 1))’

(fidi =

(1.35)

(i) =

and thus
(0i) = th(Bzi/ga+ 1), (1.36)

where tha denotes the hyperbolic tangent of . Moreover the quantities (1.36)
are probabilistically independent.

In words, we can reduce the study of the system with Hamiltonian (1.29)
to the study of the system with one single spin ¢; taking the possible values
o; = £1, and with Hamiltonian H(o;) = —0;(B8zi\/q + h).

Exercise 1.2.4. Given a number a, compute the averages (expaoc;) and
(expac}o?) for the Hamiltonian (1.29). Of course as usual, the upper in-
dexes denote different replicas, so (expac}o?) is a “double integral”. As in
the case of (1.36), this reduces to the case of a system with one spin, and it is
surely a good idea to master these before trying to understand systems with

N spins. If you need a hint, look at (1.107) below.

Exercise 1.2.5. Show that if a Hamiltonian H on Xy decomposes as
H(o) = Hy(o) + Ha(o) where Hy(o) depends only on the values of o; for
ielIcC{l,...,N}, while Hy(o) depends only on the values of o; for i in
the complement of I, then Gibbs’ measure is a product measure in a natural
way. Prove the converse of this statement.
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For Hamiltonians that are more complicated than (1.29), and in partic-
ular when different sites interact, the Gibbs measure will not be a product
measure. Remarkably, however, it will often nearly be a product if one looks
only at a “finite number of spins”. That is, given any integer n (that does
not depend on N), as N — oo, the law of the Gibbs measure under the map
o — (o1,...,0,) becomes nearly a (random) product measure. Moreover,
the r.v.s ({0;))i<n become nearly independent. It will be proved in this work
that this is true at high temperature for many models.

If one thinks about it, this is the simplest possible structure, the default
situation. It is of course impossible to interest a physicist in such a situation.
What else could happen, will he tell you. What else, indeed, but finding proofs
is quite another matter.

Despite the triviality of the situation (1.29), an (amazingly successful)
intuition of F. Guerra is that it will help to compare this situation with that
of the SK model. This will be explained in the next section. This comparison
goes quite far. In particular it will turn out that (when § is not too large)
for each n the sequence ((0;))i<, Will asymptotically have the same law as
the sequence (th(Bz;,/q + h))i<n, where z; are i.i.d. standard Gaussian r.v.s
and where the number ¢ depends on 8 and h only. This should be compared
to (1.36).

1.3 Gaussian Interpolation and the Smart Path Method

To study a difficult situation one can compare it to a simpler one, by finding
a path between them and controlling derivatives along this path. This is
an old idea. In practice we are given the difficult situation, and the key
to the effectiveness of the method is to find the correct simple situation to
which it should be compared. This can be done only after the problem is
well understood. To insist upon the fact that the choice of the path is the
real issue, we call this method the smart path method. (More precisely, the
real issue is in the choice of the “easy end of the path”. Once this has been
chosen, the choice of the path itself will be rather canonical, except for its
“orientation”. We make the convention that the “smart path” moves from
the “easy end” to the “hard end”) The smart path method, under various
forms, will be the main tool throughout the book.

In the present section, we introduce this method in the case of Gaussian
processes. We obtain a general result of fundamental importance, Theorem
1.3.4 below, as well as two spectacular applications to the SK model. At the
same time, we introduce the reader to some typical calculations.

Consider an integer M and an infinitely differentiable function F' on RM
(such that all its partial derivatives are of “moderate growth” in the sense
of (A.18)). Consider two centered jointly Gaussian families u = (u;)i<m,
v = (v;)i<m- How do we compare
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EF(u) and EF(v)? (1.37)

Of course the quantity EF(u) is determined by the distribution of u, and
it might help to make sense of the formula (1.40) below to remember that
this distribution is determined by its covariance matrix, i.e. by the quantities
Eu;u; (a fundamental property of Gaussian distributions). There is a canon-
ical method to compare the quantities (1.37) (going back to [137]). Since
we are comparing a function of the law of u with a function of the law of
v, we can assume without loss of generality that the families u and v are
independent. We consider u(t) = (u;(t));<a where

ui(t) = \/Eui + V1 —to; (138)
so that u = u(1) and v = u(0), and we consider the function
o(t) = EF(u(t)) . (1.39)

The following lemma relies on the Gaussian integration by parts formula
(A.17), one of the most constantly used tools in this work.

Lemma 1.3.1. For 0 <t <1 we have
0*F

o'(t) = 3 ;(Euluj Evzvj)Eamiaxj (u(t)) . (1.40)
Proof. Let d . .
() = —ui(t) = —=u; — i
w(0) = gyt = 5z — g
so that
/ ! aF
P = E Y w9 () (1.41)
i<M v
Now ]
Eu;(t)u;(t) = E(Euiuj — Evv;)
so the Gaussian integration by parts formula (A.17) yields (1.40). O

Of course (and this is nearly the last time in this chapter that we worry
about this kind of problem) there is some extra work to do to give a com-
plete e- proof of this statement, and in particular to deduce (1.41) from
(1.39) using Proposition A.2.1. The details of the argument are given in Sec-
tion A.2.

Since Lemma 1.3.1 relies on Gaussian integration by parts, the reader
might have already formed the question of what happens when one deals with
non-Gaussian situations, such as when one replaces the r.v.s g;; of (1.12) by,
say, independent Bernoulli r.v.s (i.e. random signs), or by more general r.v.s.
Generally speaking, the question of what happens in a probabilistic situation
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when one replaces Gaussian r.v.s by random signs can lead to very difficult
(and interesting) problems, but in the case of the SK model, it is largely
a purely technical question. While progressing through our various models,
we will gradually learn how to address such technical problems. It will then
become obvious that most of the results of the present chapter remain true
in the Bernoulli case.

Even though the purpose of this work is to study spin glasses rather than
to develop abstract mathematics, it might help to make a short digression
about what is really going on in Lemma 1.3.1. The joint law of the Gaussian
family u is determined by the matrix of the covariances a;; = Eu;u;. This ma-
trix is symmetric, a;; = aj;, so it is completely determined by the triangular
array a = (ai;)1<i<j<n and we can think of the quantity EF'(u) as a function
¥ (a). The domain of definition of ¥ is a convex cone with non-empty interior
(since ¥(a) is defined if and only if the symmetric matrix (a;;); j<n is positive
definite), so it (often) makes sense to think of the derivatives 0¥/0a;;. The
fundamental formula is as follows.

Proposition 1.3.2. Ifi < j we have

ov 0*F
=E 1.42
8ai]‘ (a 83518% 11) ’ ( )
while ow P
1

Let us first explain why this implies Lemma 1.3.1. If one thinks of a Gaussian
family as determined by its matrix of covariance, the magic formula (1.40)
is just the canonical interpolation in R™"1t1)/2 between the points (ai;) =
(Eu;uj;) and (b;;) := (Ev;v;), since

aij(t) = Eul(t)ul(t) = tEuin + (1 — t)E’UZ"Uj = taij + (]. — t)b” .

Therefore Lemma 1.3.1 follows from (1.42) and the chain rule, as is obvious
if we observe that ¢(t) = ¥(a(t)) where a(t) = (a;;(t))1<i<j<n and if we
reformulate (1.40) as

O*F
¥ (t) - Z (Euluj EUZUJ)E azzazj (u(t))
1<i<j<n
1,_ ., 9 O°F
+ 1<lz<n 2(Eui Ev;)E o922 (u(?)) .

Proof of Proposition 1.3.2. Considering the triangular array

b = (bij)i<i<j<n = (Bvivj)i<i<j<n
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and integrating (1.40) between 0 and 1 we get

¥(a) —¥(b) = EF(u) —EF(v) = ¢(1) — ¢(0)
1 2

= Y ey [ B

1<i<j<n
1 L 9°F
#1305 bii)/o £ 0 (a(t))dr (1.44)
i<n ?

Now, as b gets close to a the integral

L o9%F
/0 E 5oz (D)

0’F (u)
8.171'813]' ’

because uniformly in ¢ the distribution of u(t) gets close to the distribution
of u. Therefore

tends to

0’F 1 0’F

¥(b) —¥(a) = Z (bij — aq;)E m(u) + Z 5 (i —ai)E a—%g(u) :
1<i<j<n i<n

+ [[b—affo(|[b - al) , (1.45)

where || - || denotes the Euclidean norm and o(z) a quantity that goes to 0

with x. This concludes the proof. O

This ends our mathematical digression. To illustrate right away the power
of the smart path method, let us prove a classical result (extensions of which
will be useful in Volume II).

Proposition 1.3.3. (Slepian’s lemma) Assume that

O*F
Vi £ i

i # 7, Poide; =

and
Vi < M, Eu? = Ev?; Vi # 7, Eu;u; > Eviv; .
Then
EF(u) > EF(v).

Proof. It is obvious from (1.40) that ¢'(t) > 0. O

The following is a fundamental property.
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Theorem 1.3.4. Consider a Lipschitz function F' on RM | of Lipschitz con-
stant < A. That is, we assume that, given x,y in RM | we have

[F(x) - F(y)| < Ad(x,y) , (1.46)
where d denotes the Euclidean distance on RM . If g1, ..., gnm are independent
standard Gaussian r.v.s, and if g = (g1,...,9m), then for each t > 0 we have

t2

P(IF(g) — EF(g)| > 1) < 2exp(— (1.47)

)
The remarkable part of this statement is that (1.47) does not depend on
M. Tt is a typical occurrence of the “concentration of measure phenomenon”.
When F is differentiable (and this will be the case for all the applications
we will consider in this work) (1.46) is equivalent to the following

vx eRM | |[VF(x)| < A, (1.48)

where VF' denotes the gradient of F, and |/x|| the Euclidean norm of the
vector X.

Proof. Let us first assume that F' is infinitely differentiable (a condition
that is satisfied in all the cases where we use this result). Given a parameter
s, we would like to bound

Eexp (s(F(g) — EF(g))) . (1.49)

At the typographic level, a formula as above is on the heavy side, and we
will often omit the outer brackets when this creates no ambiguity, i.e. we
will write exp s(F(g) — EF(g)). To bound the quantity (1.49) it is easier
(using a fundamental idea of probability called symmetrization) to control
first Eexp s(F(g) — F(g’)) where g’ is an independent copy of g. (If you have
never seen this, observe as a motivation that F(g) — F(g’) is the difference
between two independent copies of the r.v. F(g) — EF(g).)
Given s, we consider the function G on R?M given by

G((yi)i<am) = exp s(F((yi)i<m) — F((yivrar)i<nm)) -

We consider a family u = (u;);<2nm of independent standard Gaussian
r.v.s and we would like to bound EG(u). The idea is to compare this situation
with the much simpler quantity EG(v) where v; = v;ypr when i < M (so
that G(v) = 1 and hence EG(v) = 1). So let us consider a family (v;)i<am
such that the r.v.s (v;);<y are independent standard Gaussian, independent
of the sequence (u;);<2n, and such that v; = v;_p if ¢ > M +1, and therefore
v; = vipn if 1 < M. We note that

Euiuj — EUﬂ}j =0

unless j =4+ M or ¢ = j + M in which case
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Euiuj — Evivj =-—1.

We consider u(t) as in (1.38), and ¢(t) = EG(u(t)). Using (1.40) for G rather
than F', we get

—E Z 8% u(t)) . (1.50)

3yz+M

The reason why it is legitimate to use (1.40) is that “exp sF' is of moderate
growth” (as defined on page 440) since F is Lipschitz. We compute

2
G () = =5 () G (ranen) G . (151)

7

Now, (1.48) implies

2
VxeRY, Y (25(X)> < A%,

i<M
and (1.50), (1.51) and the Cauchy-Schwarz inequality shows that
O'(t) < s2A%0(t) . (1.52)

As pointed out the choice of the family (v;);<2n ensures that ¢(0) = EG(v) =
1, so that (1.52) implies that p(1) < exps2A?, i.e.

Eexps(F(ui,...,un) — Fupryt, ... uonr)) < expsA? .

We use Jensen’s inequality (1.23) for the convex function exp(—sz) while
taking expectation in ups41,. .., u2nr, SO that

Eexps(F(u1, ..., un) — EF (unrqa, - - - uznr))
< Eexps(F(ur,...,un) = Fluayr, .. uan)) < exps?A?.

Going back to the notation g of Theorem 1.3.4, and since

EF(unr41,- - u2nm) = EF(g)

we have

Eexps(F(g) — EF(g)) < exps?A?.
Using Markov’s inequality (A.7) we get that for s,¢ > 0
P(F(g) — EF(g) > t) < exp(s”A” — st)
and, taking s = t/(242),

P(F(8) — EF(8) > 1) < exp(~ 15
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Applying the same inequality to —F completes the proof when F' is infinitely
differentiable (or even twice continuously differentiable). The general case
(that is not needed in this book) reduces to this special case by convolution
with a smooth function. |

The importance of Theorem 1.3.4 goes well beyond spin glasses, but it
seems appropriate to state a special case that we will use many times.

Proposition 1.3.5. Consider a finite set S and for s € S consider a vector
a(s) € RM and a number ws > 0. Consider the function F' on R™ given by

F(x) =log Z wsexpx - a(s) .
sesS

Then F has a Lipschitz constant < A = maxseg ||a(s)]].
Consequently if g1, ...,gnm are independent standard Gaussian r.v.s, and
ifg=1(91,...,9Mm), then for each t > 0 we have

P(|F(g) —EF(g)| > t) < 2exp (_4maxs.:s |a(5)||2> : (1.53)

Proof. The gradient VF(x) of F at x is given by

> scs Wsa(s)expx - a(s)
Y scgWsexpX - a(s)

VF(x)=

so that ||VF(x)|| < maxseg ||a(s)]], and we conclude from (1.47) using the

equivalence of (1.46) and (1.48). O

As a first example of application, let us consider the case where M =
N(N—-1)/2, S=XYy,and, for s=0 € S, wy = exphZiSN o; and

a(o’) = (60i0'j> .
\/N 1<i<j<N

o = 2 (KOLZDY < [N

It follows from (1.53) that the partition function Zy of the Hamiltonian
(1.12) satisfies

Therefore

t2

P(|log Zy — Elog Zy| > t) < 2exp(—26—2N) . (1.54)
If Uy = N~ 'log Zy, we can rewrite this as
2N
P(lUv —EUN| > t) < QGXP(—W)
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The right hand side starts to become small for ¢ about N=1/2, ie. it is
unlikely that Uy will differ from its expectation by more than a quantity of
order N=/2. In words, the fluctuations of the quantity Uy = N~!log Zy
are typically of order at most N~!/2, while the quantity itself is of order 1.
This quantity is “self-averaging”, a fundamental fact, as was first mentioned
on page 7.

Let us try now to use (1.40) to compare two Gaussian Hamiltonians. This
technique is absolutely fundamental. It will be first used to make precise the
intuition of F. Guerra mentioned on page 12, but at this stage we try to obtain
a result that can also be used in other situations. We take M = 2V = card ¥y
We consider two jointly Gaussian families u = (uy) and v = (vs) (o0 € Xy),
which we assume to be independent from each other. We recall the notation

Ue(t) = Viug + V1 —tve ;5 u(t) = (ue(t))e

and we set 1
Ulo,7) = E(Eugu.,. — Evgvr) . (1.55)

Then (1.40) asserts that for a (well-behaved) function F' on RM  if o(t) =
EF(u(t)) we have

82
= EZU o, 8%8%( u(t)) . (1.56)

Let us assume that we are given numbers wy > 0. For x = (z,) € RM let us
define

F(x) = log Z(x Z Wo €XP Lo - (1.57)

Thus, if o # T we have

92F x) = 1 wews exp(re + )
0re0z+ N Z(x)2 ’
while if o = 7 we have
92F (x) = 1 (wyexprs w2 exp 2z,
ox2 "7 N Z(x) Z(x)? '

Exercise 1.3.6. Prove that the function F' and its partial derivatives of
order 1 satisfy the “moderate growth condition” (A.18). (Hint: Use a simple
bound from below on Z(x), such as Z(x) > w, exp x, for a given 7 in Xy.)

This exercise shows that it is legitimate to use (1.56) to compute the
derivative of ¢(t) = EF(u(t)), which is therefore
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o' (t) = ;E(Z(i(t)) ; U(o,o)wes exp ue(t)

1
_ W ; U(o, T)wewr exp(te(t) + ur (t))) . (1.58)

Let us now denote by
OF
an average for the Gibbs measure with Hamiltonian
— Hi(0) = up(t) + logws = Vitue + V1 — tvg + log w, . (1.59)

Any function f on Xy satisfies the formula

_ Lo fla)exp(=Hi(a)) _ >, wof(o)expus(t)

2o xXp(—Hi(o)) Y o Wo X g (t)

The notation (-); will be used many times in the sequel. It would be nice to
remember now that the index ¢ simply refers to the value of the interpolating
parameter. This will be the case whenever we use an interpolating Hamil-
tonian. If you forget the meaning of a particular notation, you might try to
look for it in the glossary or the index, that attempt to list for many of the
typical notations the page where it is defined.

Thus (1.58) simply means that

(e

¢'(t) = %(EW(G,U)% ~E{U(e",0%)) - (1.60)

In the last term the bracket is a double integral for Gibbs’ measure, and the
variables are denoted o' and o? rather than o and 7.

The very general formula (1.60) applies to the interpolation between any
two Gaussian Hamiltonians, and is rather fundamental in the study of such
Hamiltonians.

We should observe for further use that (1.60) even holds if the quantities
we are random, provided their randomness is independent of the randomness
of ue and ve. This is seen by proving (1.60) at w, given, and taking a further
expectation in the randomness of these quantities. (When doing this, we
permute expectation in the r.v.s wo and differentiation in ¢. Using Proposition
A.2.1 this is permitted by the fact that the quantity (1.60) is uniformly
bounded over all choices of (we) by (1.65) below.)

The consideration of Hamiltonians such as (1.29) shows that it is natural
to consider “random external fields”. That is, we consider an i.i.d. sequence
(h;)i<n of random variables, having the same distribution as a given r.v. h
(with moments of all orders). We assume that this sequence is independent
of all the other r.v.s. Rather than the Hamiltonian (1.12) we consider instead
the more general Hamiltonian
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— HN(O') = % Zgijaioj + Z hiO'i . (].6].)

i<j i<N

There is presently nothing to change either to the notation or the proofs to
consider this more general case, so this will be our setting. Whenever extra
work would be needed to handle this case, we will come back to the case
where h; is non-random.

Since there are now two sources of randomness in the disorder, namely
the g;; and the h;, this is the place to mention that throughout the book,
and unless it is explicitly specified otherwise, as is absolutely standard, the
notation E will stand for expectation over all these sources of randomness.
When we have two (or more) independent sources of randomness like here,
and we want to take expectation only on, say, the r.v.s g;;, we will say just
that, or (as probabilists often do) that we take expectation conditionally on
the r.v.s h;, or given the r.v.s h;.

To compare (following Guerra) the Hamiltonian (1.61) with the simpler
Hamiltonian (1.29) we use (1.60) in the case

lUg = b > 0ij0io; ve =B 2iy/40i ; We = eXP(Z hiﬂi) ;
VN i<j<N i<N i<N
(1.62)
where 0 < ¢ < 1 is a parameter. Recalling the fundamental notation (1.5),
relation (1.6) implies
_ B NR
Etugitigz = 5 (NRi, 1) (1.63)

and
Evgivg2 = NﬂQQRLQ .

Recalling (1.55), we have

1 32 1 32
gt et = (Ra- 5 ) - Famia. (164)
and since Ry 2(0,0) =1, we get
/ ﬁQ 2
¢'(t) = Z(l —2q — E(R{ 5)¢ + 2qE(R12)+)
_ 3 2 § 2
= —ZE<(R1,2 —q)" )+ Z(l —-q)°. (1.65)
A miracle has occurred. The difficult term is negative, so that
/ ﬁQ 2
Pt < (1-a). (1.66)

Needless to say, such a miracle will not occur for many models of interest, so
we better enjoy it while we can. The relation (1) = ¢(0) +f01 ¢ (t)dt implies
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/62
p(1) < p(0) + (1 -9)*. (1.67)
When considering an interpolating Hamiltonian H; we will always lighten
notation by writing Hy rather than H;—¢. Recalling the choice of v, in (1.62)

it follows from (1.59) that

— Ho(o) = > 0i(Bzi/q+ hi) , (1.68)

i<N
and, as in (1.33), we obtain
©(0) =log2 + Elogch(Bz\/q + 1), (1.69)

where of course the expectation is over the randomness of z and h.
Let us now consider the partition function of the Hamiltonian (1.61),

h) = za:exp< > gijoioi+ > hi al> . (1.70)

1<N i<N

Here we have chosen convenient but technically incorrect notation. The no-
tation (1.70) is incorrect, since Zy (0, h) depends on the actual realization
of the r.v.s h;, not only on h. Speaking of incorrect notation, we will go one
step further and write

P (5. 1) = -Elog Zy (5, h) (1.71)

The expectation in the right hand side is over all sources of randomness, in
this case the r.v.s h;, and (despite the notation) the quantity py(3,h) is a
number depending only on § and the law of h. If £(h) denotes the law of
h, it would probably be more appropriate to write pyx (5, L(h)) rather than
pn (8, h). The simpler notation py (3, h) is motivated by the fact that the
most important case (at least in the sense that it is as hard as the general
case) is the case where h is constant. If this notation disturbs you, please
assume everywhere that h is constant and you will not lose much.
Thus with these notations we have

N (B,h) = (1) . (1.72)

In the statement of the next theorem E stands as usual for expectation in all
sources of randomness, here the r.v.s z and h. This theorem is a consequence
of (1.72), (1.67) and (1.69).

Theorem 1.3.7. (Guerra’s replica-symmetric bound). For any choice
of B, h and q we have

2
N (0, h) <log2+ Elogch(Bz/q+ h)+ %(1 —q)%. (1.73)
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Again, despite the notation, the quantity py (8, h) is a number. The ex-
pression “replica-symmetric” is physics’ terminology. Its meaning might grad-
ually become clear. The choice ¢ = 0, h constant essentially recovers (1.25).

It is now obvious what is the best choice of g: the choice that minimizes
the right-hand side of (1.73), i.e

pz g N P S
700 (a0

0=E 2 th(B2/g+h
S th(F= 7+ ) -
using Gaussian integration by parts (A.14). Since ch™?(2) = 1 — th*(z), this
means that we have the absolutely fundamental relation

q = Eth*(B2/q+h) . (1.74)

Of course at this stage this equation looks rather mysterious. The mystery will
gradually recede, in particular in (1.105) below. The reader might wonder at
this stage why we do not give a special name, such as ¢*, to the fundamental
quantity defined by (1.74), to distinguish it from the generic value of ¢q. The
reason is simply that in the long range it is desirable that the simplest name
goes to the most used quantity, and the case where ¢ is not the solution of
(1.74) is only of some limited interest.

It will be convenient to know that the equation (1.74) has a unique solu-
tion.

Proposition 1.3.8. (Latala-Guerra) The function

th2( VT +h)

X

U(z) =

is strictly decreasing on Rt and vanishes as x — oo. Consequently if Eh? > 0
there is a unique solution to (1.74).

The difficult part of the statement is the proof that the function ¥ is
strictly decreasing. In that case, since lim,_ g+ 2¥(z) = Eth?h > 0, we have
lim, g+ ¥(x) = 00, and since lim,_, o, ¥(z) = 0 there is a unique solution to
the equation ¥(x) = 1/4? and hence (1.74). But Eth®h = 0 only when h = 0
a.e. (in which case when [ > 1 there are 2 solutions to (1.74), one of which
being 0).

Proposition 1.3.8 is nice but not really of importance. The proof is very
beautiful, but rather tricky, and the tricky ideas are not used anywhere else.
To avoid distraction, we postpone this proof until Section A.14. At this stage
we give the proof only in the case where < 1, because the ideas of this
simple argument will be used again and again. Given a (smooth) function f
the function ¢ (x) = Ef(Bzy/x + h) satisfies

B

W(e) = PV ) = LEP (a0, (1.75)

%F
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using Gaussian integration by parts (A.14). We use this for the function
f(y) = th%y, that satisfies

thy
ch?y

1-— 25h2y
chly

<2.

fly) =2 s fy) =2

Thus, if 3 < 1, we deduce from (1.75) that the function ¢ (q) = Eth? (Bz\/q+
h) satisfies 9’(¢) < 1. This function maps the unit interval into itself, so that
it has a unique fixed point.

Let us denote by SK(3,h) the right-hand side of (1.73) when ¢ is as in
(1.74). As in the case of px (5, h) this is a number depending only on 3 and
the law of h. Thus (1.73) implies that

pn(B,h) < SK(B,h) . (1.76)

We can hope that when ¢ satisfies (1.74) there is near equality in (1.76),
so that the right hand-side of (1.76) is not simply a good bound for py (3, h),
but essentially the value of this quantity as N — oco. Moreover, we have a
clear road to prove this, namely (see (1.65)) to show that fol E((R12—q)?).dt
is small. We will pursue this idea in Section 1.4, where we will prove that
this is indeed the case when ( is not too large. The case of large 8 (low
temperature) is much more delicate, but will be approached in Volume II
through a much more elaborated version of the same ideas.

Theorem 1.3.9. (Guerra-Toninelli [75]) For all values of [, h, the se-
quence (Npn (8, h))N>1 is superadditive, that is, for integers N1 and Na we
have

N N
h) > —— h —_ h). 1.77
leJer(ﬁ) ) e Nl +N2pN1(ﬁ7 )+ Nl +N2pN2(ﬂ’ ) ( )

Consequently, the limit
p(B,h) = Jim p(3,h) (178)

exists.

Of course this does not tell us what is the value of p(3, h), although we know
by (1.76) that p(3, h) < SK(8, h).

Proof. Let N = N1+ Ns. The idea is to compare the SK Hamiltonian of size
N with two non-interacting SK Hamiltonians of sizes N; and N,. Consider
U as in (1.62) and

5} / B /
Vo= A= D G500t = > 6i0i05
N N2 Ni1<i<j<N

i<j<Ni
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where ggj are i.i.d. standard Gaussian r.v.s independent of the r.v.s g;;. Con-
sidering ¢ as in (1.39) with F(x) as in (1.57) and we = exp ),y hioi, we
have -

Ny No
e(1) = pn(B,h) .
Let us recall yet another time the fundamental notation (1.9),
R172 - N_l Z 0’1-10'1-2 s
i<N

and let us define similarly

/1 1.2, pr_ ar—1 1.2
R =Nj g o;0;; R" =N, E 0,05,

K2

i<N; Ny <i<N
so that N N
Rio=—R +22R".
127 + N
The convexity of the function x +— 22 implies
N N.
R?, < Wl}z’2 + WQR”Z : (1.79)

Rather than (1.64), a few lines of elementary algebra now yield

1 1 2 52 2 Ny 12 Ny 12 1
i—— = — —— I —— —— . 1.
NU(O' , O ) 1 R1,2 NR NR + N ( 80)

When ! = 62 we have R » = R' = R” =1, so that (1.60) entails

ﬂQ 2 Ny 2 No 2

/ / /!

¢'(t)=——E(Riy,— —R?-—R >0
4 N N .

by (1.79). The fact that limy_,o, rn /N exists for a superadditive sequence
(rn) is classical. It is called “Fekete’s lemma” and is even mentioned (with a
reference to the original paper) in Wikipedia. O

Exercise 1.3.10. Carry out the proof of (1.80).

Generally speaking it seems plausible that “all limits exist”. Some infor-
mation can be gained using an elementary fact known as Griffiths’ lemma
in statistical mechanics. This is, if a sequence ¢y of convex (differentiable)
functions converges pointwise in an interval to a (necessarily convex) func-
tion ¢, then limy_ o ¢y (x) = ¢'(x) at every point z for which ¢'(z) exists
(which is everywhere outside a countable set of possible exceptional values).
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If Griffiths’ lemma does not seem obvious to you, please do not worry, for the
time being this is only a side story, the real point of it being a pretense to
introduce Lemma 1.3.11 below, a step in our learning of Gaussian integration
by parts. Later on, in Volume II, we will use quantitative versions of Griffiths’
lemma with complete proofs.

It is a special case of Holder’s inequality that the function

5 tog [ £

is convex (whenever f > 0) for any probability measure u. Indeed, this means
that for 0 < a < 1 and (1, B2 > 0 we have

/fa61+(1—a)ﬁ2d'u < (/ fﬁldu)a</ fﬁ2du)1a7

and setting U = 7 and V = % this is the inequality

frrveos (fou) ()~

Consequently (thinking of the sum in (1.70) as an integral) the function

1
B @) = - log Zn (5, h) (181)
is a convex random function (a fact that will turn out to be essential much

later). An alternative proof of the convexity of the function @, more in line
with the ideas of statistical mechanics, is as follows. As in (1.62) we define

1
Uo = —— D Gij0i0; . (1.82)
VN i<j<N
Let ws = exp ZigN hio;, so that Zn 1= Zn(8,h) = Y, We €xp fus and
No(3) = logng(7 exp fug .
o

Thus 1
N&'(B) = In z:uif,uCr exp fue (= (ug) ) (1.83)

and

2
1 1
Né”(ﬂ) = § ’LUO-U?,. €xXp Bug — ( § WolUg €XP /Buo->
N p ZN p

:<u2>_<uo‘>2207

o
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where the last inequality is simply the Cauchy-Schwarz inequality used in the
probability space (X, Gn).

In particular py(83,h) is a convex function of §. By Theorem 1.3.9,
p(B,h) = imy_,oo pN (0, h) exists. The function § +— p(B5, h) is convex and
therefore is differentiable at every point outside a possible countable set of
exceptional values. Now, we have the following important formula.

Lemma 1.3.11. For any value of B we have

S (B h) = (1~ ERE)). (1:84)

Thus Griffiths’ lemma proves that, given h, limy .o E(R7 ,) exists for each
value of 3 where the map (8 +— p(3, h) is differentiable.

It is however typically much more difficult to prove that no such excep-
tional values exist. We will be able to prove it after considerable work in
Volume II.

Proof of Lemma 1.3.11. We recall (1.82). Defining

R(O}T):NilZO'iTi,

i<N

we can rewrite (1.63) (where we take 5 =1) as
L 2
Eugur = i(NR(O',T) -1).

Let again we = exp ) ..y hio;, so that taking expectation in (1.83) yields

0 1> Wety exp fus
— h) = —E=Z
aﬁpN(ﬁ’ ) N~ > _ wrexpfur
1 We €XP Pl
= — Euges—""-"—"—". 1.85
N za: >, wrexp Bur ( )
To compute
E We €XP Pl

w. Lo P Pls
7> wrexpfur

we first think of the quantities w, as being fixed numbers, with w, > 0. We
then apply the Gaussian integration by parts formula (A.17) to the jointly
Gaussian family (ur), and the function

We eXp BTy

Fo(x)= 22177
A0 =

to get
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iEuU We €XP Pl _ é(l - i)E We exp Plo
N Yo, wrexpfur 2 N/ > wrexpfur
_B Z E wowr (R(a,7)? — 1/N) exp B(ug + ur) '
2 T (2, wrexp ﬂur)z

Taking a further expectation in the randomness of the r.v.s h;, this equality
remains true if we = exp ),y hio;, and using this formula in (1.85) we get
the result. a O

Although the reader might not have noticed it, in the proof of (1.84) we
have done something remarkable, and it is well worth to spell it out. Looking
at the definition of the Hamiltonian, it would be quite natural to think of the
quantity

1
7 los Zn(5.h)

as a function of the N(N —1)/2 r.v.s g;;. Instead, we have been thinking of
it as a function of the much larger family of the 2V r.v.s u,. Such a shift in
point of view will be commonplace in many instances where we will use the
Gaussian integration by parts formula (A.17). The use of this formula can
greatly simplify if one uses a clever choice for the Gaussian family of r.v.s.

Exercise 1.3.12. To make clear the point of the previous remark, derive
formula (1.84) by considering Zy as a function of the r.v.s (g;;).

Of course, after having proved (1.60), no great inventiveness was required
to think of basing the integration by parts on the family (u, ), in particular in
view of the following (that reveals that the only purpose of the direct proof
of Lemma 1.3.11 we gave was to have the reader think a bit more about
Gaussian integration by parts (A.17)).

Exercise 1.3.13. Show that (1.84) can in fact be deduced from (1.60). Hint:
use Uy as in (1.62) but take now ve = 0.

As the next exercise shows, the formula (1.84) is not an accident, but a
first occurrence of a general principle that we will use a great many times
later. In the long range the reader would do well to really master this result.

Exercise 1.3.14. Consider a jointly Gaussian family of r.v.s (Hy(0))oesy
and another family (H}y(0))sexy of r.v.s. These two families are assumed
to be independent of each other. Let

pn(B) = %ElogZexp(—ﬁHN(a) — Hy(0)) .

Prove that

Zox(9) = B{EW(.0)) ~ EW (" o)
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where U(o!,0%) = EHy(0')Hy(0?), and where the bracket is an average
for the Gibbs measure with Hamiltonian 3Hx + H),. Prove that this formula
generalizes (1.84).

Research Problem 1.3.15. (Level 2) Prove that limy .. E(R} ) exists
for all g.

In fact, it does not even seem to have been shown that, given h, there exist
values of 3 beyond the Almeida-Thouless line of Section 1.9 where this limit
exists.

To help the newcomer to the area, the research problems are ranked level 1
to level 3. The solution to level 1 problems should be suitable for publication,
but the author feels that they can be successfully attacked by the methods
explained in this book, or simple extensions of these methods. To put it
another way, the author feels that he would be rather likely to solve them in
(expected) finite time if he tried (which he won’t). Level 2 problems are more
likely to require ingredients substantially beyond what is found in the book.
On the other hand these problems do not touch what seem to be the central
issues of spin glass theory, and there is no particular reason to think that
they are very hard. Simply, they have not been tried. Level 3 problems seem
to touch essential issues, and there is currently no way of telling how difficult
they might be. It goes without saying that this classification is based on the
author’s current understanding, and comes with no warranty whatsoever. (In
particular, problems labeled level 2 as the above might well turn out to be
level 3.)

1.4 Latala’s Argument

It will turn out in many models that at high temperature “the overlap is
essentially constant”. That is, there exists a number ¢, depending only on the
system, such that if one picks two configurations o! and o2 independently
according to Gibbs’ measure, one observes that typically

RLQ ~q. (186)

The symbol ~ stands of course for approximate equality. It will often be
used in our informal explanations, and in each case its precise meaning will
soon become apparent. It is not surprising in the least that a behavior such
as (1.86) occurs. If we remember that NRy o =,y ot0Z, and if we expect
to have at least some kind of “weak independence” between the sites, then
(1.86) should hold by the law of large numbers. The reader might have also
observed that a condition of the type (1.86) is precisely what is required to
nullify the dangerous term E((Ry2 — q)?); in (1.65).

What is not intuitive is that (1.86) has very strong consequences. In par-
ticular it implies that at given typical disorder, a few spins are nearly inde-
pendent under Gibbs measure, as is shown in Theorem 1.4.15 below. (The
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expression “a few spins” means that we consider a fixed number of spins, and
then take N very large.) For many of the models we will study the proof of
(1.86) will be a major goal, and the key step in the computation of py.

In this section we present a beautiful (unpublished!!) argument of R.
Latala that probably provides the fastest way to prove (1.86) for the SK
model at high enough temperature (i.e. 5 small enough). This argument is
however not easy to generalize in some directions, and we will learn a more
versatile method in Section 1.6.

From now on we lighten notation by writing v(f) for E(f). In this section
the Gibbs measure is relative to the Hamiltonian (1.61), that is

B
—HN(O') = — Zgijaiaj + Z h;o; .
VN i<j i<N

The next theorem provides a precise version of (1.86), in the form of a strong
exponential inequality.

Theorem 1.4.1. Assume 3 < 1/2. Then for 2s < 1 — 432 we have
1
V1—2s—4p2"

where q is the unique solution of (1.74), i.e. ¢ = EthQ(ﬁz\/a—F h).

v(expsN(Ry 2 — q)2) < (1.87)

Of course here to lighten notation we write exp sIN(R1 2 — ¢)? rather than
exp(sN(R1 2 —q)?). Since expz > x¥/k! for z > 0 and k > 1, this shows that

L (V) (Ris — ™) < :

! Sl ap

so that, since k! < k¥,

(Rio— 9 < ———(%)",

VI—-2s— 432 \N

and in particular .
2k K
v((Ri2 —q) )S(N) )

where K does not depend on N or k.

The important relationship between growth of moments and exponential
integrability is detailed in Section A.6. This relation is explained there for
probabilities. It is perfectly correct to think of v (and of its avatar vy defined
below) as being the expectation for a certain probability. This can
be made formal. We do not explain this since it requires an extra level of
abstraction that does not seem very fruitful.

An important special case of (1.88) is:

(1.88)
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v((Ri2—q)%) < K/N . (1.89)

Equation (1.88) is the first of very many that involve an unspecified con-
stant K. There are several reasons why it is desirable to use such constants. A
clean explicit value might be hard to get, or, like here, it might be irrelevant
and rather distracting. When using such constants, it is understood through-
out the book that their value might not be the same at each occurrence. The
use of the word “constant” to describe K is because this number is never,
ever permitted to depend on N. On the other hand, it is typically permitted
to depend on 8 and h. Of course we will try to be more specific when the
need arises. An unspecified constant that does not depend on any parameter
(a so-called universal constant) will be denoted by L,and the value of this
quantity might also not be the same at each occurrence (as e.g. in the relation
L = L+ 2). Of course, Ky, L1, etc. denote specific quantities. These conven-
tions will be used throughout the book and it surely would help to remember
them from now on.

It is a very non-trivial question to determine the supremum of the values
of 3 for which one can control v(exp sN(Ry 2 — ¢)?) for some s > 0, or the
supremum of the values of § for which (1.89) holds. (It is believable that these
are the same.) The method of proof of Theorem 1.4.1 does not allow one to
reach this value, so we do not attempt to push the method to its limit, but
rather to give a clean statement. There is nothing magic about the condition
B < 1/2, which is an artifact of the method of proof. In Volume II, we will
prove that actually (1.88) holds in a much larger region.

We now turn to a general principle of fundamental importance. We go
back to the general case of Gaussian families (u,) and (vs), and for o € Xy
we consider a number w, > 0. We recall that we denote by

{)e
an average for the Gibbs measure with Hamiltonian (1.59), that is,
—Hy(0) = Vtug + V1 — tvg +logwg = e (t) + log we .
Then, for a function f on X% (= (Xn)™) we have
<f>t = Z(u(t))_n Z f(ala ) Un)wal T Won €XP (Z Ugrt (t)) )
ol,...,om L<n
where Z(u(t)) = >, we expus(t). We write

nF) = (s ) = S 0()

The general principle stated in Lemma 1.4.2 below provides an explicit for-
mula for v;(f). It is in a sense a straightforward application of Lemma 1.3.1.
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However, since Lemma 1.3.1 requires computing the second partial deriva-
tives of the function F', when this function is complicated, (e.g. is a quotient
of 2 factors) we must face the unavoidable fact that this will produce for-
mulas that are not as simple as we might wish. We should be well prepared
for this, as we all know that computing derivatives can lead to complicated
expressions.

We recall the function of two configurations U(o, T) given by (1.55), that
is, U(o,7) = 1/2(Eugtur — Evyv,). Thus, in the formula below, the quantity
U(a!, o) is

U(e!,o") = %(Euaeuay — Evgev e ) .

We also point out that in this formula, to lighten notation, f stands for
flot,...,om).

Lemma 1.4.2. If f is a function on X% (= (XN)™), then

vi(f)= >, wuUee")f)=2n) nU(e' e")f)

1<t,0'<n <n
— g (U(a™, e ) +n(n + Dvg(U(e™ ™, 0™ 2) f) . (1.90)

This formula looks scary the first time one sees it, but one should observe
that the right-hand side is a linear combination of terms of the same nature,
each of the type

w(U(e’, ") f) =E(U (!, ") f(a',....0™)): .

The complication is purely algebraic (as it should be). One can observe that
even though f depends only on n replicas, (1.90) involves two new indepen-
dent replicas ™! and o™ 2.

We will use countless times a principle called symmetry between repli-
cas, a name not to be confused with the expression “replica-symmetric”.
This principle asserts e.g. that v(f(a!)U (0!, 0?)) = v(f(a!)U (o', 0?)). The
reason for this is simply that the sequence (o) is an i.i.d. sequence under
Gibbs’ measure, so that for any permutation m of the replica indices, and any
function f(o!,...,0"), one has (f(a',..., ™)) = (f(™D), ..., a™™)) and
hence taking expectation,

l/(f(O'l,... ,O'n)) = y(f(a-"r(l)7.._’o.7r(n))) )

In particular, if f is a function on X%, then the value of v(U(o*, o")f) does
not depend on the value of r if » > n + 1. Similarly, if £ > ¢’ > n, the value
of v(U(a*, o) f) does not depend on £ or £'.

Exercise 1.4.3. a) Let us take for f the function on X} that is constant
equal to 1. Then (f); = 1, so that v;(f) = 1 for each ¢t and hence v;(f) = 0.
Prove that in that case the right-hand side of (1.90) is 0.
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b) A function f on X% can also be seen as a function on 2}(‘; for n’ > n.
Prove that the right-hand sides of (1.90) computed for n and n’ coincide (the
extra terms in the case of n’ cancel out).

Proof of Lemma 1.4.2. Consider as before x = (z,) and let

Z(x) = Z We €XP Lo
o

F(x) = Z(x)™" 12 wal---wo.nf(ol,...,o'")exp(Zxae).

ol,...,om <n

We recall the formula (1.56):

0°F
0LoZr

¢'(t)=E) Ulo,7)

o, T

(u(t))
that we will apply to this function, carefully collecting the terms. Let us set

Fi(x) = Z Wyt -+ Wan f(a, ..., o™) exp<2$6z> ,
ol ... o™

<n

so that

and therefore

OF O oz
) = 200" S ) 2 ) (O )
Consequently,
0%F . O*Fy
0Ty 01+ (x) = Z(x) 02501+ (x)
02007 (GGt + ()5 )
gy 0*Z

=120 5 (R )
+ n(n+ 1)Z(x)_"_2§TZa(x)§TZT(x)F1(x) . (1.91)

Each of the four terms of (1.91) corresponds to a term in (1.90). We will
explain this in detail for the first and the last terms. We observe first that

0Z

aT(x) = We exp(Zo) ,

so that the last term of (1.91) is
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Clo,1,%x) :=n(n+1)Z(x) " 2wews exp(zy + ) F1(X) .
Consequently,

Z U(o,7)C(o,T,u(t)) (1.92)

=n(n+1)Z(u(t)) "2 Z U(o, T)wsw, exp(ue(t) + ur(t))Fr(u(t)) .

o,T

Recalling the value of Fi(x), we obtain

A= Y et ) I1 v e ¥ el

1<t<n

and using this in the second line below we find

Z U(o, T)wew, exp(uq(t) + ur(t))Fr(u(t))

o, T

= Z U(e" ™, 0™ ™) want1wantz exp(Uugnti (t) 4 tgni2 (1)) Fr(u(t))

ontl gn+2

= Z U(a”+170'"+2)f(0'1,...,a”)( H wae>exp Z Uge (t)

ol ... ,ont2 1<e<n+2 1<0<n+2

It is of course in this computation that the new independent replicas occur.
Combining with (1.92), we get, by definition of (-)¢,

Z U(o,7)C(o,1,u(t)) =nn+ 1)U, a" ) f(a',...,0™):,

so that E>°, U(o,7)C(0,7,u(t)) is indeed the last term of (1.90).
Let us now treat in detail the contribution of the first term of (1.91). We

have g
1 = !
ende, ) = zZ Crolo.7.%),

A'<n

where

Cg,@/ (0’, T, X)

= Z Voteo}ligr —ryWor - cWon f(o, ..., ™) exp(Z Iazl> ,

ol,..,on £1<n

and where 1(50_oy = 1 if o' = o and is 0 otherwise. Therefore
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Z(u(t))™Y U(e,7)Cop(o, T u(t)) (1.93)

o, T

=Z(u(®)™ Z U(a’e,o'l/)w,ﬂ cWen flot, . ™) exp( Z Ugty (t))

élgn

= (U(a*,a")f(a",....a™), (1.94)

and the contribution of the second term of (1.91) is indeed the second term
of (1.90). The case of the other terms is similar. O

Exercise 1.4.4. In the proof of Lemma 1.4.2 write in full detail the contri-
bution of the other terms of (1.91).

The reader is urged to complete this exercise, and to meditate the proof
of Lemma 1.4.2 until she fully understands it. The algebraic mechanism at
work in (1.90) will occur on several occasions (since Gibbs’ measures are
intrinsically given by a ratio of two quantities). More generally, calculations
of a similar nature will be needed again and again.

It will often be the case that U(o, o) is a number that does not depend
on o, in which case the third sum in (1.90) cancels the diagonal of the first
one, and (1.90) simplifies to

vilf) = 2( >, nUEe")f)—n)Y uU@ a"))

1<e<t'<n <n

+ wyt(U(a"H, a"+2)f)> . (1.95)

What we have done in Lemma 1.4.2 is very general. We now go back to
the study of the Hamiltonian (1.61) and as in (1.62) we define

Uy = \/% Z 9ij0i0; 5 Vg = 3 Z 2i\/q0i 5 Wo = eXp<Z hm) .

i<j<N i<N i<N

Then (1.90) still holds true despite the fact that the numbers w, are now
random. This is seen by first using (1.90) at a given realization of the r.v.s
hi, and then taking a further expectation in the randomness of these. Let us
next compute in the present setting the quantities U(a?, ae/). Let us define

1 ’
Ree =+ Z olol . (1.96)
i<N

This notation will be used in the entire book a countless number of times.
We will also use countless times that by symmetry between replicas, we have
e.g. that I/(RLQ) = V(Rl,g) or V(R172R273) = V(RLQRL?,). On the other hand,
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if a function f depends only on o! and o2, it is true that v((R1 3 — q)*f) =
v((R1.4 — q)?f), but not in general that v((R12 — ¢)%f) = v((R13 — ¢)*f).

As in (1.64) we have

1 / 52 1 32
NU(UE,O'K ) 4 (Ré o N) — 7qu,gl .

Using (1.95) for n = 2, and completing the squares we get

2
Vé(f):N25< (Rrz —9)°f) =2 vi((Res — q)*f)
<2
+ 3u (R — q)Qf)) . (1.97)

Up to Corollary 1.4.7 below, the results are true for every value of ¢, not
only the solution of (1.74).

Lemma 1.4.5. Consider any number A\ > 0. Then
vi((Rs.a—q)* exp AN (R12—q)%) < vi((R12—q)? exp AN(Ry12—¢)?) . (1.98)
Proof. First, we observe a general form of Hélder’s inequality,

ve(fif2) < (7)Y (f52)V7 (1.99)

for f1, fo >0, 1/7 +1/m = 1. This is obtained by using Holder’s inequality
for the probability v;(or by using it successively for (-); and then for E).
Using (1.99) with 7 = k+1, 72 = (k+1)/k we deduce that, using symmetry
between replicas in the second line,
vi((Rsa — 0)*(Ri2 — 9)*")
1/k+1 k/k+1
< Vt((RsA - Q)2k+2) /e Vt((Rl,Q - Q)2k+2) /e
= Vt((Rl,Q — q)2k+2) .

To prove (1.98), we simply expand exp AN (R; 2 — ¢q)? as a power series of

(R12 — q)? and we apply the preceding inequality to each term, i.e. we write

(VA"
k!

v ((Rsa —q)* exp AN (R1 2 — q)%) = Z
k>0

vi((Rsa — q)°(Ri2 — 9)*")

(R — )2k+2)
k>0

= Vt((Rl,Q —q)?exp AN(R12 — q)z) . O

Combining with (1.97) we get:
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Corollary 1.4.6. If A > 0 then
vy (eXp AN(Ry2 — q)2) < QNBQVt((RLQ —q)%exp AN(Ry 2 — q)2) . (1.100)

Corollary 1.4.7. Fort < \/2[3% we have

d
i (e - 2N (2 - ) ) <0,
or in other words, the function
t o vy (exp((x\ — 2B*)N (R — q)2)> (1.101)

1S NON-INCreasing.

Proof. In the function (1.101) there are two sources of dependence in ¢,
through v and through the term —2¢32, so that

G (oo -2 (2 = 0) )
= i (exp((\ — 2F)N(Rr — 0)?) )
— 2N (R — )% exp((A = 218N (Re — 0)?) )
and we use (1.100). =

Proposition 1.4.8. When q is the solution of (1.74), for A < 1/2 we have

1
< —.
T V1 =2)

Whenever, like here, we state a result without proof or reference, the rea-
son is always that (unless it is an obvious corollary of what precedes) the proof
can be found later in the same section, but that we prefer to demonstrate its
use before giving this proof.

vo(exp AN (R1 2 — q)°) (1.102)

At this point we may try to formulate in words the idea underlying the
proof of Theorem 1.4.1: it is to transfer the excellent control (1.102) of Ry 2 —¢q
for vy to vy using Lemma 1.4.2.

Proof of Theorem 1.4.1. Taking A = s+23? < 1/2 we deduce from (1.102)
and Corollary 1.4.7 that for all 0 <t <1,

1
vilexp((s +2(1 —t)3*)N(Ry 2 — 2>§—,
(exp((s +2(1 = BN (Ru 2 — 0)?) ——
because this is true for ¢ = 0 and because the left-hand side is a non-increasing
function of ¢. Since s + 2(1 — ¢)3% > s this shows that for each ¢ (and in
particular for t = 1) we have
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Ut (exp SN(Ry2 — q)2) < ; O

V1—2s—48%

As a consequence (1.88) holds uniformly in ¢ and in 8 < 5y < 1/2, i.e.
v ((Ri2 — q)%F) < (Kk/N)*, (1.103)
where K does not depend on t or (5.

Exercise 1.4.9. Prove that if € = &1 we have

1+
VO(]-{(;?}:U?:E}) = Tq

and 1
—4q
VO(]-{all:fo'?:E}) = T .
These relations will never be used, so do not worry if you can’t solve this
exercise. Its purpose is to help learning to manipulate simple objects. Some
hints might be contained in the proof of (1.104) below.

Proof of Proposition 1.4.8. Let us first recall that v is associated to the
Hamiltonian (1.68), so that for vy there is no correlation between sites, so
this is a (nice) exercise in Calculus. Let Y; = (82;,/q + h;, so (1.68) means
that —Hy(o) = >, 5 0iYi. Recalling that (-)o denotes an average for the
Gibbs measure with Hamiltonian Hy, we get that (o;)g = thY; and, since
q = Eth?Y; by (1.74) we have

vo(olo?) = E(olo?)g = E{0;)2 = Eth?Y; = ¢. (1.104)

At this point the probabilistically oriented reader should think of the se-
quence (0}0?)1<i<n as (under vp) an i.i.d. sequence of {—1,1}-valued r.v.s
of expectation ¢, for which all kinds of estimates are classical. Nonetheless
we give a simple self-contained proof. The main step of this proof is to show
that for every u we have

N 2
vo(exp Nu(Ry 2 — q)) < exp 2u . (1.105)

Since (1.105) holds for every value of u it holds when u is a Gaussian r.v.
with Eu? = 2)\/N, independent of all the other sources of randomness. Taking
expectation in u in (1.105) and using (A.11) yields (1.102).

To prove (1.105), we first evaluate

volexp Nu(Ruz — 4)) = vo <expu S (olo? - q)>

i<N

= H Vo (expu(ailai2 — q)) , (1.106)
i<N
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by independence between the sites. Using that when || = 1 we have expex =
chz + shex = chx + £ shz, we obtain

expuo;o? = chu+ ojo? shu ,

and thus
vo(expuo}o?) = chu + vy(o}o?) shu . (1.107)
Therefore (1.104) implies

vy (expu(o)o})) = chu + gshu ,
and consequently
vy (expu(ojo; — q)) = exp (—qu) (chu + gshu) .

Now, for ¢ > 0 and all u we have

u2

(chu 4 gshu) exp(—qu) < exp R

Indeed the function
f(u) = log(chu + gshu) — qu

satisfies f(0) =0,

2
() = shu + gchu Py =1 (shu + qchu>

chu + gshu chu + gshu

so that f/(0) = 0 and f”(u) < 1, and therefore f(u) < u?/2. Thus
2

1

u
vo (expu(ojof —q)) < exp

3

and (1.106) yields (1.105). This completes the proof. O

Let us recall that we denote by SK(8,h) the right-hand side of (1.73)
when ¢ is as in (1.74). As in the case of py (8, h) this is a number depending
only on 8 and the law of h.

Theorem 1.4.10. If 5 < 1/2 then

2=

[pn (B, h) — SK(B,h)| < (1.108)

where K does not depend on N.
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Thus, when 8 < 1/2, (1.73) is a near equality, and in particular p(8,h) =
limy_oo pn (B, h) = SK(B, h). Of course, this immediately raises the question
as for which values of (3,h) this equality remains true. This is a difficult
question that will be investigated later. It suffices to say now that, given h,
the equality fails for large enough (3, but this statement itself is far from being
obvious.

We have observed that, as a consequence of Holder’s inequality, the func-
tion 8 +— pn (B, h) is convex. It then follows from (1.108) that, when 5 < 1/2,
the function 8 — SK(8, h) is also convex. Yet, this is not really obvious on
the definition of this function. It should not be very difficult to find a calcu-
lus proof of this fact, but what is needed is to understand really why this is
the case. Much later, we will be able to give a complicated analytic expres-
sion (the Parisi formula) for limy_,o, pn (0, h), which is valid for any value
of B, and it is still not known how to prove by a direct argument that this
analytical expression is a convex function of (.

In a statement such as (1.108) the constant K can in principle depend on
0 and h. It will however be shown in the proof that for § < Gy < 1/2, it can
be chosen so that it does not depend on 3 or h.

Proof of Theorem 1.4.10. We have proved in (1.103) that if 3 < By < 1/2
then v4((R12—q)?) < K/N, where K depends on 3y only. Now (1.65) implies

B? ol _ K
/
_ 2= < =
O U N~
where K depends on [y only. Thus
2
K
_ 21— < =

(1) - pl0) - - 07| <

and
©(1) =pn(B,h) 5 ¢(0) =log2+ Elogch(8y/q+h). O

Theorem 1.4.10 controls the expected value (= first moment) of the quan-
tity N=tlog Zn(B,h) — SK(B,h). In Theorem 1.4.11 below we will be able
to accurately compute the higher moments of this quantity. Of course this
requires a bit more work. This result will not be used in the sequel, so it can
in principle be skipped at first reading. However we must mention that one of
the goals of the proof is to further acquaint the reader with the mechanisms
of integration by parts.

Let us denote by a(k) the k-th moment of a standard Gaussian r.v. (so
that a(0) = 1 = a(2), a(1) = 0 and, by integration by parts, a(k) = Egg"*~1 =
(k —1)a(k —2)). Consider q as in (1.74) and Y = (Bz,/q + h. Let

#2q?

b = E(logchY)? — (ElogchY)? — 5
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Theorem 1.4.11. Assume that the r.v. h is Gaussian (not necessarily cen-
tered). Then if B < 1/2, for each k > 1 we have

1.109)

k
1 1 k/2 K
‘E(N log Zn (B, h) — SK(B, h)) - Nk/2a(k)b 2l < NGTD/2 (

where K does not depend on N.

Let us recall that, to lighten notation, we write

k
E(% log Zx (B, h) — SK(3, h))

k
E<(]1V10gzN<g,h) - SK(50)) ) -

A similar convention will be used whenever there is no ambiguity.

The case k = 1 of (1.109) recovers (1.108). We can view (1.109) as a
“quantitative central limit theorem”. With accuracy about N~1/2, the k-th
moment of the r.v.

instead of

VN (% log Zn (3, h) — SK(8, h)) (1.110)

is about that of v/bz where z is a standard Gaussian r.v. In particular the
r.v. (1.110) has in the limit the same law as the r.v. V/bz.

When dealing with central limit theorems, it will be convenient to denote
by O(k) any quantity A such that |A] < KN ~*/2 where K does not depend on
N (of course K will depend on k). This is very different from the “standard”
meaning of this notation (that we will never use). Thus we can write (1.109)
as

a(k)bF? +Oo(k+1) .  (1.111)

k
E (% log Zn (6, h) — SK(, h)> = Nk/2

Let us also note that
O(K)O(t) = O(k + ) ; O(2k)/? = O(k) . (1.112)

Lemma 1.4.12. If the r.v. h is Gaussian (not necessarily centered) then for
any value of B we have

k
E |- log Zn (6,h) — pw (8. m)| = O(h) (1.113)

Moreover the constant K implicit in the notation O(k) remains bounded as
both B and the variance of h remain bounded.
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The hypothesis that h is Gaussian can be considerably weakened; but
here is not the place for such refinements.
Proof. Let us write h; = cy; + d, where y; are i.i.d. centered Gaussian. The
key to the proof is that for ¢ > 0 we have

42N 4+ 2032(N — 1)
(1.114)
This can be proved by an obvious adaptation of the proof of (1.54). Equiv-
alently, to explain the same argument in a different way, let us think of the
quantity log Zn (3, h) as a function F' of the variables (gi;)i<; and (y;)i<n.
It is obvious (by writing the value of the derivative) that

‘ oF B |oF
9gi j

< .
VN |0y

Thus the gradient VF of F satisfies |[VF||? < 2N +3?(N —1)/2 and (1.47)
implies (1.114). Then (1.114) yields

2
P(|1og Zx (3. h) — Npn (B.1)] > 1) < 2exp( ! ) .

2
P(X| > 1) < Qexp<%) : (1.115)

where 1
X = 57 log Zn (6, h) = pn (B, h)

and A? = 4¢2+23?. Now (1.113) follows from (1.115) by computing moments
through the formula EY* = [ kt*"'P(Y > t)dt for Y > 0, as is explained
in detail in Section A.6. O

Proof of Theorem 1.4.11. We use again the path (1.59). Let

At) = %logZexp(—Ht(a)) (1.116)

2
SK(t) = log2 + Elog chY + %(1 —q)?

V(t) = A(t) — SK(t)
9 9 ,82q2t

b(t) = E(logchY)* — (ElogchY)” — 5
Thus, the quantities EA(t), SK(¢) and b(t) correspond along the interpolation
respectively to the quantities py (0, h), SK(8, h) and b. In this proof we write
O(k) for a quantity A such that |A] < KN~*/2 where K does not depend on
N or of the interpolation parameter t.

Let us write explicitly the interpolating Hamiltonian (1.59) using (1.62):

— Hy(o) = byt > gijoioj+ > (hi+ BV —tzi/q)oi . (1.117)
VN i<j<N i<N
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It is of the type (1.61), but we have replaced 8 by 8v/t < 8 and the r.v. h by
h+Bv1 —tz,/q, where z is a standard Gaussian r.v. independent of h. Thus
(1.113) implies

EV(t)" = O(k) . (1.118)

We will prove by induction over k > 1 that

1

EV(t)k = W&

(K)bt)* 2 + Ok +1) . (1.119)

For ¢t = 1 this is (1.111). To start the induction, we observe that by Theorem
1.4.10 and (1.117), this is true for k = 1. For the induction step, let us fix k
and assume that (1.119) has been proved for all k' < k — 1. Let us define

U(t) =EV ()" .
The basic idea is to prove that

k(k—1)

N VOEV(H)F 2 +0(k+1). (1.120)

V'(t) =
The induction hypothesis then yields
k(k—1)

V(1) = eV (Walk — 2)b(t)*2 1 + O(k +1)
_ ﬁa(@(%bl(ﬂb@)k/%l) +OE+1). (1.121)
Assume now that we can prove that
9(0) = Ni/2a(k)b(0)k/2 +O(k+1). (1.122)

Then by integration of (1.121) we get

Y(t) = Ni/Q a(k)b)** + Ok + 1), (1.123)

which is (1.119). We now start the real proof, the first step of which is to
compute 9’(t). For a given number a we consider

o(t,a) = E(A(t) — a)* , (1.124)

and we compute dp(t,a)/dt using (1.40). This is done by a suitable extension
of (1.60). Keeping the notation of this formula, as well as the notation (1.60),
consider the function W(x) = (z—a)* and for x = (2 ), consider the function

F(x) =W (% log Z(x)) .

Thus
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oF _ lwrexpzr_, (1

If x5 # z+ we then have

O?*F 1 wowrexp(@e +2+). (1
S “logZ
010z r x) N Z(x)? W (N o8 (X)>
1 wewrexp(e + ), ., 1
— —log Z
while
O*F 1 (weexpre w2 exp2r, 1
7z = v ("~ e o)W (s 20

1 w2 exp 27,

o W”(%log Z(x)) .

Therefore, proceeding as in the proof of (1.60), we conclude that the function

o(t,a) = EW(% log Z(u(t))> =EW(A(t))

satisfies

dp 1 1 2 ’
E(t,a) = NE(«U(CEU)% —(U(e',0%))W'(A(t)))
BT o)W (A1)

and replacing W by its value this is

Oy ok 12 -1
a(t,a) = NE(“U(O’,O’)% —(U(at, %)) (A(t) — a)* )
+ %E((U(al,ﬁ»tm(w —a)*?). (1.125)

This is a generalization of (1.60), that corresponds to the case k = 1.

There is an alternate way to explain the structure of the formula (1.125)
(but the proof is identical). It is to say that straightforward (i.e. applying
only the most basic rules of Calculus) differentiation of (1.116) yields

izo' _HtI(U)eXp(—Ht(a)) 7i e
N Yo exp(—Hi(o)) - N< Hi(o)): ,

A(t) =

where

= —Ug — ——="
2wt T o 2/I—-t 7’
so that
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%—f(t,a) = KE(A'(t)(A(t)—a)*~1) = %E((—H{(a))t(A(t)—a)k_l) . (1.126)

One then integrates by parts, while using the key relation U(o,T) =
EH](o)H:(T). (Of course making this statement precise amounts basically
to reproducing the previous calculation.) The dependence of the bracket (-);
on the Hamiltonian creates the first term in (1.125) (we have actually already
done this computation), while the dependence of A(t) on this Hamiltonian
creates the second term.

This method of explanation is convenient to guide the reader (once she
has gained some experience) through the many computations (that will soon
become routine) involving Gaussian integration by parts, without reproduc-
ing the computations in detail (which would be unbearable). For this reason
we will gradually shift (in particular in the next chapters) to this convenient
method of giving a high-level description of these computations. Unfortu-
nately, there is no miracle, and to gain the experience that will make these
formulas transparent to the reader, she has to work through a few of them
in complete detail, and doing in detail the integration by parts in (1.126) is
an excellent start.

Using (1.64) and completing the squares in (1.125) yields

% 0 = 2R — 0)040) — 0 )

+ Bk g2 - 0t

%WE(«RLQ — )% (A(t) — a)"2)
_ %quE(A(t) I fﬁk(k — 1E(A(t) — a)F2 .

Now, since

(18K (1) = 2201, 8K (1)) + SK'(1) 94 (1, SK (1)

dt ot
and 5 )
0 (t.a) = ~KE(A(H) — @) 5 SK'(5) = 5 (1 - )7,
one gets
() =T+1I
where
_ B¢ k(k —1) k—
[=-— TEV(t) 2
2 2 —
= - o) + Ve, g2 042)
BQ

Wk(k —DEV(@)*2.
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We claim that
I=0(k+1).

To see this we note that by (1.118) (used for 2(k — 1) rather than k) we have
E(V(t)2=1) = O(2(k — 1)) and we write, using (1.103),

E((B12 = )}V (D} ) < (B2 — a))) PE(V (14 ) 2
=0(12)0k-1)=0(k+1).

The case of the other terms is similar. Thus, we have proved that ' (¢) = I+
O(k+1), and since b/ (t) = —3%q?/2 we have also proved (1.120). To complete
the induction it remains only to prove (1.122). With obvious notation,

1
V() =+ Z(log chY; — ElogchY) .
i<N
The r.v.s X; = logchY; — ElogchY form an i.i.d. sequence of centered vari-
ables, so the statement in that case is simply (a suitable quantitative version
of) the central limit theorem. We observe that by (1.118), for each k, we have
EV(0)k = O(k). (Of course the use of Lemma 1.4.12 here is an overkill.) To
evaluate EV(0)* we use symmetry to write

EV(0)F = E(XxV(0)F1) = E<XN ()j\lfv + B)H>

where B = N1 > i<n—1Xi- We observe that since B = V(0) — Xn/N, for
each k we have EB* = O(k). We expand the term (X /N + B)¥~! and since
EXxy = 0 we get the relation

k—1
EV(0)* = TEXJQ\,EBk_Q +0(k+1).
Using again that B = V(0) — Xx/N and since EX%, = b(0) we then obtain

EV(0)* = %b(o)Ev(o)k—2 +0(k+1),

from which the claim follows by induction. O

Here is one more exercise to help the reader think about interpolation
between two Gaussian Hamiltonians us, and v,.

Exercise 1.4.13. Consider a (reasonable) function W (yi, ..., ymy1) of m+1
variables. Consider m functions fi,..., f,, on X% . Compute the derivative
of

p(t) = Wwe(fr), - va(fm), N~ log Z(u(?))) ,

where the notation is as usual.
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Our next result makes apparent that the (crucial) property v((Ri2 —
q)?) < K/N implies some independence between the sites.

Proposition 1.4.14. For any p and any q with 0 < g < 1 we have
E({o1---0,) — (1) -+ (0,))? < K(p)v((Ruz2 — 9)?) (1.127)
where K(p) depends on p only.

This statement is clearly of importance: it means that when the right-
hand side is small “the spins decorrelate”. (When p = 2, the quantity
(o102) — (01){02) is the covariance of the spins o1 and o9, seen as r.v.s on the
probability space (X'n,Gn). The physicists call this quantity the truncated
correlation.) Equation (1.127) is true for any value of ¢, but we will show
in Proposition 1.9.5 below that essentially the only value of ¢ for which the
quantity v((R1 2 — ¢)?) might be small is the solution of (1.74).

We denote by - the dot product in RY, so that e.g. Ris =o' 0?/N.

A notable feature of the proof of Proposition 1.4.14 is that the only feature
of the model it uses is symmetry between sites, so this proposition can be
applied to many of the models we will study.

Proof of Proposition 1.4.14. Throughout the proof K(p) denotes a num-
ber depending on p only, that need not be the same at each occurrence. The
proof goes by induction on p, and the case p = 1 is obvious. For the induction
from p — 1 to p it suffices to prove that

E({o1 -0y — (01 0y 1){op))? < KW ((Rra—a)?) . (1128)
Let 6, = 0; — (0;) and & = (6;)i<n. Therefore
(01---0p) = (o1 0p_1){0p) = (0102 - 0p_15p) .

Using replicas, we have

(o1 0p) —(o1-+- Up—1><0p>)2 = (o102 Up—ldp>2

_ /12 12 :1:2
= (o107 "'Up—lap—1UpUp> )

so that
E({o1-+-0y) — (01 0p1){0,))? = W(oto? -0} _10%1636%) . (1129)
Using symmetry between sites,

N(N —-1)---(N —p+1)v(ojo--- a;_lag_ldldg)

»9p
_ 1.2 1 2 1 2 1.2
= E v(0;,07,0,,0;, "'Uip,lai,,,lai,,ai,,)

i1,...,ip all different
1.2 1 2 1 2 .1 .2
< § V(Jilailgizazg"'Uip,laip,lgz‘paip)
all il,...,ip

1, 22 CI
— N*u (Rff;l%> = NPy ((R{; - qp_l)u> . (1.130)
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where the inequality follows from the fact that since

1 2 1 2 12 1.2 © 42
(0i,07,0:,0%, "'C’i,,,lgz'p,laipaip> = (04,04, 04,104,
all terms are > 0, and where the last equality uses that (61-62) = 0. Of course
here 6'-6% =Y.\ 6167, and the vector notation is simply for convenience.
Using the inequality |2P~! — yP~! < (p — 1)|z — y| for |z|,|y| < 1 and the
Cauchy-Schwarz inequality we obtain
6’1

52 21, 42
p—1  p—1 ‘o _ I
v <(R1,2 ") N ) <(p 1)V(|Rl,2 ql’ N D (1.131)

< (p—Dv((Ris— q>2>1/2u(("’1]'v"’2)2)1/2 .

Now we have

<<&1&&2)2> _ <((01 - <Ul>)z§(02 - <02>))2>

_ <((01 - <ff3>)z~v(cr2 - <04>))2> .

To bound the right-hand side, we move the averages in o2 and o outside the
square (and we note that the function z — z? is convex). Jensen’s inequality
(1.23) therefore asserts that

(oo o) (oot et oty

Finally we write

<((01 - «73)&(02 —o

4))2> = ((R12— Ri4— R32+ R34)?)
< 4{(R12—q)?),

using that (>, ., z;)? < 4>, ., z7. Combining the three previous inequalities
and taking expectation and square root we reach

2

V((&lj;[& )2)1/2 < 2 ((Rua q)2)1/2 .

Combining with (1.129), (1.130) and (1.131) we then get

N(N—=1)---(N=p+1)E({(o1---0p) — (01 0p_1){0p))?
<2(p— )NPv((R12 —q)?) ,

and this finishes the proof since
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Np
3 < . O
N N(N-1) - (N—p+1) =

As a consequence, when one looks only at a given number of spins, one
fixes 0 < 1/2 and lets N — oo, Gibbs’ measure is asymptotically a product
measure. To see this, we first observe that combining (1.127) and (1.89)
implies

K
({1 0p) — (1) - (o)? < ) (1.132)
Next, given ny,...,n, € {—1,1}, consider the set
A={oc € Xn;Vi<n, o, =n}, (1.133)

where the dependence on 7y, ...,n, is kept implicit. Then, denoting by 14
the function such that 14(0) = 1 if o € A and 14(o) = 0 otherwise, we have

La(@)=2"[[+om)=2" Y om,

i<n Ic{1,...,n}
where o7 = [[,c; 05 and 9y = [[;c; n:- Thus, using (1.132),
Gy(A)=@a)=2"" > (o) =2" Y nr]Jie)
Ic{1,...,n} Ic{1,...,n} iel
=27" H(l +ni{0i))
i<n
= ﬂ'n({n}) ’ (1134)

where § = (91,...,7,) and p, is the product probability on {—1,1}" with
density [],.,,(14n;(0;)) with respect to the uniform measure. (Let us observe
that p, is the only probability measure on {0,1}" such that for each i the
average of o; for u, is equal to (o;).)

Formally, we have the following.

Theorem 1.4.15. Assume § < 1/2. Denote by Gy, the law of (o1,...,0,)
under G, and consider ji, as above, the probability on {—1,1}™ with density
[Lic, (1 +nif0:)) with respect to the uniform measure. Then

K(n
Bl — pal? < B
where || - || denotes the total variation distance.

Thus, to understand well the random measure Gy, it remains only to un-
derstand the random sequence ((0;))i<n. This will be achieved in Theorem
1.7.1 below.
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Proof. By definition of the total variation distance (and (A.79)), it holds
1GNn = mall = D 1Gnn({n}) = pa({n})]
n

where the summation is over m in {—1,1}". Since there are 2V terms in
the summation, using the Cauchy-Schwarz inequality as in (3., a;)* <
cardl ) o, a? and taking expectation we get

E|Gnn — inl® <2 Y E(Gnn({n}) — mn({n}))* -
n

Now Gn,n({n}) = Gn(A) where A is given by (1.133), and the result follows
by making formal the computation (1.134). Namely, we write

(GNA) = ma(mh)? = 27 > millor) = (o)

Ic{1,...,n} i€l
<27 3y (o) = [[te)?,
I1c{1,...,n} el

so that, taking expectation and using (1.132),

E(GN(4) = pn({n}))* <

This result raises all kinds of open problems. Here is an obvious question.

Research Problem 1.4.16. How fast can n(N) grow so that |Gy () —

Of course, it will be easy to prove that one can take n(N) — oo, but finding
the best rate might be hard. One might also conjecture the following.

Conjecture 1.4.17. When 3 > 0 we have
Jim Einf |Gy — | =2,
where the infimum is computed over all the classes of measures p that are
product measures.
Conjecture 1.4.18. When 8 < 1/2 we have
A}iinoo Ed(Gn,u) =0,
where p is the product measure on X such that for each i < N we have

J oidu(e) = (o), and where now d denotes the transportation-cost distance
(see Section A.11) associated with the Hamming distance (1.7).

A solution of the previous conjectures would not yield much information.
Are there more fruitful questions to be asked concerning the global structure
of Gibbs’ measure?
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1.5 A Kind of Central Limit Theorem

This short section brings forward a fundamental fact, a kind of random central
limit theorem (CLT). The usual CLT asserts (roughly speaking) that a sum
> a;X; is nearly Gaussian provided the r.v.s X; are independent and none of
the terms of the sum is large compared to the sum itself. The situation here
is different: the terms X; are not really independent, but we do not look at
all sums > a; X;, only at sums where the coefficients a; are random.

More specifically consider a probability measure p = px on RY (a Gibbs
measure is the case of interest). Assume that for two numbers ¢ and p we
have, for large IV,

/(”E”Q _p>2du(x) ~0 (1.136)

Consider the case where p is Gibbs’ measure for the SK model. Then (1.135)
means that ((R12—¢)?) ~ 0, while (1.136) is automatically satisfied for p = 1,
because (i is supported by Yx and for o € Xy we have |o|> =Y,y o7 =
N. (We will later consider systems where the individual spins can take values

in R, and (1.136) will become relevant.) Let

b= [ xdu() - < / mdu(x))m

be the barycenter of p. The fundamental fact is as follows. Consider indepen-
dent Gaussian standard r.v.s g; and g = (g;)i<n. Then for a typical value of
g (i.e. unless we have been unlucky enough to pick g in a small exceptional
set), we have

The image of g under themapx — g - x/ VN is nearly a Gaussian
measure of mean g - b/v/N and of variance p — g. (1.137)

The reader should not worry about the informality of the statement which
is designed only to create the correct intuition. We shall never need a formal
statement, but certain constructions we shall use are based on the intuition
provided by (1.137). The reason why (1.135) and (1.136) imply (1.137) is
very simple. Let us consider a bounded, continuous function f, and the two
r.v.s

g x g-b
U= =— |du(x) and V =E =+ —-q,
J 7 (B ) autx of (B +evia)
where £ is a standard Gaussian r.v. independent of g and where throughout
the book we denote by E; expectation in the r.v.s { only, that is, for
all the other r.v.s given.
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We will show that, given the function f, with probability close to 1 we
have U ~ V i.e.

Jr(EZ) e =eer (B2 vevima) . ass)

Therefore, given a finite set F of functions, with probability close to 1 (i.e.
“for a typical value of g”), (1.138) occurs simultaneously for each f in F,
which is what we meant by (1.137).

To prove that U ~ V| we compute

E(U-V)> =EU?*+EV? - 2EUV ,

and we show that EU? ~ EV? ~ EUV. Now,

EU = E / f (g\/;) f <g\/.§> dp(x")dp(x?)
~ [Es (%) / (%’%2) dpu(ct)dp(x2) .

For £ = 1,2, let g* = g - x*/v/N. These two Gaussian r.v.s are such that

Bl E(g'g?) = x!' - x?

E 52:
(9") N N

Using (1.135) and (1.136) we see that, generically (i.e. for most of the points
x!,x?) we have E(¢°)?2 ~ p and E(g'¢g?) ~ ¢. Since the distribution of a
finite jointly Gaussian family (g,) is determined by the quantities Eg,g,/, the
pair (¢', %) has nearly the distribution of the pair (z,/q + £'/p — q,2/q +
€2\/p — q) where z, £t and €2 are independent standard Gaussian r.v.s. Hence

g x' g X%\ _
Ef(m)f(ﬁ) Ef(v/@+ €I D) (v + EVI)
— E(Eef(ev/d+ 67— 1))

the last equality not being critical here, but preparing for future formulas.
This implies that

EU? ~ E(Ecf(2v/q+&VP —q))? . (1.139)
The same argument proves that EUV and EV? are also nearly equal to the

right-hand side of (1.139), so that E(U — V)2 ~ 0, completing the argument.
In practice, we will need estimates for quantities such as

ew( [ (2 X B aulo) -l ) (1.140)
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where W is a real-valued function and f is now a function of n variables. We
will compare such a quantity with

EW (Ecf(e/a+EVp— - 2/7+ VP —1q)) , (1.141)

using the standard path to obtain quantitative estimates.
The variables £ will be “invisible” in the present chapter because they
will occur in terms such as
a*(p —q)

Ecexpa(z\/g+&Vp —q) = expfexpaz\/a. (1.142)

They will however be essential in subsequent chapters.

1.6 The Cavity Method

As pointed out, the arguments of Theorems 1.3.7 and 1.3.9 are very spe-
cial; but even Latala’s argument is not easy to extend to other models. The
purpose of this section is to develop an other method, the cavity method,
which we will be able to use for many models that do not share the special
features of the SK model. Moreover, even in the case of the SK model, the
cavity method is essential to obtain certain types of information, as we will
demonstrate in the rest of this chapter.

Originally, the cavity method is simply induction over N. To reduce the
system to a smaller system, one removes a spin, creating a “cavity”. The
basic step is to bring forward the dependence of the Hamiltonian on the last
spin by writing

— Hy(o) = \/% Z 9ij0i0;j + Z hio;

B
= —HN_1(0)+UN<— gioi + hn |, (1.143)
S
where g; = ¢g;ny and
p
— HNfl(O') = — Z 9ij0i0; + Z hiai . (1144)
\/Ni<j§N—1 i <N—-1

Thus, if we write p = (01,...,0n-1), we see that —Hx_1(0) = —Hn_1(p)
depends on p only. It is the Hamiltonian of a (N — 1)-spin system (for a
different value of ). Let us denote by (-)_ an average for this Hamiltonian.
Then we have the following absolutely fundamental identity.

Proposition 1.6.1. For a function f on Xy, it holds that
<Av(f(a') eprN(% Y ien Gi0i + hN)>>

{(f)= <Av(exp0N(% Zi<Ngi0'i+hN))>_ = . (1.145)
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Here, Av means average over oy = =1; the result of this averaging is a
function of p only, which is then integrated with respect to (-)_. Of course
the denominator is simply

(G Ry o))

and it can only help that it is always > 1.

Proof. There is no magic. One replaces each of the two brackets on the right-
hand side of (1.145) by their definition; each of these brackets is a fraction.
The denominators are the same and cancel out. What remains is

>, Avf (o) exp (on (Jg Xicn 9106 + hwv) — Hy-1())
Zp Avexp (UN(\/—% Y ien Gi0i + hN) - HNfl(o'))
where, to lighten the formula, we have written AvU rather than Av(U) both
in numerator and denominator. Recalling (1.144) this is
5, Avf(e)exp( — Hy (o))
Yoo Avexp(— Hy(o))

Multiplying both numerator and denominator by 2 and recalling the meaning
of Av we see that this quantity is (f). O

)

Let us assume now that the (N —1)-spin system with Hamiltonian —Hn_;
behaves well (i.e. satisfies (1.89)). Then, according to the intuition developed
in Section 1.5, we expect that the maps (o1,...,0n5_1) — (8/VN) Y ien JiTi
behaves, under Gibbs’ measure like a Gaussian r.v. To compute the right-
hand side of (1.145), we will follow the intuition of comparing a quantity as
in (1.140) to a quantity as in (1.141) (remembering that we can forget about
the variables £ because of (1.142))). For this, we will replace in (1.145) the
quantity (8/vVN) >,y 9i0i by Bzy/q (where 0 < ¢ < 1 will be chosen later),
that is, we will consider the Hamiltonian

_HNfl(p)'f‘UN(ﬁZ\/a"‘hN) . (1].46)

This Hamiltonian is the Hamiltonian of an N-spin system, but in which the
last spin is “decoupled” from the first (N — 1)-spins. It turns out to be easier
to compare the N-spin system to this decoupled system rather than to the
(N — 1)-spin system. We will interpolate between the Hamiltonians (1.143)
and (1.146) using

_Ht<0') = —HN—l(P)+UN (\/z\/% Z giai—&-\/ 1-— tﬁz\/c_]—l—hN) . (1147)
<N

We denote by (-); an average for the corresponding Gibbs measure, and
v¢(+) = E{(-)¢. The notations are identical to those of the previous sections,
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for a different interpolating Hamiltonian. This should not create confusion
since from now on, at least in the present chapter, v; will always refer to
the interpolating Hamiltonian (1.147). The Hamiltonian defined by (1.59)
and (1.62) was designed to compare the Hamiltonian of the SK model with
a situation where all the spins are independent of each other. In contrast,
the Hamiltonian (1.147) is designed to compare the SK model to a situation
where the last spin is independent of the first NV — 1 spins.
We write, for o, ol € Ty

Ry, = % > olol (1.148)
i<N
To lighten notation, when considering replicas o', 2, ... we write
—
With this notation we have
Rew = Rip+ % . (1.149)

The fact that vy decouples the last spin is expressed by the following,
where

Y =p2/q+h.

Lemma 1.6.2. For any function f~ on X% _, and any set I C {1,...,n}
we have

Vo (f— Hsi) = v (H gi) vo(f7) = E(thY) o (f7) . (1.150)

i€l icl

Proof. Since when ¢ = 0 the Hamiltonian Hy is the sum of a term depending
only on the first N — 1 spins and of a term depending only on the last spin
it should be obvious that

<f_ H€i>0 = <f‘>o<Hei>0 = (f)o(thy)eard!

icl i€l

and the result follows taking expectation, since the randomnesses of Y and
Hpy_1 are independent. O

Lemma 1.6.2 in particular computes vo(f) when f depends only on the
last spin, with formulas such as vy(e1e2e3) = Eth3Y.

The fundamental tool is as follows, where we recall that e, = o .

Lemma 1.6.3. Consider a function f on X% = (XN)"; then for 0 <t <1
we have
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, d

vi(f) = a’/t(f) =5 Z vi(feer (Ryp — q))
1<e<t/<n
- *n Z vi(feent1(Ry, 1 — )
<n
+ ﬂz—n(n; I)Vt(f€n+1€n+2(R;+l,n+2 —q)) (1.151)
and also

vi(f) =8> Y. wlfercw(Rp —q))

1<0<t/<n
- 5271 Z Vt(ff:'eﬁnﬂ(Ré,nH —q))
<n
nn+1
+ ﬁ2¥yt(f5n+15n+2(Rn+l,n+2 -q)) - (1.152)

This fundamental formula looks very complicated the first time one sees it,
although the shock should certainly be milder once one has seen (1.95). A
second look reveals that fortunately as in (1.95) the complication is only
algebraic. Counting terms with their order of multiplicity, the right-hand side
of (1.151) is the sum of 2n® simple terms of the type £6%v;(ferce (Ry 0 —q))-

Proof. The formula (1.151) is the special case of formula (1.95) where

Uy = \/%UN Z 9i0i; Vo = BoNnz\/q (1.153)

i<N
We = exp (—Hn-1(p) + hnon) ,
so that (1.55) implies:

oty = epep (R
U(o",0" ) =eep 5 (Rpp —aq)-

Finally (1.152) follows from (1.151) and (1.149), as the extra terms cancel
out since €2 = 1. o

The reader has observed that the choice (1.153) is fundamentally different
from the choice (1.62). In words, in (1.153) we decouple the last spin from the
others, rather than “decoupling all the spins at the same time” as in (1.62).

Since the formula (1.151) is the fundamental tool of the cavity method,
we would like to help the reader overcome his expected dislike of this formula
by explaining why, if one leaves aside the algebra, it is very simple. It helps
to think of RZ@’ — q as a small quantity. Then all the terms of the right-hand
side of (1.151) are small, and thus, v(f) = v1(f) ~ vo(f). This is very helpful
when f depends only on the last spin, e.g. f(o) = £1e5 because in that case
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we can calculate vy(f) using Lemma 1.6.2. That same lemma lets us also
simplify the terms vo(feer (R, — q)), at least when f does not depend on
the last spin. We will get then very interesting information simply by writing

that v(f) ~ vo(f) + vp(f)-

For pedagogical reasons, we now derive some of the results of Section 1.4
through the cavity method.

Lemma 1.6.4. For a function f >0 on X}, we have

vi(f) < exp(An?F)w(f) (1.154)

Proof. Here of course as usual v(f) = v1(f). Since |R, | <1 and g € [0,1]
we have |, — q| <2, so that (1.151) yields

v, ()] < 4n*B%v(f) (1.155)

and we integrate. ]

Proposition 1.6.5. Consider a function f on X%, and 7,72 > 0 with
1/71 4+ 1/m2 = 1. Then we have

() = vo(f)] < 2026 exp(dn® 82w (| /™) T (| Rip — ql™)V 7™ . (1.156)

Proof. We have

w(f) —vo(f)l = ’/01 vi(f) dt’ < sup |y (f)] .

0<t<1
Now, Holder’s inequality for v; implies
wi(feece (Reer — @)l < vi| FlIReer — al) < vi(|fI™)Y " wi(|Reer — g|™) ™
and thus by (1.152) (and since n(n +1)/2 +n? +n(n —1)/2 = 2n?),
()] < 202820 (| /7)Y T (| Ree — gl ™)V

We then use (1.154) for |f|™ and |R;1 2 — ¢q|™. O

Proposition 1.6.6. There exists 3y > 0 such that if B < By then

2

v((Rip2—q)?) < N

where q is the solution of (1.74).

The larger the value of §y, the harder it is to prove the result. It seems
difficult by the cavity method to reach the value 3y = 1/2 that we obtained
with Latala’s argument in (1.87) and (1.88).
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Proof. Recalling that e, = 0%, we use symmetry among sites to write
1
v((Riz=0P) = v S ullolo? —a)(Rip—a) =u(f)  (1157)

where
f= (5152 - Q)(Rl,z - (I) .

The simple idea underlying (1.157) is simply “to bring out as much as pos-
sible of the dependence on the last spin”. This is very natural, since the
cavity method brings forward the influence of this last spin. It is nonetheless
extremely effective.

Using (1.149), and since €7 = 1, we have

f=(ae2—q)(Ri2—q) = %(1 —e162q) + (e182 — Q)(Ry 5 — q) -

The key point is that Lemma 1.6.2 implies

vo((e162 — Q)(Riz —q)) = wo(e1e2 — Q)VO(Rf,Q —q)
= (Eth*Y — q)uo(Ryz — q)
=0

because vy(e162) = Eth?y using Lemma 1.6.2 again and since (1.74) means
that ¢ = Eth? Y. Furthermore,

1 1

vo(f) = w vo(l —e1e2q) = N

~ (1 —gEth?Y) = % (1-¢%).  (1.158)

We now use (1.156) with 71 = 75 = 2 and n = 2. Since |e165 — ¢q| < 2, we
get
w(f) —vo(f)] < (16 8% exp(165°)) v((R12 — @)%)

and using (1.157) and (1.158),

v((Rig2—q)%) < % + (16 8% exp(164%)) v((R1,2 — 9)°) -

Thus, if By is chosen so that

1
16 32 exp 1632 < 3
we obtain 1 1
v((Rip2—q)?) < N + §V((R1,2 -9)?), (1.159)
and thus
2
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In essence the previous proof is a kind of contraction argument, as is
shown by (1.159). When £ is small “the operation of adding one spin improves
the behavior of (R 2 — q)?”. A great many of the arguments we will use to
control various models under a “high-temperature” condition will be of the
same nature, although they will typically require more work.

An elementary inductive argument will allows us to control the higher
moments of (R 2 — ¢)?.

Proposition 1.6.7. There exists By > 0 such that for 8 < By and any k > 1
we have

k
v((Ri2 —q)**) < <%> : (1.160)

In Section A.6 we explain a general principle relating growth of moments
and exponential integrability. This principle shows that (1.160) implies that
for a certain constant L we have

N
v <€XP 7 (Bi2— Q)Q) <2,

a statement similar to (1.102).

Proof of Proposition 1.6.7. For 1 <n < N, let

so that R; 2 — ¢ = A;. We will prove by induction over k that (provided
8 < Bo) we have
k
64k

Vn < N, v(AZF) < (T) . (1.161)
This tricky induction hypothesis should not mislead the reader into thinking
that the argument is difficult. It is actually very robust, and the purpose of the
tricky hypothesis is simply to avoid a few lines of unappetizing computations.
To perform the induction from k to k + 1, we observe that we can assume
n < N, since if n = N (1.161) is always true because |Ax| < 2/N. Symmetry
between sites implies

1 N—-n+1
p(A4252) =+ 3 w(elo? - a2ty = MLy <)
n<i<N
(1.162)
where

[ =(e162 — (])Aik+1 .

It follows that
v(ATF?) <o (f) +sup v ()] - (1.163)
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We first evaluate vo(f). Let

1
N Z (0707 —4q) .

n<i<N-—1

A=

Lemma 1.6.2 implies
Vo((€182 - q)A'2k+1) =0 5
so that since |e1e9 — ¢| < 2,

() = [ro((erez — ) AT) —vo((ere2 — ) 4|
< 2”0(‘Aik+l _ A/2k+1|) ) (1.164)

We use the inequality
|2?F T — 2R < (2% + D)2 — y| (2 + y7F)
for x = A,, and y = A’. Since |z — y| < 2/N we deduce from (1.164) that

42k +1)

lvo()l < N

(vo(A”F) + 1y (AZF)) . (1.165)
Assuming Gy < 1/8, we obtain from (1.154) that

ve(f*) <2v(f7), (1.166)

whenever f* > 0 is a function on ¥%. Then (1.165) implies

8(2k + 1)

) < =

(V(AF) +p(AZF)) .

We now observe that A’ and A, are equal in distribution under v because
n < N. Thus the induction hypothesis yields

k k+1
o (f)] < w (%) < % (%}\;U) : (1.167)

Next, we compute v (f) using (1.152) with n = 2. There are 8 terms (counting
them with their order of multiplicity), and in each of them we bound e1£2 — ¢
by 2. We apply Holder’s inequality with = (2k+2)/(2k+1) and 7o = 2k+2
in the first line and (1.166) in the second line to get
/ 2 2k+2\1/71 2k+2\1/72
i(f)] < 168%0 (AZF2) " (R — 9)%17)
< 320 (A2) V7 (R - ) 47)
< 3202 ((AZ2) + u((Re 2 — )*?)) |
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using that xy < 2™ +y™. (A nice feature of using Holder’s inequality is that
“it separates replicas”, and in the end we only need to consider two replicas.)
Combining with (1.163) and (1.167), when 3243 < 1/4 we get

k+1
oaet) < L (HEEDYTL L) s —g2) - 165)

Since Ay = R 2 — ¢, when n = 1 the previous inequality implies:

k1
v((Raz = q)* ") = v(ATF?) < (%) ' . (1.169)

Using (1.169) in (1.168) yields that for the other values of n as well we have

64(k +1)\ "t
A2k+2) (22T D) ’ 0
(aze2) < (S
The following provides another method to estimate py (3, h).
Proposition 1.6.8. For any choices of 3, h,q (with q € [0,1]) we have
1
(V4 Dpwsa (8.1 = Npx(8,0) = A b < K (7 +v(1Rua —aD))
(1.170)

where
2

A(B,h,q) =log2 + %(1 —q)* + Elogch(Bz,/q + h)
and where K depends only on 3 and h.

As a consequence of this formula, by summation, and with obvious nota-
tion we get

(6.0~ A < K (EY 4 L S brRia—a) . am)

M<N

The proof of Proposition 1.6.8 does not use Guerra’s interpolation (i.e the in-
terpolation of Theorem 1.3.7), but rather an explicit formula ((1.176) below)
that is the most interesting part of this approach. This method is precious
in situations where we do not wish to (or cannot) use interpolation. Several
such situations will occur later. Another positive feature of (1.170) is that it
is valid for any value of 3, h and q. The way this provides information is that
the average N~ - v var(|R12 — ¢|) cannot be small unless the left-hand
side of (1.171) is small. Let us also remark that combining (1.171) with (1.73)
shows that this average can be small only if A(3, h, q) is close to its infimum
in g, i.e. only if ¢ is a near solution of (1.74).
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On the other hand, the best we can do about the right-hand side of (1.170)
is to write (when 8 < ()

1/2 K
< —7
~ VN

so that (1.170) does not recover (1.108), since it gives only a rate K/vN
instead of K/N. It is possible however to prove a better version of (1.170),
where one replaces the error term v(|R1 2 — q|) by v((R1,2 — ¢)?). This essen-
tially requires replacing the “order 1 Taylor expansions” by “order 2 Taylor
expansions”, a technique that will become familiar later.

vN(|Ri2 —q]) <vn((Ri2 —q)?)

Proof. In this proof we will consider an (N + 1)-spin system for different
values of 3, so we write the Hamiltonian as Hx 1 g to make clear which value

of B is actually used. Consider the number 3, given by 8. = 84/1+ 1/N,

so that
B B
VN+1 /N
We write the Hamiltonian —Hy 41,5, (01,...,0n41) of an (N + 1)-spin

system with parameter 3, rather than (3, and we gather the terms containing
the last spin as in (1.143), so that

B
—Hyi18,(01,...,0n41) = —Hn(01,...,08)+0N11 <— Z gioithn i1
VN i<N
where g; = g;, n+1. With obvious notation, the identity
. )
N+1(8+) N(ﬂ)< <\/F g;vg N+1 ( )

holds, where of course Zn(8) =) exp(—Hy(o)). This is obvious if one re-
places the bracket by its value and one writes that 2ch(x) = exp z +exp(—=x).
Hence taking logarithm and expectation we obtain

(N + 1)pny1(B+,h) = Npn (B, h) + log 2
+ E10g<ch(\/% Z gioi + hN+1>> . (1.173)

i<N

On the left-hand side we have pyy1(04,h) rather than py41(8, k), and we
proceed to relate these two quantities. Consider a new independent sequence
g;; of standard Gaussian r.v.s. Then

9

7HN+1,5+(01,...,O'N+1) 7HN+175(O'1,...,O'N+1)

+\/ﬁ Y. gioioy, (L1T4)

i<j<N+1
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where D means equality in distribution. This is because

1 1 p 1
ot L2 g,
N1 T NN ) T YN
since 1/N =1/(N +1)+1/(N(N + 1)). We then observe the identity

8 F o)
o) B2 O o iy 3 o)

where ()’ denotes an average for the Gibbs measure with Hamiltonian
—Hp41,8. (Please note that this (-)’ does not indicate a derivative of any
kind, but rather a shortage of available symbols.) This is proved as in (1.172).
Thus, taking logarithm and expectation,

(N + Dpns1(B4,h) = (N + Dpn1(8, h)

+ Elog<exp

p / >/
e ——— g;:0:05 ) . (1.175)
VN(N +1) Z.<j;v+1 !
Comparing (1.175) and (1.173) we get
(N + ]')pNJrl(ﬁvh) - NpN(ﬂv h‘)
6 ))
=log2 + Elog( ch| — i0: + h
g g< <\/N Z g N+1

i<N

— Elog<exp (1.176)

ﬂ Z / >/
— 9i;0i05 ) -
VN(N+1) i<jeN+1

To prove (1.170) we will calculate the last two terms of (1.176). The next
exercise provides motivation for the result. The second part of the exercise is
rather challenging, and should be all the more profitable.

Exercise 1.6.9. Convince yourself, using the arguments of Section 1.5, that
one should have

2
Elog<ch(\/% Z gioi + hN+1)> ~ %(1 —q) + Elogch(Bz\/q+h) .

i<N

Then extend the arguments of Section 1.5 to get convinced that one should
have

E log<exp

L I o .>/~ﬁ_2 1—¢g?
/N(N+1) i<3§+1gwalaj 4( Q)

The rigorous computation of the last two terms of (1.176) uses suitable in-
terpolations. This takes about three pages. In case the reader finds the detail
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of the arguments tedious, she can simply skip them, they are not important

for the sequel. Let us consider a (well behaved) function f and for o € Xy,
let us consider a number we > 0. For x = (24 ), let us consider the function

F(x) = long,,f(xa) :

Let us consider two independent jointly Gaussian families (uq) and (ve), and
define as usual uy (1) = Viue + /1 — tvg, u(t) = (uy(t))e and

1
U(O‘l,O‘Q) = §(Eu,,1u,,z — EUO-I’UO-Z) .

Then, a computation very similar to that leading to (1.58) shows that

d 1

GEF (000 = Egray 2 weU(e.0)f" (e (1) (1.177)
1 1 2\ p/ /
~Epm 2 Vel ) (o (D) (g (1)

ol,o2

where D(u(t)) = >, wo f(us(t)). Let us now consider the average (-) for
the Gibbs measure with Hamiltonian —H (o) = log ws. Then (1.177) simply
means that

d ({Ula,0)["(us(t)))

SElog(f(u (1)) = E

Let us consider the case where
Ug = iZgiai Ve = P24
VN i<N
so that
1 2 1 p?
U(o",0°) = E(Euawaz — BEvgivg2) = 7(R1’2 -q) .

Let us now define

¢(t) = Elog(ch(ug (t) + hn 1))

where the bracket means that the function o +— ch(ugs(t)+hy11) is averaged
for the Gibbs measure.

Let us apply the formula (1.178) to the case where f(x) = ch(z + hnt1)
and w, = exp(—Hp(0)), at a given realization of hy,1 and Hy. (These
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quantities are random, but their randomness is independent of the random-
nesses of u, and v,.) Let us finally take a further expectation (this time in
the randomness of hy 11 and Hy). We then get

(U(o,0)ch(uo(t) + hy 1))
(ch(uc () + hy 1))
({U(a!, 0?)sh(ugi (t) + hyy1)sh(ugz(t) + hni1))
(ch(ug(t) + hn41))? '

Since U(o, a) = %(1—q)/2 the first term is 4%(1—¢)/2, and since ch(u () +

hn+1) > 1 we obtain

o' (t) — %(1 - q)‘ < %E<|R172 —q||sh(ug1 (t) + hyt1)sh(ugz(t) + hni1)]) -
(1.179)

Taking first expectations in the r.v.s g;, z and hxy1 (which are independent
of the randomness of (-)), we get

J0- 20— q] < Ku(Ri2—a). (1.150)

¢'(t) =E

—E

2
2

where K does not depend on N. Therefore, we have

2
‘E10g<0h<% > gioi + hN+1>> - %(1 —q) — Elogch(Bzy/q + h)

i<N
2
= [ —o0) - 01— )
2
< supl (1) = -1~ )] < (IR — ) (1.181)

We use a similar procedure to evaluate the last term of (1.176). We will
use (1.178) for the function f(z) = expx and N +1 instead of N. We denote

now by 7 = (01,...,0n+1) € Xny1 the generic element of Xy, and we
consider the case where
5] ’ g
Up = ———— Z 9i;0i0; 5 Ur = —=qz.
N(N+1), V2
Let us set

1
/ _ / 1 2\ 1_2
1,2 —R172(T ,T) = N E g;0; -

Using (1.63) for N + 1 rather than N we get

N +1 2 1 Lo\’ 1
E = - - L5 -
R (<N+1,Z i N1
i<N+1

:ﬁ_Q N R/ 2_i
2\N+1 22 N7
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and thus

1 8/ N 1
U(Tl,TZ) = i(EUTIUTQ — E’UTI’UTQ) = Z <N——|—1R/1’22 - q2 — N) .

We choose wr = exp(—Hpn41,5(7)), and we define
p(t) = Eloglexp(ur(t)))" .
Using (1.178) we find that

({U(r,7)exp(ur(t))  (U(T!, 7%) exp(uri(t) + ur2(t)))’

L TN () A (oxp ur (1)2 |
and since R'(7,7) = (N + 1)/N we have
2
Uirr) =20 g?)
and thus

IRy 2% — ] explur (t) + upa (1))
(expur (D)2 '

Now R}, < (N +1)/N <2 and |g| <1 so that

2
[Ri2® = | <3[Ry — gl <3|Rip—al+

and therefore

Ji-a )’ 5 4 gpllBie = q|<z>;z(5:(1t()t>); ura(t))

4
To finish the proof it suffices to bound this last term by Kv(|Ry,2 —¢l), since
then (1.182) gives, since ¢(0) = 0,

(1.182)

p / >' B 2
El —_— E ooy — (1 —
‘ 0g<exp N(N +1) 1§i<j§N+1g”U " 4 =)
3 | K
= () = p(0) = (1= )| < 1 + Kv(|Riz —al)

and combining with (1.181) and (1.176) finishes the proof.
To bound the last term of (1.182), we consider the function

(|R1,2 — qlexp(uri(t) + ur2(t)))
(expur(t))’? '

Let us set wy = exp(—Hpn41,5(7)), and consider the Hamiltonian —H, (1) =
log wr + u-(t). Denoting by (-); an average for this Hamiltonian, we have

W(t) = 3E
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P(t) = 3E([R12 —ql)e -

We compute ¢'(t) by Lemma 1.4.2, used for N + 1 rather than N. The exact
expression thus obtained is not important. What matters here is that using
the bound |U(7!,72)| < K, we find an inequality

W' ()] < Ko(t)

and by integration this shows that ¥ (t) < K1(1). Denoting by (-); an average
for the Gibbs measure with Hamiltonian Hy1 g, and using (1.174) we then
observe the identity

7/)(1) =3E <|R1,2 - (Z|>1 = 3E<|R1,2 - Q|>+ .

Next, using the cavity method for the Hamiltonian —Hy 1,5, we obtain
E(|R12 — al)+
<AV|R1,2 —qlexp Zegz Uf\fﬂ (% ZigN 9i,N+10] + hN+1)>

2
<Av eXpOoN 11 (\/% ZigN 9i,N+10; + hN+1)>

< E<R1,2 —glAvexp) oy, (\/% > giniio] + hN+1>> :

<2 i<N

where Av means average over 0%, ; = +1, and since Avexp(oy412) = chz >
1. Taking expectation in the r.v.s g; y+1 and hx41 we conclude that this is
< Kv(|Ryz — d). :

1.7 Gibbs’ Measure; the TAP Equations

In this section we assume that the external field term of the Hamiltonian
is h) .y 0i, although it probably would not require much more effort to
handle the case of a term ZKN h;o;.

We have shown in Theorem 1.4.15 that when we fix a number n of spins,
and we look at the behavior of these n spins under Gibbs’ measure, it is nearly
determined by the random sequence ((c;));<n. What is the behavior of this
sequence? Here, again, the situation is as simple as possible: the sequence
({(04))i<n is asymptotically independently identically distributed. Moreover
we can provide a precise rate for this.

Theorem 1.7.1. Given 8 < 1/2, and an integer n, we can find independent
standard Gaussian 1.v.s (2;)i<n Such that

EY ((0:) ~ th(Bziv/g + 1)’ <

where q is the solution of (1.74) i.e. ¢ = Ethz(ﬁz\/@—&— h), and where K does
not depend on N (but will of course depend on n).

==

(1.183)
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Exercise 1.7.2. Assume that (1.132) and Theorem 1.7.1 hold. Prove that
v((Ri2 — ¢)?) < K/N. (Hint: replace Ry by its value, expand and use
symmetry between sites.)

Research Problem 1.7.3. Find approximation results when n = n(N) —
00. (The level of the problem might depend upon how much you ask for.)

We recall the notation p = (¢1,...,0n-1), and we consider the Hamilto-
nian 5
—Hy_1(p) = N Z 9ij0i0; + h Z ai - (1.184)
i<j<N-1 i<N—1

This is the Hamiltonian of the SK model of an (N — 1)-spin system, but the
value of 3 has been changed into S_ such that

s _ B
VN=1 /N

Let us note that |8 — f_| < K/N. We denote by (-)_ an average for the
corresponding Gibbs’ measure. We recall that we write ¢; = g;n for ¢ < N.
The following fact essentially allows us to compute {(ox) as a function of the
(N — 1)-spin system.

Lemma 1.7.4. For < 1/2 we have
(LS e PE
E(<0—N> th(\/ﬁi;\fgl( Z)—i—h)) < (1.185)
E((o1) — (01)_)? < % : (1.186)

We will prove this at the end of the section as a consequence of a general
principle (Theorem 1.7.11 below), but we can explain right now why (1.185)
is true. The cavity method (i.e. (1.145)) implies

<Sh(% D i<N_19i0i + h))_
<Ch(\/iﬁ Yicn—19i0i +h))_

(on) =

As we have seen in (1.137), under (-)_, the cavity field \/Lﬁ > icn_19i0i i
approximately Gaussian with mean \/% > i<n_19i{oi)— and variance 1 — ¢;
and if z is a Gaussian r.v. with expectation p and arbitrary variance, one has

Eshz
= thu .
Echz H

Relation (1.185) is rather fundamental. Not only is it the key ingredient to
Theorem 1.7.1, but it is also at the root of the Thouless-Anderson-Palmer
(TAP) equations that are stated in (1.192) below.
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Replacing 8 by 58— = 84/1 — 1/N slightly changes ¢ into g_ such that
q- = Ethz(ﬁ_z,/q_ + h). The following should not come as a surprise. We
recall that L denotes a universal constant.

Lemma 1.7.5. For < 1/2 we have

L

. (1.187)

lg —q-| <

Proof. This proof is straightforward and uninteresting. If we define F(3, q) =
Eth*(B2\/q + h) and define ¢(3) by

q(B) = F(B,4(B))

then o
8L (8, 4(5))

Now if f(z) = th%*(z), we have f’(z) = (2 — 4sh®(z))/ch*(z) < 2.
Computation using Gaussian integration by parts shows that g—g(ﬂ, q) =

BqEf"(Bz,/q + h) remains bounded and that %—Z(/B,q) = (B2/2)Ef"(Bz/q +
h) < 1/4. Therefore ¢’(8) remains bounded for 8 < 1/2. O

q(B) =

Lemma 1.7.6. We can find a standard Gaussian r.v. z, depending only on
the 1.v.5 (gij)i<j<n, which is independent of the r.v.s (g;j)i<j<n—1, and such
that

E((on) — th(Bzya+ 1)’ < &

It is important to read carefully the previous statement. It does not say
(and this is not true) that z depends only on the r.v.s (¢;n)i<n. One would
certainly wish in this result to have the constant K remain bounded as 0 <
h < hg; unfortunately our argument does not yield this (there is a kind of
discontinuity as h — 0).

Proof. We can and do assume h # 0, for otherwise ¢ = 0 and {on) = 0, so
there is nothing to prove. Looking at (1.185) the basic idea is simply that one
should have z,/g ~ N~Y/2%", | g;(0;)_. However some renormalization
is necessary to ensure that Ez2 = 1, so that we define

Z:% Z 9i{oi)—

i<N—1

where A2 =%, __,(0:)% and g; = g;n. Thus z depends only upon the r.v.s
(9ij)i<j<n-. Conditionally upon the r.v.s (gi;j)i<j<n—1, the r.v. z is standard
Gaussian, because these r.v.s determine the numbers (0;)_ and are indepen-
dent of the r.v.s g;. Therefore (as surprising as this might be the first time
one thinks about this), the r.v. z is independent of the r.v.s (g;;)i<j<n—1-
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Combining (1.185) and the inequality |thz — thy| < |z — y|, it remains
only to prove that

E(z\/a— \/LN > gi<ai>> < % (1.188)

i<N—1

Taking first the expectation in (g;);<n—1, We obtain

E(z q- \/Lﬁ > 9i<0z‘>—>2 = E(Z gi<0i>_(§ - %))2

iI<N—1 I<N—1
7 1\’
ey e (4
i<N-—-1 A \/N

Now,
AN? (g—-AYN)? 1 A2\?
Vi—-—F—=| =——F5<-|q9— N/
VN (Va+A/VN)" ~ 4
Finally, since A% = ZiSN—1<0i>2— = ZigN—1<Uz‘10i2>— = N(Ry,)-, we get

2\ 2
- (q - AW) = E(g—(Rip)-)* = E(Ri5 = 0)2 < E(Rip—0))- - (1.189)

Using (1.89) for the (N —1)-spin system yields that E((R;, —¢-)*)- < K/N
and (1.187) then implies that E((R;, — ¢)*)- < K/N. O

Proof of Theorem 1.7.1. The proof goes by induction over n. When we
use the cavity method, we replace 8 by (_, that depends on N, so we cannot
“use (1.183) for S_ instead of 5”7. Since f_ < G, this difficulty disappears if
one formulates the induction hypothesis as follows:

Given n and By < 1/2, there exists a number K (n, 3y) such that for
B8 < Bp and any N one can find r.v.s (2;)i<n, depending only on the r.v.s
(9ij)1<i<j<n such that

ZE(@) _th(ﬂzi\/f_]‘f'h))Q < w (1.190)

i<n

The reader notices that we assume that the r.v.s (z;);<, are functions of the
variables (g;j)i<j<n as part of the induction hypothesis. That this induction
hypothesis is true for n = 1 follows from Lemma 1.7.6, exchanging the sites
1 and N. For the induction step from n to n + 1, we apply the induction
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hypothesis to the (N — 1)-spin system with Hamiltonian Hy_; given by
(1.184). This amounts to replacing 8 by f_ < 5. We then get from (1.190)

that X
ST E((o) - — th(B- ziy/a- + h)* < % : (1.191)

i<n

where the variables (z;);<p are i.i.d. standard Gaussian and depend only on

(gij)i<j<n—1- We observe that, since |v/a — V| < y/]a — b| we have

2|~

(Vi= = Va)* <lg- —q| <

by (1.187), so that

2| =

(B-va- —Bva)?® <
and, since |thz — thy| < |z — y|, this implies
E((th(- 2i/G= + h) — th(B 2 /G + h))* < E(z(8-va= — 6va)” <

Combining with (1.186) and (1.191) we obtain

=]

2=

N E((0) — th(B /G + b)) <

i<n

where K depends only on (p, h and n. We now appeal to Lemma 1.7.6.
The r.v. z is standard Gaussian and probabilistically independent of the
r.v.s (z;)i<n because these are functions of the r.v.s (¢;5)icj<n—1 and z is
independent of these r.v.s. Moreover, setting zy = z, we have

Y o) - th(Baa+h) < g

i€{l,--,n,N}

Exchanging the sites N and n + 1 concludes the proof. O

We now turn to the Thouless-Anderson-Palmer (TAP) equations [160].
These equations, at a given disorder (hopefully) determine the numbers (o;)
(the mean magnetization at site ¢). They can be stated as

<UZ>~th<\/_Zg” o) +h— 62(1—q)<01>>. (1.192)

J#i

The physicists have no qualms writing exact equalities in (1.192), but it is
certainly not obvious that these equations hold simultaneously for every 4,
even approximately. This will be a consequence of the next result, which, as
Lemma 1.7.4, depends on the general principle of Theorem 1.7.11 below.
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Theorem 1.7.7. For 3 < 1/2, any h, any integer k > 1 we have

£ (1w (L S oo +h- - aen)) < L (s

i<N—1
where K depends on 3 and k but not on N.

In most of the statements of the rest of this section, the constant K is as
above, it might depend on § and will certainly depend on k. Even though we
will not mention this every time, if we fix 8y < 1/2, one can check that for
8 < By the constant K depends on k only.

There is an obvious relationship between (1.185) and (1.193). We have
introduced a kind of correction term in (1.193), but now all the quantities that
appear are defined in terms of the N-spin system. A big difference however
is that (in order to control all spins at the same time) we need to control
higher moments and that this requires new ideas compared to Section 1.6.

Corollary 1.7.8. For any 8 < 1/2, any h, and any € > 0 we have

E max
i<N

(i) — th(\/% > gijlog) +h—pB2(1— q)<ai>> ‘ < ﬁﬁfg . (1.194)
i#i

Proof. Let

B

Aiz(ai>—th(\/ﬁ

Saulo) +h-FU-ale)),  (1195)

i

so that by (1.193) and symmetry between sites we have EA2* < K(3,k)N~*

and o K(5.5)
2k )
E(I%%{‘A”) < D EAT < RS
i<N
S0 K50
Emax |Ai] < 757775 -
and taking k with 2k > 1/e concludes the proof. O

Research Problem 1.7.9. (Level 11) Is it true that for some K that does
not depend on N one has

N A2
Eexp KN <27

Research Problem 1.7.10. (Level 11) Is it true that the r.v. v/ N Ay con-
verges in law to a Gaussian limit?
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These are good problems. Even though the SK model is well under control
for B < 1/2, matters seem rather complicated here; that is, until one finds a
good way to look at them.

We turn to the general principle on which much of the section relies.
Let us consider a standard Gaussian r.v. £. Let us remind the reader that
throughout the book we denote by E¢ expectation in the r.v. £ only, that is,
when all other r.v.s are given.

Theorem 1.7.11. Assume 8 < 1/2. Consider a function U on R, which is
infinitely differentiable. Assume that for all numbers £ and k, for any Gaus-

sian r.v. z, we have
ElUO(2)|F < 0. (1.196)

Consider independent standard Gaussian r.v.s y; and &, which are indepen-
dent of the randomness of (-). Then, using the notation &; = o; — {(0;), for
each k we have

E<<U(%ﬁ 3 ya)> - E5U<5m>>2k <

i<N

where of course q is the solution of (1.74), and the constant K depends on
k,U, 3, but not on N.

According to (1.137) we expect that ther.v. o — N~1/23" _ 4,6, should
be approximately Gaussian of variance 1—¢q under (-), so that we should have
(UNTY2Y N vidi)) ~ EcU(E/T —q), and (1.197) makes this statement
precise. -

As we shall see, the proof of (1.197) is made possible by special sym-
metries. It would be useful to know other statements, such as the following
(which, unfortunately is probably not true).

Research Problem 1.7.12. (Level 14). Under the preceding conditions,
and recalling that E¢ denotes expectation in £ only, is it true that

(G- i) s
- - (1.198)

The subsequent proofs use many times the following observation. If two
random quantities A and B (depending on N) satisfy EA%* < K/N* and
EB?* < K/N¥, then E(A + B)** < K/N* (for a different constant K).
This follows from the inequality (A + B)%* < 22¢(A2* + B2F). (The reader
observes that in fact the previous inequality also holds with the factor 22F~1
rather than 22, Our policy however is to often write crude but sufficient
inequalities.)

Proof of Theorem 1.7.11. Consider the function
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V(z) =U(z) - EUEV1—q)
so that
EcV(Ey/1—¢q)=0. (1.199)

Using replicas, and defining ¢ = N~1/2 Zigz\r y;&!, the left-hand side of

(1.197) is
E <V(5‘1)>2k - E< I1 V(Sl)> . (1.200)

0<2k

Consider independent standard Gaussian r.v. (5‘) ¢<2r, and the function

t) = E< I[ vivest + vi—t'y/1- q)> ,

<2k

so that the quantity (1.200) is ¢(1). To prove the theorem, it suffices to prove
that ¢(™)(0) = 0 for r < 2k and that |o¥) ()] < KN~F.
For x = (x¢)¢<2k, let us consider the function F'(x) given by F(x) =

[Ts<or V(ze¢). Let us define X; = (X¢)s<or for X, = VSt +v1—tetyT —q.
With this notation we have ¢(t) = E(F(X;)). We observe that

p(t) = E(F(Xy)) = E(EoF(Xy))

where Ey denotes expectation in the r.v.s y; and &¢ only.
Let

Tre = Eo(9)* — Eo(¢'\/1—¢q =N Z (1-q)

i<N

and, for £ # (', let

Too = EpStSY —Epe'e" (1—q) = Zaf o

z<N

We will prove that these quantities satisfy

K

Vr , E<TZ f/> W .

(1.201)

Let us explain this in the case £ = ¢’, the case £ # £’ being similar. We observe
that, since (6¢)2 = (0f — (0:))? =1 — 20 {0;) + (0})?,

Tg,g = % Z(a’f)Q — (1 —q) = —2(% ZO’f<O’i> —q) + % Z<0i>2 —q.

i<N i<N i<N

To control the first term on the right-hand side we write
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(% eten—a) 2r> ~(( S ottt - q)2T> < ((Res—0)™)

i<N i<N

by using Jensen’s inequality (1.23) to average in o2 outside the power 2r
rather than inside. Then (1.88) implies E((R;1 2 — ¢)?") < KN~". We control
the other term similarly.

To compute the derivatives of ¢(t) we apply iteratively (1.40) to the
function ¢ — EoF(X:) (given the randomness of (-)). We observe that for
s = (S¢)e<2r the corresponding partial derivative F() of F is given by

FOx) = T[] V& (z) . (1.202)
<2k
Consider a list £1,0],05,0,, ..., ¢ of integers < 2k, and the sequence s =

(se)e<ak that is obtained from this list as follows: for each ¢ < 2k, sy counts
the number of times ¢ occurs in the list. Then it follows from (1.40) and
induction on 7 that (") (t) is given by

ey =2"" > E(Tye - To e FOX) (1.203)
)
where the summation is over all choices of £1, ¢}, ..., .. If we combine (1.196),

(1.202) and (1.201) with Holder’s inequality we see that | (¢)] < KN~7/2
(as usual, “each factor Ty contributes as N~1/2”). Let us now examine
©(")(0), with the aim of proving that this is 0 unless » > 2k. Since the
randomness of ¢/ is independent of the randomness of (-), (" (0) is of the

type

M) =2" > EFO((E /1= q)ecan)E(To 0y - Top ) - (1.204)

N

T

Using independence and (1.202) we note first that

EF® (€1 = q)e<ar) = H EVED(ey/1—q).

<2k

Combining with (1.199) we obtain

EF(S)((fé\/l —q)e<2) =0 unless V0 <2k, s,>1.

This implies that when we consider a non-zero term in the sum (1.204), each
number ¢ < 2k occurs at least one time in the list 1,6, €2, 05, ... £, 0} Let
us assume this is the case. We also observe that for ¢ £ ¢’ the averages of
Ty over o’ and over o are both zero. It follows that when

(Teyey -+ Tope) #0 (1.205)
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no number ¢ < 2k can occur exactly once in the list ¢1, ¢, 3,05, ..., 0. Since
we assume that each of these numbers occurs at least once in this list, it
must occur at least twice (for otherwise averaging Ty, ¢, -~ Ty, ¢ in o’ would
already be 0). Since the length of the list is 2r we must have 2r > 4k i.e.
r > 2k. Therefore r > 2k whenever <p(T)(O) #0. O

Corollary 1.7.13. Given < 8y <1/2, h,e ==+1 and k > 1 we have

32 K
E(<6Xp \/— Kz]:vyzo—z> expi(l - eXp \/— Z yl O ) < m

<N

1.206
and ( )
<< Z Yi0; €Xp ——= Z yzo'z>
z<N ’L<N
62 2k K
—eB(1 — q) exp —(1 —q)exp — \/_ Z yi{o; ) < NF (1.207)

i<N

where K does not depend on N and, given k and h, K stays bounded with
B < Bo-

Proof. To prove (1.206) we use (1.197) with U(x) = expefz to get

4k

where
2

A= <eXp Wi Zyzaz> — exp %(1 -q) -
i<N

Now, if B = expeN Y23,y i(0i), (A.6) entails that EB* < K*, and

therefore

2k 4k - R4k 1/2 K
E(AB)* < (EA EB ) < Nk'

This proves (1.206).
We proceed similarly for (1.207), using now U(z) =
then (using Gaussian integration by parts and (A.6))

EcU(EV/1—q) =eB(1 — q)exp(B*(1 —q)/2) .

The reason why K remains bounded for # < [y is simply that all the estimates
are uniform over that range. O

x exp efz, noting that

Lemma 1.7.14. If |A'| < B’ and B > 1 we have

'___ <|A-A|+|B-B|.
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Proof. We write

A’ A A’ A’ A’ A

B B B’ B B

_ 1

B b
and the result is then obvious. O
Corollary 1.7.15. Let
&= exp( yio; + 5h> (1.208)
25

i<N

Recalling that Av denotes average over e = +1, we have

(Ave€) * K
E(<AV€> <\/_<2Ny o +h>) < (1.209)
UlAvé' (Ave) 1 * K
(%2 Z -0 - gy Twie) <
- (1.210)

Proof. Defining

P o
Ale) = <exp yzaz> exp 2 (1 exp 3 o).

we deduce from (1.206) that
1 1 2k K
— — — — < —
E(2A(1) exph + 2A( 1) exp( h)) < ¥k

i.e.

E(<Avg€>—sh<¢_2yl oi) -‘rh)exp%g(l_q))ng%

i<N

and

E<<Av5> - ch(ﬁv KZNy¢<ai> + h> exp @2(1 - q)>2k < % . (1.211)

from which (1.209) follows using Lemma 1.7.14. From (1.207) we obtain by
the same method

(<\F ZymlAvg> pi=a) eXp%Q(l 9) Sh(f > vilo) +h)>2k

i<N i<N
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K
< Nk
Combining with (1.211) and Lemma 1.7.14 we get
(S, UiGAVE) 2
N D i< Yibi B K
E — 01— ¢)th| —= i(oi) + h < —.
< = - 5 Sule s i
Since
<\/% di<n YioiAVE) 1 Z y (0, AVE) 1 Z yilos)
=— e T = i\0i)
(AvE) VN i<N (Avé) VN i<N
combining with (1.209) proves (1.210). a

Proof of Theorem 1.7.7. The Hamiltonian (1.184) is the Hamiltonian of
an (N — 1)-spin system with parameter

N -1
g < .
B =y~ <8
The cavity method yields
~ (Ave&)
on) = ave)

where, recalling that g; = g;n,

B ef
&= exp( ° i +5h> = exp( i +sh> .
VN_li%:q VN Z

< i<N-—1

We then apply (1.209) to the (N — 1)-spin system with Hamiltonian (1.184),
and to the sequence y; = g; to get

B * K
i<N-—1
and in particular (1.185). Similarly we obtain from (1.210) that

E 1 ‘ ‘ 1 1 ‘ ‘ 2k _ K
(\/ﬁi %:_lgdaz)—ﬁf( —Q)<UN>—ﬁi§%:_lgz<az>> < vF

<

and, since f_ = Bv/N — 1/v/N, multiplying by 5?* and observing that |3% —
(% < 1/N and that |¢ — q_| < K/N by (1.187), we get

2%
2 K
E(TBN > giloi) — B2 (1 = q)(on) — \/% > gi<0i>> S NEC

i<N—1 i<N-—1
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Therefore if

P

%\% a\

giloi) — B*(1 — q){on) + I,

i<N-1
we have %
E(thA — thB)?** < E(A — B)* < N
and combining with (1.212) this yields (1.193). O

Proof of Lemma 1.7.4. Since (1.185) follows from (1.212), it remains only
to prove (1.186). Recalling (1.208), it suffices to prove that
<é’1AV(€>2 K

<. (1.213)

E (Av€)2 — N

Indeed, we have
(01AVE)  (01AVE)

e T (Ave) o
Using (1.213) for the (N — 1)-spin system, and noticing that then by the

cavity method the right-hand side is (o1) — (1), we obtain (1.186). Thus
it suffices to prove that

K
E(g1AvE)? < <5

Let us define

E = eXp( Z yza + Egh)

7.<N

so that using replicas
<O.'1AV<€>2 = <O’%O’%AV€1AV€2> = <0’%0%AV€152> 5

where from now on Av means average over €1,£9 = £1.
Using symmetry between sites, and taking first expectation in the r.v.s y;
(that are independent of the randomness of the bracket) we get

1. 1 1. 1 1.
E(6162AvE L) = E<N Z ailaiZAV5152> = E<N Z o}afAvE5152> :
i<N i<N
Now, using (A.6),
Eé’ng—Eexp(\/_Z Yio; \/_Zyza —|—€1h+52h)

i<N i<N
= exp(ﬂQ + ﬂ 6152R172 + 61h + €2h) .
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We observe that if e = £1 we have expex = chx + eshx. Writing the above
quantity as a product of four exponentials, to each of which we apply this
formula, we get

AVE & = exp 2 (ch(B* Ry ,2)ch®h + sh(82 Ry 2)sh’h) .
Thus it suffices to show that

‘< > sl fR12>‘=‘< > 6167 (f(Rig) — f(Q))>‘S%,

i<N i<N

where either f(x) = ch(3%x) or f(x) = sh(8%z), and where the equality
follows from the fact that (6}62) = 0. Since 3 < 1 we have |f(z) — f(q)| <
L)z — g| and thus

|Ri2 — Q|> .

1 1.

‘ < ZUU f(Ri2) — f(Q))>‘§LE<‘NZUi1‘7i2
i<N i<N

Now, each of the factors on the right “contributes as 1/ V/N”. This is seen

by using the Cauchy-Schwarz inequality, (1.89) and the fact that by Jensen’s

inequality (1.23) and (1.89) again we have

—1 .1.2 2 K
E¢ [N Zoiai SN. O
i<N

1.8 Second Moment Computations and the
Almeida-Thouless Line

In this section, ¢ is always the solution of (1.74). Theorem 1.4.1 shows that
v((R12—q)?) < K/N for 3 < 1/2, so we expect that limy_,oo Nv((R12—q)?)
exists, and we would like to compute it. The present section develops the
machinery to do this. Our computations will be proven to hold true for g <
1/2, but an interesting side story is that it will be obvious that the result of
these calculations can be correct only when ﬁZECh_4(ﬂz\/§ +h) <1 Itis
conjectured that this is exactly the region where this is the case. When h is
non-random, the line .
ch*(Bzy/q + h)

in the (0, h) plane is called the Almeida-Thouless (AT) line. In the SK model,
it is the (conjectured) boundary between the “high-temperature” region
(where the replica-symmetric solution is correct) and the “low-temperature”
region (where the situation is much more complicated).

The basic tool is as follows, Where vy is as in Section 1.6, and where we
recall that Ry, = N~ ) lo2.

1<N

B°E (1.214)
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Proposition 1.8.1. Consider a function f on n replicas. Then, if 71,70 > 0
and 1/71 + 1/ = 1 we have

() = ()] < K, B)v(IfI™) ™ v(|Ry, — q?)/ ™ (1.215)
w(f) = vo(f) = vh(£)| < K(n, B)w(|f™) " v(|Ry, — q*™)"/ ™. (1.216)

Of course K(n,3) does not depend on N.

One should think of | ] ,—¢| as being small (about 1/ V/N). The difference
between the right-hand sides of (1.215) and (1.216) is that we have in the
latter an exponent 275 rather than 5. Higher-order expansions yield smaller
error terms.

Proof. To prove (1.215) we simply bound v,(f) using (1.151), (1.154)
and Hoélder’s inequality. To prove (1.216) we compute v} (f) by iteration of
(1.151), observing that the new differentiation “brings a new factor (R, ,, —q)
in each term”, we bound |v}(f)| as previously, and we use that

() = volf) = (DI < sup ()] :

1

When 3 < 1/2 we know that v(|R}, — ¢|*) is small; but, as we see later,
there is some point in making the computation for each value of 3. There
are two aspects in the computation; one is to get the correct error terms,
which is very simple; the other is to perform the algebra, and this runs into
(algebraic!) complications. Before we start the computation itself, we explain
its mechanism (which will be used again and again). This will occupy the
next page and a half.

To lighten notation in the argument we denote by R any quantity such
that

1 _
IRI< K (W +v(IRy, — q|3)> , (1.217)

where K does not depend on N. Using the inequality zy < z3/2 + ¢ for
x,y > 0 we observe first that

1 _

NV“RLQ —q)=R. (1.218)
We start the computation of V((RLQ — q)2) as usual, recalling the notation
er = oy and writing f = (e162 — ¢)(R12 — q), [~ = (€162 — ¢)(R15 — ), s0

that

v((Riz2 — 0)?) =v(f)
— () + %yu . (1.219)
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Using (1.215) with 7 = oo, 72 = 1 and (1.218) we obtain

1 1
Nz/(l —£189q) = Nz/o(l —c162q) + R . (1.220)

We know that vo(1 — e1629) = 1 — ¢ using Lemma 1.6.2.
Next, we apply (1.216) to f~ with 71 = 3, 72 = 3/2, to get

v(fT)=w(f7)+R,

because vo(f~) =0 by Lemma 1.6.2 and (1.74). Therefore we have

1—q2

N

v((Rip—q)°%) = +v5((e1e2 — Q)(Ri, — @) + R (1.221)

As is shown by (1.151), the quantity (™) is a sum of terms of the type
6% (eece (182 — (R p — ) (Ryo — q)) -
Using Lemma 1.6.2, such a term is of the form
= b(6, (R — a)(Ris — 0)) (1.222)

where
b(0,0") = BPuy(eer (e182 — q)) -

Next, we apply (1.215) to f = (RZ@ —q)(Ry 5 —q), this time with 7, = 3/2
and 7o = 3 to get (after a further use of Holder’s inequality)

(R =) (Bio —q) =v((Bp —q) (R, —¢) + R .
Using the formula R, ,, = Ry ¢ — €¢c¢ /N, we obtain (using (1.218))

v((Ryy — @) (Ria = q) = v(Ree — q)(Riz — @) + R . (1.223)

Because of the symmetry between replicas the quantity v((Re,er —q)(R1,2—9q))
can take only 3 values, namely

U=v((Ri2—9)?); (1.224)
V=v((Ri2—q)(Ri3—q); (1.225)
W=v((Ri2-q)(R34—1))- (1.226)

Thus from (1.221) we have obtained the relation

1
U=50-¢)+al+oV+aW+R, (1.227)

for certain numbers c1, co, c3. We repeat this work for V' and W; specifically,
we write
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V=ulf)

W= ul(ere2 ~ ) (B — 0)) + (162 — a)eac)

v((e1e2 — q)e1€3) (1.228)

where now f~ = (162 —¢)(R; 3—¢) and we proceed as above. In this manner,
we get a system of 3 linear equations in U, V, W, the solution of which yields
the values of these quantities (at least in the case § < 1/2, where we know
that |R| < KN~3/2).

Having finished to sketch the method of proof, we now turn to the com-
putation of the actual coefficients in (1.227). It is convenient to consider the
quantity

q = vo(e1626364) = Eth*Y = Eth*(B2y/g + h) . (1.229)

Let (using Lemma 1.6.2)
b(2) vo(e1e2(e182 — q)) = B*1o(1 — e162q) = (1 — ¢°)
b(1) = »3 vo(e1es(e1e2 — q)) = B°wo(eaes — e1e3q) = B%(q — ¢°)
b(0) = 5 vo(esea(erea — q)) = 521/0(51628354 — qeseq) = 52(5* 112) .

For two integers x,y we define

b(l, sz, y) = b(card({£, 0’} N {z,y})) .

Lemma 1.8.2. Consider a function f~ on X3 _; and two integers x,y < n,
x #vy. Then

vy((ezey — @) f7) = Z b(f»%%y)VO(ff(Re_,e' —4q))

1<t<t'<n
_ ”Z b(l,n+ L2, 9)w(f~ (R, — 9))
{<n
wb(o)yo(fi(}ﬁﬂ,nw —q)) . (1.230)

This is of course an immediate consequence of (1.151), Lemma 1.6.2, and
the definition of b(¢, ¢'; 2, y). The reason why we bring this formula forward is
that it contains the entire algebraic structure of our calculations. In particular
these calculations will hold for other models provided (1.230) is true (possibly
with different values of b(0),b(1) and b(2)). Let us also note that b(0) =
bn+1,n+2;z,y).

Using (1.230) with f~ = Ry 5, — ¢ and n = 2 yields

V(l)((5152 — Q)(RiQ —q)) = b(2)ry ((Rl_z - )2)
— 2b(1 ZVO R12 Res q))

<2
+ 3b(0)vo((Ryy — @)(R34 — q))
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so that going back to (1.221) and recalling the definitions (1.224) to (1.226)
and (1.223) we can fill the coefficients in (1.227):

1_2
v=-_4

+b(2)U — 4b(1)V + 3b(0)W + R . (1.231)

To treat the situation (1.228) we use (1.230) with n =3 and f~ = R ; —¢.

One needs to be patient in counting how many terms of each type there are;

one gets the relation

q—q
N

and similarly

V= +b(1)U +(b(2) —2b(1) — 3b(0))V + (6b(0) — 3b(1))W +R (1.232)

a—q°

N

Of course, this is not as simple as one might wish. This brings forward
the matrix

b(2) —4b(1) 3b(0)
b(1) b(2) — 2b(1) — 3b(0) 6b(0) — 3b(1) . (1.234)
b(0)  4b(1) — 8b(0) b(2) — 8b(1) + 10b(0)

W =

1B(0)U +(4b(1)—8b(0))V+(b(2)—8b(1)+-10b(0)) W+R . (1.233)

Rather amazingly, the transpose of this matrix has eigenvectors (1, —2,1) and
(1, —4, 3) with eigenvalues respectively

b(2) — 2b(1) + b(0) = B*(1 — 2¢ + Q) (1.235)
b(2) — 4b(1) + 3b(0) = B*(1 — 4q + 37) . (1.236)

The second eigenvalue has multiplicity 2, but this multiplicity appears in the
form of a two-dimensional Jordan block so that the corresponding eigenspace
has dimension 1. The amazing point is of course that the eigenvectors do not
depend on the specific values of b(0), b(1), b(2). Not surprisingly the quantities
(1.235) and (1.236) will occur in many formulas.

Using eigenvectors is certainly superior to brute force in solving a sys-
tem of linear equations, so one should start the computation of U, V, W by
computing first U — 2V 4+ W. There is more however to (1.230) than the
matrix (1.234). This will become much more apparent later in Section 1.10.
The author cannot help feeling that there is some simple underlying alge-
braic structure, probably in the form of an operator between two rather large
spaces.

Research Problem 1.8.3. (Level 2) Clarify the algebraic structure under-
lying (1.230).

Even without solving this problem, the idea of eigenvectors gives the feeling
that matters will simplify considerably if one considers well-chosen combina-
tions of (1.230) for various values of x and y, such as the following, which
brings out the value (1.235).



1.8 Second Moment Computations and the Almeida-Thouless Line 85

Lemma 1.8.4. Consider a function f~ on X% _,. Then

vh((e1 —e2)(e3 —€a)f7)
= (b(2) — 2b(1) 4+ b(0))vo(f~ (Ry3 — Ry — Ryz + Ryy))
= 62(1 —2¢ + Qwo(f (R — Riy — Ryz + R3,)) - (1.237)

Proof. The magic here lies in the cancellation of most of the terms in the
SUMS D 31y ey, and Y, coming from (1.230). We use (1.230) four times
for z = 1,2 and y = 3,4 and we compute

c(l, 0y =b(0,0;1,3) —b(l,0';1,4) —b(£,€';2,3) + b(¢,0';2,4) .
We see that this is zero except in the following cases:

(1,3) = ¢(2,4) = —c(1,4) = —¢(2,3) = b(2) — 2b(1) + b(0) . 0

“Rectangular sums” such as 13 — Ri4 — Ro3 + Ra4 or Ri3 — RIA —
R; 5 + Ry 4 will occur frequently.

Now that we have convinced the reader that the error terms in our com-
putation are actually of the type (1.217) we will for simplicity assume that
B < 1/2, in which case the error terms are O(3), where we recall that O(k)
means a quantity A such that |A] < KN —k/2 where K does not depend on
N.

We will continue the computation of U, V, W later, but to immediately
make the point that (1.237) simplifies the algebra we prove the following,
where we recall that “” denotes the dot product in RY, so that o! - 02 =
NR; . It is worth making the effort to fully understand the mechanism of
the next result, which is a prototype for many of the later calculations.

Proposition 1.8.5. If § < 1/2 we have
(0! —0?) (0° — o)\ ? 4(1-24+9)
= . (1.2
”(( N ) N - (1 —2g+q) OB (1239
Proof. Let a; = (6} — 0?)(0} — o}), so that
(0.1 _ 0.2) . (0.3 _ 0.4)
N

1
=Rz - Ria— s+ Rou= g;vai . (1.239)

Therefore, if f = Ry 3 — R14 — Ra,3 + R2,4, we have

V(((Ul T 04))2> = v((Ri3 — Ria — Ro3 + R2a)?)

N
%V(Z aif) =v(anf)

i<N
= I/((El — 62)(63 — E4)f) . (1240)
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Moreover

_ 1
v((er—e2)(es—ea)f) = v((er—e2)(es —ea) f 1) + (1 —e2)(e3 —€4))%)
(1.241)
where f7 = Ry 5 — Ry, — Ry 3 + R, ,. First we observe that
Vo(((El —62)(83 —64))2) = 41/0((1—6182)(1 —6364)) = 4(1 —2q+?]\) . (1242)
We use (1.216) for f* = (g1 —e2)(e3 —e€4)f~ with 74 = 3 and » = 3/2 to
obtain
() = wo(f") = (f)] < Kv(|Ry, — ) = 0(3) -
Next, by Lemma (1.6.2) we have vo(f*) = vo((e1 —e2)(e3 —€4)f~) =0, and
(1.237) implies
vo(f7) = vo((er — e2)(es —ea) f7)
= 52(1 -2+ Qo ((Rl_,S - Rl_,4 - R2_,3 + R2_,4)2) .
Next, we observe that v((Ry, —¢q)*) = O(4), so that v((R; 3 — Ry 4 — Ry 3+
Ry ,)*) = O(4) and we apply (1.216) with e.g 71 = 75 = 2 to obtain
Vo ((Rig —Ry4—Ry5+ 32_,4)2) =v((Ris— Ry 4 —Rys+ R2_,4)2) +0(3) .
We then use the relation Re_,z' = Ry ¢ — e /N and expansion to get
v((Ris— Ri4— Rys+Ry,)?*) =v((Ris— Ria— Ras+ Ros)?) +0(3) .
Finally we have reached the relation
v(f*) =v((e1 —e2)(e3 —ea)f7)
=3*(1=2¢+qv (B3 — Ria — Ra3 + R24)?) + O(3)
and thus combining with (1.240) and (1.241) we get
e 4 Iy
(1 —,62(1 — 2q+q))1/ ((RLg — R1,4 - R2$3 + R2’4)2) = N(l — 2q+q) + 0(3) .
Since for 8 < 1/2 we have 3?(1 — 2¢ +q) < 1/4 < 1 the result follows. O

Since error terms are always handled by the same method, this will not
be detailed any more.

One can note the nice (accidental?) expression
1-2¢+q¢=E !
TRty
We have proved (1.238) for 8 < 1/2, but we may wonder for which values

of B it might hold. Since the left hand side of (1.238) is > 0, this relation
cannot hold unless
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1
2 ~ 2
1-2¢9+¢q)=p°E <1, 1.243
FF1-20+9) =FE 5 (1.243)
i.e. unless we are on the high-temperature side of the AT line (1.214), a point

to which we will return in the next section.

Corollary 1.8.6. If 8 < 1/2 we have

201 ~2
E(((0102) — (01)(02))?) = N(f_(lm(quzjl 5+ 0(3). (1.244)

Proof. Recalling (1.239) and using symmetry between sites,

(=) ()

i<N

1 N-—-1
= Ny(a?v) + N v(aiaz) .

Now, (1.242) and (1.215) imply

and
v(aiaz) = E((01 — o1)(07 — 01)(03 — 03)(03 — 03))
= E((o1 — oi)(03 — 03))?
= 4E((0102) — (01)(02))” -
The result then follows from (1.238). O

After these parentheses, we can get back to the computation of U,V
and W. If we were interested only in these values, the shortest route would
certainly be to solve the equations (1.231), (1.232), (1.233). We choose a
less direct approach, that will be much easier than the brute force method
to generalize to higher moments in Section 1.10. The computation is very
pretty and natural, but, as we have already discovered, the result of this
computation will be a bit complicated. It is given at the end of this section.
Rather than scaring away the reader with these formulas, we take the gentler
road of gradually discovering how they come into existence.

Pursuing the idea that the computation simplifies if we “use the correct
basis” we introduce the quantities

¢ o ¢
(et —Db)- (o b)'Tg:(U b)-b;T:bZ;]b

To o =
0,0 N 3 N

—q,(1.245)

where as usual b = (¢) = ({0;))i<n. Using the notation ¢; = o; — (0;), we
can also write (1.245) as
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1 o0 1 Y, 1 9
Tu/:NZJiJZ— ;Tezﬁzgi<ai>;T:NZ<Ui> —q.
i<N i<N i<N

These quantities will be proved to be “independent” in a certain sense. They
will allow to recover the quantities Ry — g by the formula

Repy —q=Tow +To+Tr+T. (1.246)
Proposition 1.8.7. If 8 < 1/2 we have
v(Tf,) = A+ 0(3) (1.247)
where

A2: 1_2(]"‘(/]\
N(1=p%(1-2¢+79)

(1.248)

Proof. A basic problem is that 7} 5 is a function of ol and o2, but that it
depends on the disorder through b, so that one cannot directly use results
such as Lemma 1.6.3 for f = T . There is a basic technique to go around
this difficulty. It will be used again and again in the rest of this section, and
in Section 1.10. It is basically to “replace each occurrence of b by o for a
value of ¢ that has never been used before”. For example we have

(T2,) = <(frl —b)-(e?—b) (¢! —b)- (o’ —b)>

To understand this formula we keep in mind that o are averaged inde-
pendently for Gibbs’ measure, and that for any given vectors x,y € R we
have the formula (x- (y + o)) = x- (y + b). Applying this four times, to the
integrations in o for ¢ = 3,4,5,6 proves the above equality. Therefore we
have

SR LR AL SR )

or to match better with the notation of Proposition 1.8.5, and using symmetry
between replicas,

B (0.1 _ 0.2) . (0.3 _ 0.4) (0.1 _ 0.5) . (0.3 _ 0.6)
vty = - . )

Thus, using again (1.239) and symmetry among sites,

v(TE,) = v((er —e2)(es —ea) f)

where f = Ri3—Rig— R53+ Rs, 50 that
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1 —
v(T2,) = (1 —e2)(es —ea)(er —es)(es — o)) +v((e1 —e2)(e3 —€a) ),
for f7 =Ry 3 — Ry g — R5 3+ R5 . We observe that

((e1 —e2)(e3 —ea)(e1 —€5)(€3 — €6))o

= <(81 — 62)(61 — E5)>(2) = <1 — €165 — €169 + 82€5>(2)

=(1-th?Y)2=1-2th®Y +th?Y (1.249)
so that
vo((e1 —e2)(e3 —ea)(e1 —es5)(e3 —e6)) =1 —2q+7.
One then proceeds exactly as in Proposition 1.8.5 to prove (1.248). O

Proposition 1.8.8. If ¢ < {' and (¢,¢') # (1,2) we have

v(Th2Tee) = 0. (1.250)
For any ¢ we have
v(Th 2Ty) =0. (1.251)
Finally we have
v(Th 2T)=0. (1.252)

Proof. For example, if 1 ¢ {¢,¢'} we have that (T} 2Ty ¢) = 0 by integrating
in o!. O

The following is in the spirit of Lemma 1.8.4. It is simpler than (1.230),
yet it allows more computations than (1.237).

Lemma 1.8.9. Consider a function f~ on X3 _,. Then

vo((e1 —e2)esf™) = (b(2) = b(1))vo(f~ (Ry 3 — Ry 3)) (1.253)
+ (b(1) — b(O))< Z vo(f~(Ry,— Ry ) —nvo(f~ (R qq — R2_,n+1))> .
4<t<n

Moreover, when f does not depend on the third replica we have

vy((e1 —e2)esf7)

= (b(2) — 4b(1) + 3b(0))vo(f~ (Ry 3 — Ra3))
+(b(1) = b(0)) > wl(f (Ry,—Ryy— Ri,pr + Ropniy))
4<t<n
= B*(1 -4+ 3Q)vo(f (Ris — Ry3))
52(‘1 - CIA) Z VO(f_(Rie - R;,z - Rin+1 + R£n+1)) : (1-254)

4<e<n
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Proof. We use again (1.230). For £ < ¢’ we compute
c(l,0") :=b(l,0';1,3) —b(L,0';2,3) .

Thisis 0if £ > 3 or £ =1, ¢/ = 2. Moreover

b(2) — b(1)
b(1) — b(0) if ¢ > 4.

e(1,3) = —¢(2,3)
c(1,0') = —c(2,0)

This proves (1.253). To prove (1.254) when f does not depend on the third
replica we simply notice that then

vo(f~ (B3 — Ry3)) =vo(f™ (Ry 1 — Rogt)) s
and we move the corresponding terms from (1.254) around. O
Proposition 1.8.10. If 8 < 1/2 we have
v(T?) = B + O(3) (1.255)
where

1 9-q
N(1-p(1-2¢+7)(1—p2(1-4¢+37))

B? = (1.256)

Moreover,
Z/(Tng) = V(TlT) =0. (1257)

Proof. We start with the observation that

<Tf>:<(”1_b)'b(01—b)~b>

N N
/(e —0?) 0% (c! —0?)-0°
S A
= ((R13— R23)(R15 — Ryjs)) - (1.258)

We then write as usual
v(T7) = v((e1 — e2)es(Ris — Rup))
= ({1 — e)esler — ea)es) + (1 — 2)es(Ris — Rig))
We have
vo((e1 —e2)es(er —eq)es) = vo((1 — e164 — €281 + €284)E365) = ¢ — @ -

Using (1.254) for n =5, f~ = Ry 5 — Ry 5, our usual scheme of proof yields
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UI?) = (0~ @)+ B(1— 4g-+ 3Dv(Rus — Ros)(Rus — Rag))  (1.259)

+ (¢ —17q) Z v((Ri5 — Ras)(Rie — Ray — Rig + Rag)) + O(3) .
=45

From (1.258) we deduce that
V((Ri3 = Ras)(Ris — Ras)) = v(T7) .
To evaluate the last term in (1.259) we write, using (1.246)

Ris—Rys=T15—Tys+T1 — T4
Rig—Ropy—Rig+Rog=T1p—Top—Tr6+1T26.

Proposition 1.8.8 and (1.247) imply

Z v((Ri5 — Ras)(Rie — Roy — Rig + Rog)) = V(T12,5) =A*+0(3),
(=45

so that (1.259) means that

(1—B%(1 —4q + 39))v(T7) = %(q —9) + Fg—DA>+0(3) . (1.260)

Since ¢ < q as is obvious from the definition of g, we have 1 — 4¢q + 3¢ < 1,
so that 32(1 — 4g + 37) < 1 and (1.260) implies (1.256). The rest is obvious
as in Proposition 1.8.8. ]

We can then take the last step.
Proposition 1.8.11. If § < 1/2 we have
v(T?) = C* + 0(3) (1.261)
where
q—q
N

(1-8%(1-4¢+37))C* = +8%(G— %) A2 +262(2q+¢>—33) B2 . (1.262)

Proof. We know exactly how to proceed. We write

v(T?) = v((R12 — q)(Rsa — q))
=v((e1e2 — ¢)(R3.4 — q))
1

= yvl(ere2 —q)esea) +v((ere2 — ) (R4 — q)) -

We observe that
o~ 9
vo((e1e2 — q)eses) =7 —q°,
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and we use (1.230) with n = 4 and f~ = R, — ¢ to get, writing b(¢, ') =
b(£,¢';1,2), that

W)= 2@ @)+ Y WEOw(Rey — ) (Rss — q)
1<e<0'<4

- 42 b(4,5)v((Res — q) (R34 — q))

<4
+106(5,6)v((Rs,6 — q)(Rs.a — q)) + O(3) . (1.263)

Using (1.246) and Propositions 1.8.7, 1.8.8 and 1.8.10 we know that
v((Repr — q)?) = A2 + 2 B? + v(T?) + O(3)
V((Reer — )(Rey e, — q)) = B>+ v(T?) + O(3)
if card({£, €'} N {l1,¢2}) = 1, while if {¢,¢'} N {¢1,42} = 0, then
V((Reer = @) (Rey 0, — q) = v(T?) .

We substitute these expressions in the right-hand side of (1.263) and we
collect the terms. The coefficient of v(T?) is

> b ) =4 b(£,5) +10b(5,6) = 82(1—¢* +4q(1 — q) + (7 — ¢°)
1<e<t'<4 <4

—4(29(1 - q) +2(g - ¢*)) +10(7 - ¢*))
=[%(1-4q+37).
The coefficient of A? is 3%(q — ¢?), and the coefficient of B? is
ST () + 263, 4) — A(B(3,5) + B(4,5))

£=1,2,0'=3,4
=24~ ¢*) +2(@ - ¢*) —8(@ - ¢*) =2(2¢+¢° - 37) .
We then get

UT?) = S (G— @) + B2(L = 4q +39) v(T?) + B2(G— ¢) A2

N
+26%2q+q¢* -39 B>+ 0(3) (1.264)
and this implies the result. O

Using (1.246) again, we have proved the following, where A, B, C are given
respectively by (1.248), (1.256) and (1.262).

Theorem 1.8.12. For § < 1/2 we have
v((Ri2—q)%) = A*+2B*+C? + 0(3) (1.265)
I/((RLQ - q)(RLg - q)) = 32 + 02 + 0(3)
V((Ri2 —q)(Rsa —q)) =C*+0(3) .
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1.9 Beyond the AT Line

We recall that ¢ is the solution of (1.74) and that § = Eth*Y = Eth4(ﬂz\/§+
h). We should mention for the specialist that we will (much) later prove that
“beyond the AT line”, that is, when

1
chty

the left-hand side of (1.171) is bounded below independently of N, and that,
consequently, for some number § that does not depend on IV, we have

B#*(1—2q+7q) = B*E >1 (1.266)

1
~ 2 vm(Biz—q)) >8>0, (1.267)

M<N

where the index M refers to an M-spin system. This fact, however, relies
on an extension of Theorem 1.3.7, and, like this theorem, uses very special
properties of the SK model.

Research Problem 1.9.1. (Level 2) Prove that beyond the AT line we have
in fact for each NV that
v(|Ri2—ql) >6. (1.268)

As we will explain later, we know with considerable work how to deduce
(1.268) from (1.267) in many cases, for example when in the term ), -\ hio;
of the Hamiltonian the r.v.s h; are i.i.d. Gaussian with a non-zero variance;
but we do not know how to prove (1.268) when h; = h # 0.

In contrast with the previous arguments, the results of the present section
rely on a very general method, which has the potential to be used for a great
many models, and that provides results for every N. This method simply
analyzes what goes wrong in the proof of (1.238) when (1.266) occurs. The
main result is as follows.

Proposition 1.9.2. Under (1.266), there exists a number 6 > 0, that does
not depend on N, such that for N large enough, we have

V(|Ri2 —q®) 2 0v((Ri2 — q)?) 2 (1.269)

2
N .

This is not as nice as (1.268), but this shows something remarkable: the
set where |R1 2 — ¢| > 6/2 is not exponentially small (in contrast with what
happens in (1.87)). To see this we write, since |Ry 2 — ¢| < 2,

5
[Bi2 =g < 5(Ri2 = 0)° + 8 1R, s—g26/2} - (1.270)

where 1|, ,—¢/>5/2} i the function of o' and o2 that is 1 when |Ry 2 —q| >
§/2 and is 0 otherwise. Using the first part of (1.269) in the first inequality
and (1.270) in the second one, we obtain
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5
ov((Rrs = a)?) <v(|Bis = af’) < Sv((Bro = 0)?) + 80 (1 m, smg120/2))-

Hence, using the second part of (1.269) in the second inequality,

V(1R 2—q28/2}) = %V((Rl,g -q)?%) > 12—2N : (1.271)
Lemma 1.9.3. For each values of 3 and h, we have
B21—4¢+37) < 1. (1.272)
Proof. Consider the function
&(z) = Eth*(B2v/z + h) . (1.273)

Then Proposition A.14.1 shows that @(x)/x is decreasing, so that
x® () —P(x) <0,

and since ¢ = &(q), we have &'(¢) < 1. Now, using Gaussian integration by
parts, and writing as usual Y = 8z,/q + h,

@,(q):ﬁE(z thY)ZﬁQE( 1 2sh2Y>

Vi Y aly Caty
€ (iy ~ ey ) — B0 -204D - 21~ 0)
=3*(1-4q+37), (1.274)
and this finishes the proof. O

Lemma 1.9.4. We recall the quantities A%, B?,C? of Section 1.8. Then,
under (1.266) we have

(0! —o?)(e® —a")\?\ _ 4 (1-2¢+7)
”(( N ) )_N(l—g2(1—2q+a‘))+R (1.275)
V(Rio—q)%) = A2+ 2B*+ C* +R (1.276)
where )
Rl < K6, (s + 7Rz = aP)) (1277

Proof. As explained at the beginning of Section 1.8 all the computations
there are done modulo an error term as in (1.277); and (1.266) and (1.272)
show that we are permitted to divide by (1 — 3%(1 —2¢+q)) and (1 — 32(1 —
4q + q)), so that (1.275) and (1.276) are what we actually proved in (1.238)
and (1.265) respectively. O
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Proof of Proposition 1.9.2. We deduce from (1.275) that

4 (1-29+7) 1
R>—— ——
- N(@-p*1-2¢+7q) KN

because 1 — 2¢ + § = Ech™*Y > 0 and the denominator is < 0 by (1.266). It
follows from (1.277) that for N large enough

v(|Ri2 —ql*) (1.278)

> — .
~— KN
Now since A%, B%,C? < K/N, (1.276) shows that, using (1.278) in the third

following inequality,

K 1
v((Riz2— Q)Q) < N +R<K <N +v(|R12 — Q|3)) < Kv(|Rio — Q\S) )

and this proves that there exists §, that does not depend on N, such that
v(|R12—q|*) > dv((R1,2—q)?%). Moreover, using (1.278), and since | Ry 2 —q| <
2 we have v((R12 — q)%) > v(|Ri2—¢q|*)/2 > 1/(KN). a

We might think that the unpleasant behavior (1.271) arises from the fact
that v(|Ry1,2 — x|) ~ 0 for some x # ¢. This is not the case.

Proposition 1.9.5. a) There exists K depending on 3 and h only such that
for all x > 0 we have

oal < (MR- e + ) (1.279)

b) Under (1.266) there exists a number §' such that for N large enough

6/
Vo >0, v(lgg, ,—a>ey) = ¥ (1.280)

Proof. We use (1.215), but where v is defined using z rather than ¢, to get
lv(e182) —vo(ere2)| < Kv(|Ry 5 — 7). (1.281)

We have vy (g162) = $(z), where @ is given by (1.273), and v(e1e2) = v(R12)
by symmetry among sites, and therefore (1.281) implies

() — v(Bu) < K (u(u%m )+ %) . (1.282)

Jensen’s inequality entails
[v(Ri2) — 2| S v(|Ri2 — ),

so (1.282) yields
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1
[0(a) ~ o] < 10(2) ~ v(Rua)| + (Rra) ~ ol < K (vllRaa =)+ )

Now, the function @(x) satisfies #(¢) = g and, as seen in the proof of Lemma
1.9.3 we have &'(q) < 1, so that |z — &(z)| > K|z — ¢| when |z — ¢| is
small. Since Proposition A.14.1 shows that &(z)/x is decreasing it follows
that |z — @(z)| # 0 for x # ¢, and the previous inequality holds for all z > 0
and this proves (1.279).

To prove (1.280), we observe that if |z —¢| < §/4 then by (1.271) we have

52
V(LR a—al20/0)) Z V(LR 2 —a120/2)) 2 {6 -

so it is enough to consider the case |z —¢q| > /4. But then by (1.279) it holds

1) 1
LK (ViR -+ )

so that for N large enough we get v(|R12 — z|) > §/(8K) := 1/K, and thus
since |R1 2 — z| < 2 we obtain

1 1
Fo S v([Rip —xf) < 2V<1{|Rl’27:c|21/(2K0)}) + ﬁ .
Consequently,
1
v(1 —z > —. O
( {IR1,2 \21/2K0}) 4K,

In the rest of this section we show that (1.280) has consequences with a
nice physical interpretation (although the underlying mathematics is elemen-
tary large deviation theory).

For this we consider the Hamiltonian

— Hya(6',0%) = —Hy(a') — Hy(6%) + ANR; 5 . (1.283)

This is the Hamiltonian of a system made from two copies of (X, G ) that
interact through the term AN R; 2. We define

Ny = Z exp(—Hy (o', %)) (1.284)
ol ,o?

YN (N) = 1El Z 1El Z (1.285)

N =N Og ZN ) N 0g ZN,0 .

so that the identity

1
Yy (A) = NEIO«g,‘(exp ANR; 2) (1.286)
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holds, where (-) denotes an average for the Gibbs measure with Hamiltonian
Hy . This quantity is natural to consider to study the fluctuations of R; ». We
denote by (-)» an average for the Gibbs measure with Hamiltonian (1.283);

thus (R ANR, )
) = B2 E(Ry o)y
wN( ) <6Xp)\NR1’2> < 172>>\
We also observe that ¢ is a convex function of A, as is obvious from (1.286)
and Holder’s inequality. (One can also compute ¢%(A) = N(E(R? )\ —
E(Ri2)3) > 0.)

Theorem 1.9.6. ¥(\) = limy_,oo ¥n(A) exists for all B,h and (under
(1.266)) is not differentiable at X\ = 0.

The important part of Theorem 1.9.6 is the non-differentiability of the
function . We shall prove the following, of which Theorem 1.9.6 is an imme-
diate consequence once we know the existence of the limit imy_ oo ¥ ().
The existence of this limit is only a side story in Theorem 1.9.6. It requires
significant work, so we refer the reader to [76] for a proof.

Proposition 1.9.7. Assume (1.266), and consider §' as in (1.280). Then
for any A > 0 we have Y (N) — Y (=) > §'/2 provided N is large enough.

To deduce Theorem 1.9.6, consider the subset U of R such that ¢'(£\)
exists for A € U. Since v is convex, the complement of U is at most
countable. Griffiths’ lemma (see page 25) asserts that limy_.oo ¥ (E£N) =
Y'(£A) for A in U. By Proposition 1.9.7 for any A € U, A > 0, we have
P (A) =9'(=A) = ¢'/2. Now, since 9 is convex, the limit limy_o, rev ¥’ ()
is the right-derivative 1/, (0) and similarly, while the limit A\ — 0_ is the left
derivative ¢’ (0). Therefore ¢/, (0) —)’ (0) > ¢’/2 and 1+ is not differentiable
at 0.

In words, an arbitrarily small change of A around 0 produces a change in
E(R1,2)x of at least 0’/2, a striking instability.

Proof of Proposition 1.9.7. Let zny = E(R1,2) = ¢y (0). Using (1.280) we
see that at least one of the following occurs

/
v(Uniazent5)) 2 o (1.287)

/

0
V(l{Rl,QSIN*(;,}) > IN (1.288)
We assume (1.287); the proof in the case (1.288) is similar. We have
<€Xp )\NR172> > exp )\N(xN + 5/)<1{R1‘223’)N+6l}>

so that

1 1
N log<eXp )\NR172> > )\(Z‘N + 6/) + N log<1{Rl,2Z$N+5’}> .
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The r.v. X = (1{g, ,>2y+6}) satisfies EX > §'/2N by (1.287), so that, since

X <1, we have
é' o'
> — > —.
P(X_4N>_4N

(Note that EX < e+ P(X > ¢) for each ¢ and take ¢ = §'/(4N).) Thus

1 1 o’ o'
P (N log{exp ANR; 2) > ANzny + ') + N log (m)> > v (1.289)
On the other hand the r.v.
F—ll (exp ANR )—il Z —iZ
= 7y log({exp 12) = 082NN — 5 4N0

satisfies

N2
Vx>0, P(F—Esz)SZeXp(— I?)

by Proposition 1.3.5 (as used in the proof of (1.54)). Taking = = A\d'/4 we
get

1 Y4 N
P <‘Nlog<exp ANR; 2) — 7,/1N()\)‘ > 4) < 2exp <K> ,

and in particular

P <% log(exp AN Ry 2) > ¥n(A) + %) < 2exp <—%> )
Comparing with (1.289) implies that for N large enough we have
N ) + 22> Aoy + )+ log (—) ,
and in particular
ox ()2 A (on+ )
and therefore, since 15 (0) = 0 and ¢y is convex,

on(A) = ¥n(0) o & &

Y (A) > \ Z$N+§:¢N(O)+EZ¢N(*>\)+_~ o

1.10 Central Limit Theorem for the Overlaps

In this section we continue the work of Section 1.8 but now for higher mo-
ments. We show that the quantities v NTy ¢, VNT;,vV/NT of (1.245) behave
asymptotically as N — oo like an independent family of Gaussian r.v.s. As
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a consequence, we show that as N — oo, for the typical disorder, a given
family of variables

(NY2(Rppr — (Ri2)))1<ectr<n

becomes nearly Gaussian on the probability space (X7, GR¥;) with an explicit
covariance structure that is independent of the disorder. Moreover, the r.v.s
N'Y2((Ry ) — q) are asymptotically Gaussian.

Since all the important ideas were laid down in Section 1.8, the point
is really to write things down properly. This requires significant work. This
work is not related to any further material in this volume, so the reader who
may not enjoy these calculations should simply skip the rest of this section.

We recall that the quantities A, B, C have been defined in (1.248), (1.256),
(1.262), and we use the notation a(k) = EgF where g is a standard Gaussian
r.v.

Theorem 1.10.1. Assume that 8 < 1/2. Fiz an integer n. For 1 <{ < {¢' <
n consider integers k(£,¢'), and for 1 < ¢ < n consider integers k(). Set

k= > kL) k= > k)

1<e<t'<n 1<t<n

consider a further integer ks and finally set k = k1 + ko + k3. Then

y< I =& 11 Ték(é)Tk3> (1.200)
1<e<t’'<n 1<t<n
= [ atk@e) J] alk@)a(ks)A"B*C* + Ok +1).

1<t<t'<n 1<t<n

Here, as usual, O(k+41) denotes a quantity W with |W| < KN~*+1/2 where
K does not depend on N (but will depend on the integers k(¢,¢'), k(€), k3).
The left-hand side and the first term in the right-hand side of (1.290) are
both of order N~%/2. The product

H Tekz(ﬂf ') H Tek(e) Tk3

1<e<'<n 1<0<n

is simply any (finite) product of quantities of the type Ty, Ty, T, and the
role of the integer n is simply to record “on how many replicas this product
depends”, which is needed to apply the cavity method.

One can reformulate (1.290) as follows. Consider independent Gaussian
r.v.s Uge,Up, U and assume

EU?, = NA® ; EU} = NB? ; EU®=NC?.

The point of this definition is that the quantities NA2?, NB2, and NC? do
not depend on N. Then (1.290) means
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k k 2,0 k(£) ik
N /QV(H1§4<4/<n 0,0 H1<z<n T 3)

0,0 ¢
:E<rh<kd<nLQg )rh<umIQ()U“>'+O(U , o (1.291)

where, in agreement with the notation for O(k) (see above) O(1) denotes a
quantity W such that |W| < K/v/N.

We now explain why this statement contains the fact that the r.v.s
(NI/Q(RM/ — (R1,2)))1<e<er<n are asymptotically Gaussian under Gibbs’
measure. We still consider numbers k(¢,¢') for 1 < ¢ < ¢/ < n and num-
bers k(f) for 1 < ¢ <mn,and let k=1, pep, k(€ €) + D 1o, k(L) First
we show that the quantity

k(£,e') k(¢
N’“/2< I = 11 o )> (1.292)
1<t<t'<n 1<t<n
is essentially non-random. Indeed, we use replicas to express V? as
k .0 0 k(0,0 k()
=N < H TZ H T H T€+n l+n H T€+n,> ’
1<0<t/<n 1<0<n 1<e<t/<n 1<0<n
and we apply (1.291) to compute EV? and EV; we thus obtain:
EV? = (EV)2+0(1), (1.293)

because the r.v.s Uy ¢, Uy for ¢, ¢’ < n are independent from the r.v.s Uy ¢, Us
for n +1 < £,¢'. Consequently,

E(V-EV)2=0(1). (1.294)
Let § = (R1,2), and observe that T'=g — ¢, so that by (1.246) we obtain
Rey —q="Top +To+Tp . (1.295)

When a product Hz o (Reer — Q) K(EL) contains k factors, the quantity
W= N [(Ree —a)"0)
o

satisfies
EW —EW)*=0(1),

because we may use (1.295) and expand this quantity as a sum of terms of
the type (1.292). Counsider the r.v.s g¢ o = Us o + Us + Up. Expanding and
using (1.291) we see that

Ew =E[[4/%" +00).
2,0
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The above facts make precise the statement that for the typical disorder, the
quantities (VN (Rer —q))1<e<e'<n are asymptotically Gaussian on the space
(X%, G%). Indeed, for the typical disorder,

Nk/2<H(Re,e/ - §>k(Z,E’)> s EHQZ(;’“ .

0,0 0,0

The Gaussian family (g¢) may also be described by the following properties:
ng,e, = N(A% +2B?), Egr.or 9o, v, = NB? if card({£,0'} N {¢1,42}) = 1 and
Egerrge, 0, = 0if {£, €'} and {¢1, (2} are disjoint.

We now prepare for the proof of Theorem 1.10.1. In the next two pages,
until we start the proof itself, the letter k£ denotes any integer. We start the
work with the easy part, which is the control of the error terms. By (1.88),
for each k we have v((Ry2 — ¢)?*) < K/N*, and thus

K
k
v([Ri2 —q|*) < NF
Consequently,
K
- k
V(B —d") < 7 (1.296)

and this entails a similar bound for any quantity W that is a linear combi-
nation of the quantities R, ,, — ¢, e.g. W = Ry 3 — Ry 5.

Let us say that a function f is of order k if it is the product of k£ such
quantities Wy, ..., Wy and of a function Wy with |Wy| < 4. The reason for
the condition |Wy| < 4 is simply that typical choices for Wy will be Wy = 1
and Wy = (1 —e2)(e3 — €4) (and this latter choice satisfies |Wp| < 4). Thus
a typical example of a function of order 1 is (R, ,, — q)(e1 — €2)(e3 — €4).

As a consequence of (1.296) and Hoélder’s inequality, if f is a function of
order k then we have

v(fHY?2 = 0(k) . (1.297)

In words, each factor Wy for £ = 1,...,k contributes as N~1/2 while the
factor Wy contributes as a constant. Consequently, (1.215) and (1.216) used
for 71 = 79 = 2 imply that a function f of order k satisfies

v(f) = vo(f) + O(k +1) (1.298)
v(f) =wvo(f) +vH(f) + Ok +2). (1.299)

In order to avoid repetition, we will spell out the exact property we will use
in the proof of Theorem 1.10.1. The notation is as in Lemma 1.8.2.

Lemma 1.10.2. Consider integers x,y < n as well as a function f~ on Xy,
which is the product of k terms of the type R, ,, — q. Then the identity
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v((ezey —q)f7) = Z b(f7f/§177y)’/(f_(RZef —q))
1<i<t'<n
— nz b(l,n+1;z, y)l/(ff(RZn_H —q))
<n
Lot

5 2O (f T (Briinse — @) + Ok +2) (1.300)

holds.

Proof. We use (1.299) for f = f~(ezey — q), so that vy(f) = 0 and we use
(1.230) to compute v/§(f). We then use (1.298) with k + 1 instead of k to see
that vo(f~(Ryp —q)) = v(f~ (R —q) + O(k +2). o

Of course Lemma 1.10.2 remains true when f is a product of k terms
which are linear combinations of terms of the type R, , — gq.

Corollary 1.10.3. Consider a function f~ on X3, that is the product of k
terms of the type R, ,, — q. Then we have

v((e1 —e2)(es —ea)f7)
= (b(2) —2b(1) +b(0))v((Ry 3 — Ry — Rog+ Ry g)f7)
YOk +2). (1.301)

3

Moreover, whenever f~ does not depend on the third replica o° we also have

v((e1r —ea)esf7) = (b(2) — 4b(1) + 3b(0))w((Ry 3 — Rz 3)f ™)
+(b(1) = b(0)) D v((Ryy— Ray— Ry + Rypyn)f7)

4<<n
+0(k+2). (1.302)

Proof. It suffices to reproduce the calculations of Lemmas 1.8.4 and 1.8.9,
using (1.300) in place of (1.230). O

A fundamental idea in the proof of Theorem 1.10.1 is that we should
attack first a term 7, (if there is any), using symmetry among sites to
write the left-hand side of (1.290) as v((e; — e2)(e3 — £4) f) for a suitable f.
The goal is then to use (1.301); for this, one has to understand the influence
of the dependence of f on the last coordinate. This requires the knowledge of
(1.290), but where k; has been decreased, opening the door to induction. If
no term Ty ¢ is present, one instead attacks a term Ty (if there is any). We will
then have to use the more complicated formula (1.302) rather than (1.301),
but this is compensated by the fact that, by the previous step, we already
know (1.290) when k; > 0, so that the values of many of the terms resulting
of the use of (1.302) are already known. Finally, if there is no term Ty ¢ or T}
in the left-hand side of (1.290), we are forced to use the formidable formula
(1.300) itself, but we will be saved by the fact that most of the resulting
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terms have already been computed in the previous steps. If one thinks about
it, this is exactly the way we have proceeded in Section 1.8.
We now start the proof of Theorem 1.10.1, the notation of which we use;
in particular:
k=Fk +ky+ks.

Proposition 1.10.4. We have

V( e | T’“?’) (1.303)
1<e<t'<n 1<t<n

= ] a(k(e,e/))A'ﬁy< T =z Tk3)+0(k+1).

1<t<t/'<n 1<t<n

Proof. This is true for k&; = 0. The proof goes by induction on k;. We
assume k; > 0, and, without loss of generality, we assume k(1,2) > 1. Before
starting any computation, we must address the fact that 7y » and 7, depend
on the disorder, and we must express the right-hand side of (1.303) as the
average of a non-random function on X% for a certain n’. It eases notation to
label properly the terms with which we are working, and to enumerate them
as a sequence. For v < k; we consider two integers £(v) and ¢'(v) in such a
way that each pair (¢,¢') for 1 < ¢ < ¢’ < n is equal to the pair (¢(v), ' (v))
for exactly k(¢,¢") values of v < k1, and that

(E(v), 0 (v)) = (1,2) & v < k(1,2) .

[T = 1T Teewyerw) -

00 v<ki

It then holds that

For k1 < v < k1 + ko we consider an integer £(v) such that for each ¢ < n,
we have ¢ = £(v) for exactly k(¢) values of v. It then holds that

[z = I 7w - (1.304)
14

ki <v<ki+ks

Now we shall use on a massive scale the technique described on page 88 of
“replacing each copy of b by o for a new value of ¢”. For this purpose for
1 < v < k we consider for two integers j(v), j'(v) > n, such that these are all
distinct as v varies. For v < kq; we set

(00 — gi)) . (') _ 3" ()

N
= Ry(v),0/(v) = Re(v),j'(v) = Bjw),0rw) + Bjwy,jr () 3

(v) =

for k1 < v < k1 + ko we set

(o) — gi)). gi'(v)
U(v) = N = Riv),j'(v) = Rj(w),j (v) 5
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and for ky + ko <v <k = k1 + ko + k3 we set

oIV . i’ (v)

Uv) = ~

—q=Rjw) 0w —4-

As we just assumed, the integers j(v), j'(v) are all distinct for v < k. Aver-
aging first in all the o*’s for ¢ any one of these integers we see that

<1<€]<_[w<n Ty e]:[nTW) Tks> _ <Ul;[k U(v)> (1.305)

and vak U(v) is now independent of the disorder. This quantity can be

considered as a function on E}\’,/, where n’ is any integer larger than all the
numbers j(v) and j'(v).
Let us define

e(v) = (o) = &) (Ev(v) — € () (1.300)
for v < ky;
E(’U) = (Eg(v) - gj(v))gj'(v) (1307)
for k1 < v < k1 + ko; and finally, for k1 + ko < v < k+ k1 + ko + k3, let
E(’U) = Ej(v)gj’(v) . (1308)

Using (1.305) and symmetry between sites in the second line,

:y( I1 T/“HT’““T’%)—V(HU )

1<e<t'<n £<n v<k

( II v ) (1.309)

2<v<k

Now we want to bring out the dependence of HQSvSk U(v) on the last spin.
We define U~ (v) = U(v) — e(v)/N, and we expand the product

II v =] (i]:;)—kU_(v))

2<v<k 2<v<k
_ e(u) _
=] vw+ > THU (v)+S
2<v<k 2<u<k vEu

where the notation [],_, U~ (v) means that the product is over 2 < v < £,
v # u, and where S is the sum of all the other terms. Each term W of S is
the product of k — 1 factors, each of which being either e(v)/N or U~ (v),
and at least 2 of these factors are of the type e(v)/N.

If we do think of each factor U~ (u) as “contributing like 1/v/N” by (1.296)
and each factor £(u)/N as “contributing like 1/N”(an argument which is
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made rigorous by using Holder’s inequality as in the proof of (1.297)) we see
that v(|W]) = O(k + 1). Therefore we have

u(a(l) 11 U(v)) :u<5(1) 11 U—(v)>+1+0(k+1) (1.310)

2<v<k 2<v<k

where

1 _
== > V(e(l)s(u) IIv (v)) . (1.311)
2<u<k vFEU
We first study the term I. Since the product [[,, U~ (v) contains k — 2

factors, the function e(1)e(u) ][, U™ (v) is a function of order k — 2 as
defined four lines above (1.297); and then (1.298) entails

1( w) [TU( ):—y0< w) [TU( >+Ok+1)

vFEU vFEU

Now Lemma 1.6.2 implies

( II ) Do (II >
vF#U vFEU
For u < k(1,2) we have

vo(e(1)e(u)) = vo((e1 — €5))(e2 — €jr(1)) (€1 — €j(wy ) (€2 — Ejr(w))
=1-2¢+7q,

as is seen by computation: we expand the product and compute each of the
16 different terms. One of the terms is 1. Each of the other terms is either
of the type uy(ejej) for j # j', and hence equal to +q, or of the type
tvy(ej,€5,€55€5,) Where the indexes ji,j2, js, ja are all different and hence
the term is +q.

For u > k(1,2) we now show that vy(e(1)e(u)) = 0. First one checks on
the various cases (1.306) to (1.308) that e(u) does not depend on both £ and
es. If; say, it does not depend on &1, then since €(u) does not depend on €5(1)
(because the integers j(v), j(v") are all distinct and > n) the factor 1 — ;)
in £(1) ensures that (¢(1)e(u)) = 0. This proves that, recalling the notation
I of (1.311),

I:%(1—2q+é\) > )VO(HU >+Ok+1)

2<u<k(1,2 vFEU

:%(1_2“@) 3 (HU >+Ok+1)

2<u<k(1,2) vFEU

using again (1.298). Moreover, when u < k(1,2), by symmetry we have
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y<1;£ U(v)> = 1/<3<v1_[<kU(v)> :

Thus we obtain

k(1,2) — 1
=202 C(1-2¢+ U- Ok +1). (1.312)
v oL o)«

Next, we use (1.301) (with indices 1, j(1), 2, /(1) rather than 1,2, 3,4, and
with k& — 1 rather than k) to see that

y(g(n QSUHSkU—(v)>

= B3*(1-2q¢+ (?)1/((]%1’2 — Ry~ B2 + By i) H U_(v)>
2<v<k
+ O(k+1)

= (1 -2¢+q) (MILU ) O(k+1).

Combining with (1.310) and (1.309) we reach the equality

1/(;3(1) 29}1‘[9 U(v))
= (1 —2¢+q)v (1<1:[<kU )

RLICL e TR (H U- )+O(k+1).

3<v<k

We claim that on the right-hand side we may replace each term U~ (v) by
U(v) up to an error of O(k + 1). To see this we simply use the relation
U~ (v) =U(v) —e(v)/N and we expand the products. All the terms except
the one where all factors are U(v) are O(k + 1), as follows from (1.297).
Recalling (1.309) we have proved that

(1*ﬁ2(1—2q+§))V:MA21(1—2q+q (3<1_[<kU )+Ok+1)
(1.313)

The proof is finished if k(1,2) = 1, since a(1) = 0. If k(1,2) > 2, we have

V<H U(v))zu( I =" 11 = T"B)

3<v<k 1<e<t/'<n 1<0<n
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where k/(¢,¢') = k(¢,¢') unless £ = 1, ¢/ = 2, in which case ¥'(1,2) = k(1,2) —
2. This term is of the same type as the left-hand side of (1.303), but with
k1 — 2 instead of k1. We can therefore apply the induction hypothesis to get

K (¢, k(e
v <H1gz<z'gn TME ) ngegn T, “ Tk3>

= Ili<eco<nalk' (4, gl))Akl_%(ngégn ;" Tks) +O0(k+1) .

Combining with (1.313) and using the value of A we get
V=(k12-1 ] a(k'(z,z’))Aklu( IT 7+ T’fs) +O(k+1).
1<e<t'<n 1<6<n

Using that a(k(1,2)) = (k(1,2) — 1)a(k'(1,2)), this completes the induction
and the proof of Proposition 1.10.4. O

Proposition 1.10.5. With the notation of Theorem 1.10.1 we have

V( T [ 70 Tk3> (1.314)
1<e<'<n 1<t<n

= J] ak@?) J[ ak@)A®Bk2u(T*)+ Ok +1).

1<e<e'<n 1<0<n

Proof. We already know from Proposition 1.10.4 that we can assume that
k1 = 0. So we fix k; = 0 and we prove Proposition 1.10.5 by induction over
ks. Thus assume ko > 0 and also without loss of generality that k(1) > 0.
We keep the notation of Proposition 1.10.4. Recalling (1.304) we assume

Lv)=1v<Ek1).

Using (1.305) we write, using symmetry between sites,

V= ,,( IT =% T’“S) = u<1:[k U(v))

1<0<n
:V<gu) 11 U@o) (1.315)

2<v<k
and (1.310) remains valid. For v < k(1) we have
vo(e(L)e(v)) = voller — g5))e ) (€1 = €50 )€ ()
=q—q

and for v > k(1) we have 1y(e(1)e(v)) = 0 because (v) does not depend on
either 1 or £;(1). Thus, instead of (1.312) we now have (recalling that the
term I has been defined in (1.311))
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= = qq(HU )+O(k+1). (1.316)

N
3<v<k

We use (1.302) (with the indices 1, j(1), /(1) rather than 1,2,3 and with k—1
rather than k) to obtain

V(g(1) 2§U]‘[SkU—(v))

— /32(1 —4q + 3qA)y((R;j,(1) - Rj_(1),j/(1)) H U(v)>

2<v<k
+ 1+ 0(k+1) (1.317)

for

II=x¥01—é)§:v(U% =Ry = B s + By i) IT v~ )

14 2<v<k
(1.318)
where n’ is an integer larger than all indices j(v), j'(v), and where the sum-
mation is over 2 < £ < n', £ # j(1), £ # 7 (1).
Compared to the proof of Proposition 1.10.4 the new (and non-trivial)
part of the argument is to establish the relation

= (k(1) - 1)5*(q - q)v ( I Tew T2 +1) +0(k+1) (1.319)
3<v<k

and we explain first how to conclude once (1.319) has been established. As
usual in (1.316) and (1.317) we can replace U~ (v) by U(v) and R, ,, by Ree
with an error O(k + 1), so that

I:% - (HU )+Ok+1)

3<v<k

and also

((ng ) j_(l),j’(l))zgllk U(v)> - V(Kllk U(U))
(H Uw ) Ok +1)
1<v<k

=V+0k+1).
Combining with (1.310) and (1.317) we get

(1— 52(1— dg +3)V = (k(1) — 1)(q -G ( (HU )

+ ﬁzy( I Tuw TﬁnH)) + O(k + 1) .(1.320)

3<v<k



1.10 Central Limit Theorem for the Overlaps 109

This completes the proof if k(1) = 1 since a(1) = 0. If k(1) > 2, we have
u( I1 U(v)) - V(H T ® T’“3> , (1.321)
3<v<k <n

where k' (¢) = k(¢) for £ > 1 and k(1) = k(1) —2 if £ = 1. Thus the induction
hypothesis implies

1 K (¢ 1 _

Nu( IT = >T’f3>: ¥ [ ot @©)B*2v (1) +0(k+1) . (1.322)

1<e<n 1<t<n

We can use Proposition 1.10.4 and the induction hypothesis to compute the

term
V< H Tg(v) T127n/+1>

3<v<k

because this term contains only ko — 2 factors Ty, and we find
u( H Tow) Tﬁn,+1>_ A? H a(k'(€))B*~2y(T*) +O(k+1) . (1.323)
3<v<k 1<t<n
Combining (1.320) to (1.323) we get
(1-5°(1—4q+379))V
~ 1 ko— k3
=(¢—17 (ﬁ + ﬂ2A2> H a(k'(€))B*72u(T%) + O(k +1) .

1<(<n

Using the relation
~ ~f 1
(1= (1= g + 308" = (g ) + 4
and that (k(1) — Da(k(1) — 2) = a(k(1)) then completes the induction.

Now we turn to the proof of (1.319). As usual we have

II=3*(q—7q) Z V((Rl,z — Ry — Rins1 + Rjyni41) H U(v))

¢ 2<v<k
+O0(k+1),

where the summation is as in (1.318). Moreover (1.246) implies

II = 52((] _ E]\) Zy((TLg — Tj(l),z — Tl,n’+1 + 1}(1)7”/+1) H U(’U))

0 2<v<k
+0(k+1), (1.324)
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and, for 2 <wv < ko

U(v) = Rew),j'(v) = Rj(w),j' ()
= Tyw),j0(w) = Tj(w),j'(v) + Tow) = Ty

while, for ko < v < k3
U(w) = Rj(),j' ) = 4= Tjw)50) T Tjw) + Tjrwy + T -

This looks complicated, but we shall prove that when we expand the product
most of the terms are O(k + 1). We know from Proposition 1.10.4 that in
order for a term not to be O(k + 1), each factor Ty must occur at an even
power because a(k) = 0 for odd k. In order for the terms 7% ¢ (or T)j(1),¢, or
T nr41 or Tj1)nr41) to occur at an even power in the expansion, one has
to pick the same term again in one of the factors U(v) for v > 2. Since all
the integers j(v),j’(v) are < n/, this is impossible for the terms T3 ,,/41 and
Tj).mr41-

Can this happen for the term Tj(1),? We can never have {j(1),(} =
{j(v),5'(v)} for v > 2 because the integers j(v),j' (v) are all distinct. We
can never have {j(1),¢} = {£(v),j'(v)} because j(1) ¢ {l(v),j' (v)} since
J(1) > n, £(v) < n and j(1) # j'(v), so this cannot happen either for this
term 7)1y -

Can it happen then for the term T 07 Since j(v), j'(v) > n, we can never
have {1,¢} = {j(v),7'(v)}. Since j'(v) > n, we have {1,¢} = {{(v),j'(v)}
exactly when ¢(v) = 1 and £ = j'(v). Since 2 < v < k, there are exactly
k(1) — 1 possibilities for v, namely v = 2,...,k(1). For each of these values
of v, there is exactly one possibility for £, namely ¢ = j'(v).

So, only for the terms Tj , where ¢ € {j/(2),...,7(k(1))} can we pick
another copy of this term in the product [[,., ., U(v), and this term is
found in U(u) for the unique 2 < u < k(1) for which £ = j'(u). Therefore in
that case we have

V((Tu —Tiay,e — Trr+1 + Tjaymr41) H U(U))Z V(Tf,z H U(“)) -
2<v<k vFEU

Moreover, since £ = j'(u) we then have £ > n, and since £(v) < n and all
the numbers j(v) and j'(v) are distinct, £ does not belong to any of the sets
{4(v),j(v),5'(v)} for v # u, so that, by symmetry between replicas,

(12 ITvw)=v(2wa T1 00)=r(20es TT Tiw)
vFEU 3<v<k 3<v<k

and since there are exactly k(1) — 1 such contributions, this completes the
proof of (1.319), hence of Proposition 1.10.5. a

Proof of Theorem 1.10.1. We prove by induction over k that
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v(T*) = a(k)C* + O(k + 1)

where C is as in (1.262). This suffices according to Propositions 1.10.4 and
1.10.5. We write

1) =o( T (Revr =)= v( (@2 =0 [T (Ravr-0))

1<v<k 2<v<k
We proceed as before, using now (1.230) for n = 2k to obtain
v(TF) =14+11+O0(k+1), (1.325)
where, defining b(¢, ¢') = b(card{¢, ¢'} N {1,2}), we have
E—1, .

I= T(q — " (T*?) (1.326)
M= Y bW (Rew —q)f)
1<e<t/<n
— nz b(l,n+ Dv((Rent1 —q)f)
<n
wb(n + 1,4+ 20((Ruginiz — 0)f) (1.327)

for f =[]y« <k (R2v—1,20 — q). The key computation is the relation

II = 31 — 4q + 3Q)w(T") (1.328)
+ (= (8@ — *w(T2,T"2) +26%(2q + ¢* — 3Du(TET"2)) .

Once this has been proved one can compute the last two terms using the
induction hypothesis and Propositions 1.10.4 and 1.10.5, namely

v(TE, TF %) = A%a(k — 2)C* 2+ O(k + 1)

and
V(T2 T %) = B%a(k — 2)C* 2+ O(k +1) .

Combining this value of IT with (1.325) and (1.326), and using (1.262) one
then completes the induction.

It would be nice to have a one-line argument to prove (1.328); maybe
such an argument exists if one finds the correct approach, which probably
means that one has to solve Research Problem 1.8.3. For the time being, one
carefully collects the terms of (1.327). Here are the details of this computation
(a more general version of which will be given in Volume II). In order to
compute v((Ree — q)f) we can replace each factor Ro,—12, —¢q of f by T
whenever {2v — 1,2v} N {¢, ¢’} = (). Thus we see first that

V((Rpgamt2 — @)f) = v(T* " (Rugimg2 — ) = v(T) .
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If w is the unique integer < k such that ¢ € {2w—1, 2w}, then for w = 1 (and
since f does not contain the factor Ry 2—¢q) we have v((Ry n+1—q)f) = v(T*),
whereas for w > 2 we have

V((Re,n+1 - (I)f) = V((RZ,nJrl - q)(R2w—-1,20 — Q)Tk_Q) )

2v—

as is seen simply by averaging first in 2?~! and o?¥ for v # w. To compute

this term, we use (1.246) to write
Ré,n—&-l —q= Té,n-{-l + T, + Tn+1 +T

Row—1.20 —q¢=Tow_120 +Tow—1+To0w + T,

and we expand the product of these quantities. Since a(1) = 0, the induction
hypothesis shows that

V(Remr1 — a)f) = v(TF) + (T T*2) + O(k + 1) .

To compute v((Ree — q)f) for 1 < £ < ¢’ < n, we first consider the case
where for some 1 < w < n, we have f = 2w — 1 and ¢/ = 2w. If w > 2 we
have

v((Rew — q)f) = v((Rew — q)*T" %) .

Using again (1.246), the induction hypothesis, and the fact that a(1) = 0, we
get

V(Reer — @) T"?) = v(T") + v(T3 0 TF2) + w(TZ T2
+v(TET" )+ 0k +1).

If w = 1, we have instead v((Rpo — q)f) = v((R12 — q)f) = v(TF).

Next we consider the case where ¢ € {2w — 1, 2w}, ¢/ € {2w' —1,2w'} for
some 1 <w < w'.
o If w > 2 we have

v((Ree —a)f) = V((RM’ — q)(R2w—1,20 — @) (Row'—1,20 — (I)kag) )
and proceeding as before we get
V(R = q)f) = v(T") + v(TFTE2) + v(T; T"7%) + O(k + 1) -
e If w =1, we find instead

V((Ree — q)f) = v((Reer — @) (Row 1,20 — Q)T )
= (T + (T2 T )+ 0k +1).

It remains to gather these terms as in the right-hand side of (1.327). The
coefficient of v(T*) is
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ST b —n Y bl +1) + @b@w 1,n+2)
1<l <n <n
n—2)(n-1),
- 62<1 —¢*+2(n—2)(¢—¢*) + %(q—q%
2
=0%((1-¢*) —4lg = ¢*) +3(@— ¢*)) = B*(1 — 4q +39) -
We observe that v(T7,, T*=2) = y(T?, T*~2). The coefficient of v(T{, T"2)

1S

Conlg— ) — (- + " G q2>)

Y. bw—1,2w) = (k=157 ).

2<w<k

The coefficient of v(T2 T%2) is

n—3)(n—-2), . ~
#(2(n—-2)(g—a*) + 2%((1 —¢*) = (n—2)n(q7 - ¢*))
=20%(k = 1)(20+¢* = 37) ,
since n — 2 =2(k — 1).
This completes the proof of (1.328) and of Theorem 1.10.1. O

1.11 Non Gaussian Behavior: Hanen’s Theorem

After reading the previous section one could form the impression that every
simple quantity defined in terms of a few spins will have asymptotic Gaussian
behavior when properly normalized. This however is not quite true. In this
section we prove the following remarkable result of A. Hanen, where, as usual,
Y = Bz\/q+h, q is the root of the equation (1.74), a(k) = Eg* for k € N and

a standard Gaussian r.v. g and § = Eth*Y".

Theorem 1.11.1. (A. Hanen [79]) If B < 1/2, for each k we have

62 k/2 1 ?
— (01)(09 k =a D h2ky
E((0102) — (01)(02)) (k) <N(1 —32(1—2q+ q))) (E cthY>
+ Ok +1). (1.329)

Of course O(k + 1) denotes a quantity U with |U| < K/N®+1/2 where K
does not depend on N. Since the right-hand side is not of the type a(k)D¥,
this is not a Gaussian behavior. In fact, the meaning of (1.329) is that in the
limit N — oo we have

6 ; 1 1
VI=32(1—2¢+q) b’y ch’Ys’

19

VN ((o102) = (01){02))

(1.330)
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where D means equality in distribution, g,Y7 and Y5 are independent, g is
standard Gaussian and Y; and Y5 are independent copies of Y.

Research Problem 1.11.2. A decomposition such as (1.330) can hardly be
accidental. Rather, it is likely to arise from some underlying structure. Find
it.

In some sense the proof of Theorem 1.11.1 is not very difficult. It relies on
the cavity method and Taylor’s expansions. On the other hand, it is among
the deepest of this volume, and the reader should be comfortable with argu-
ments such as those used in the proof of Theorem 1.7.11 before attempting
to follow all the details of the proof.

To start this proof we note that

E((0102) — (01)(02))" = E({onon—1) — (on){on—1))* (1.331)
and that

(onon-1) — (on){oN-1) = %((Ujlv - 0']2\1)(011\[4 - 012\771»

= e =)ok ko) (1332

where as usual ¢y = af\,. Using replicas, we then have

((er—e2)(oy_1—ox 1)) = ((e1—e2)(es—e4) - - (e2n—1—E2) ) , (1.333)

where f~ = (o —0%_1) (U?\ﬁ:11 — o)

For v > 1, let us set 1, = €2y,—1 — €24, and for a set V of integers let us

set
nv = H Mo -

veV
Let us also set
Vo= J{2v—1,20},
veV

so that ny depends only on the variables gy for £ € V*. From (1.331) to
(1.333) we see the relevance of studying quantities such as v(ny f~) where
f~ is a function on X% _;. These quantities will be studied by making a
Taylor expansion of the functions ¢ — v (ny f~) at ¢ = 0, where v, refers
to the interpolating Hamiltonian (1.147). We denote by I/tm)(f) the m-th
derivative of the function ¢ — 14(f), and we first learn how to control these
derivatives.

Lemma 1.11.3. If f is a function on X} we have

K(m,n)

Y v(f2H)Y2 . (1.334)

W™ ()] <
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Proof. This is because “each derivative brings out a factor R, , — ¢ that

contributes as N~1/2.” More formally, by (1.151), counting each term with
its order of multiplicity, v;(f) is the sum of 2n? terms of the type

:|:52I/t(645£/ (RZg/ - q)f) )

where ¢, < n + 2, so that by iteration I/t(m)(f) is the sum of at most

2n°(2(n +2)%) -+ (2(n + 2(m — 1))?)
terms of the type
:I:,B2myt < H €e, e, (RZ_T,Z; - q)f>
r<m
and we bound each term through Hélder’s inequality and (1.103). O
For a set J of integers, we define
EJ = H [y
leJ

A basic idea is that the quantity vo(nye) has a great tendency to be zero,
because each factor 7, = €9, _1 —€9, gives it a chance. And taking the product
by €5 cannot destroy all these chances if cardJ < cardV, as is made formal
in the next lemma.

Lemma 1.11.4. Assume that card(V*NJ) < cardV, and consider a function

~

f of (ee)egv+- Then

~

w(nvesf) =0.
Proof. Recalling the definition of V* and since card(V*NJ) < cardV, there
exists v in V such that {2v — 1,20} NJ = . Defining V' = V' \ {v} we get
77V5J]?: 77u77v'€JJ?>
where nV/EJf depends only on g, for ¢ # {2v — 1,2v}. Thus

o~ ~

(mvesflo= (m)o(nvesflo=0
because (1,)o = 0. 0
As a consequence of Lemma 1.11.4 terms 7y create a great tendency for

certain derivatives to vanish.

Lemma 1.11.5. Consider two integersr, s and sets V and J with cardV = s
and card(V* N J) < r. Consider a function f of (e¢)egyv+ and a function f~
on X3 _,. Then for 2m +r < s we have

W™ vesFF)=0.
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Proof. Lemma 1.6.2 implies the following fundamental equality:

volnvesff=) = volnves fuo(f) -

Therefore for m = 0 the conclusion follows from Lemma 1.11.4 since

1/(()0) = vy. The proof is then by induction over m. We simply observe that

vh(mvesff7) is a sum of 2n? terms
+68°vo(nvesece f(Ryy —a)f ™)
and that e jepep = ey with J' C JU{£,¢'}, so that
card(V*NJ') <24 card(V*NJ)<2+r.

Moreover
2m—1)+2+r=2m+r<s.

The induction hypothesis then yields

" Vvesece Ry —a0)f7) =0,
and this concludes the proof. O

The next corollary takes advantage of the fact that many derivatives van-
ish through Taylor’s formula.

Corollary 1.11.6. Consider sets V and J with cardV = s and card(V* N
J) < r. Consider a function f of (¢)egv+- and a function f~ on X% _,.

Assume that n,],s,],f are functions on X% (that is, they depend only on €,
for ¢ <mn). Then

~ K(s,n) , ~._
vives fI) < < v(FF))Y2,
where
_ 1 _
a= % if s—ris odd; a= 3277” if s —r is even. (1.335)

Proof. Consider the largest integer m with 2m < s — r so

—r_1 _
m:% if s —ris odd; m:s !

—1 if s —1ris even.

Thus a = m + 1. Moreover Lemma 1.11.5 implies that vém/)(nvsjff*) =0
whenever m’ < m. Taylor’s formula and Lemma 1.11.3 then yield
K(s,n)

wnvesff)| < li“dgpl M (pyes £ < ]\[(7717J;1)/2V((J?f_)z)l/2 -

The reason why K (s,n) depends only on s and n is simply that m <s. O
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Corollary 1.11.7. Consider a number ¢’ (that may depend on N ) with |qg —
qd'| < L/N. Consider a set V with cardV = s, and for u < m consider integers
l(u) < U'(u). Then

V<77v 1 (Recwy o) — Q')) =0(b+m)
u<m
where b = (s +1)/2 if s is odd and b = s/2 if s is even. Moreover these

estimates are uniform over < By < 1/2.

Proof. Let us write

;e s, Ee(w)Ee(u)
Rowy,orw) =4 = Ry oy =4 + N

and expand the product [], .. (Re(u),¢ () — ¢') according to this decomposi-
tion. We find B

u(??v H (Roquy,er(u) — q’)) = Z Wi

u<m Ic{1,....m}
where
W] = V(?]V H Cu>
u<m
with o
Cu= 0 ifuel; Cu=Ryy i —0 fudgl
Let 7’ := cardl, so that
1
[[Cu= e
uel

where cardJ < 27'. Let

7= = I = TRy e = )
ugl ugl
so that 1
Wi = WV(UVEJJH) :
We may use Corollary 1.11.6 with r = 27/, f: 1 to obtain

K(s,n)
Na/2

v((f)HY?

w(nvesf7)l <

where @ = (s 4+ 1)/2 — 7" if s is odd and a = s/2 — 7’ if s is even so that
a=b—r.
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Also, by (1.103) we have Vt((Rl_Q—q’)Qk) < KN~* and Holder’s inequality
implies
- K(m)
211/2
V((f ) ) S N(mf,,,/)/z :
Therefore

Wil < 1 K(sn) Km) _ K(snm)
M= "N Nv2=2 Nim=r)/2 — NOtm)/2

The uniformity of these estimates over 8 < §y < 1/2 should be obvious. 0O

Lemma 1.11.8. Consider a set V with cardV = 2m, a function f of
(€0)egv=, and a function f~ on X3 _,. Assume that ny and f are functions
on X%, Then

ém)(UVJ?f =p? Z V - nvizé‘zf(Ru/—q)ff ). (1.336)

<l <n

Proof. From (1.151) we know that y{(nvff_) is the sum of 2n? terms of
the type R
+0%v(nveeee (Ryp — ) ff7) -
Now it follows from Lemma 1.11.5 used for s = 2m and Vémfl) rather than
(m) that
V(()m_l)(nvgﬁf/( Ry — )ff )=

unless ¢, ¢’ € V*. Looking again at (1.151) we observe that the only terms for
which this occurs are the terms

ﬂQVt(WV5€5£’(RZg/ —Q)ff) fort<l <n. O

The next result is the heart of the matter. Given a set V with cardV = 2m,
we denote by Z a partition of V in sets J with cardJ = 2. When J = {u, v}
we consider the “rectangular sums”

Uy =Rou_120-1 — Ray_120 = Ry o1+ Roy oy

and
Uj = Roy—1,20-1 — Rou—1,20 — Rou,20—1 + Rou,20 -

Theorem 1.11.9. Consider a set V with cardV = 2m, a function f of
(ee)egv+ and a function f~ on X% _,. Then

™ (v F ) ﬂzmm'z ( h4mY> (fHU;), (1.337)

Jel

where the summation is over the possible choices of the partition Z of V.
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When m =1 and f = 1, this is (1.237).

Proof. We may assume that n is large enough so that 1y and fare functions
on X%. Iteration of (1.336) and use of Lemma 1.6.2 show that

V(gm) (UVJ?ff) = 52m Z Vo(ﬂvﬁzléiz; e 'Eemwgnj?)lfo (f RZ N/ )

r<m
1.338
where the summation is over all choices of 1 < ¢; < £} < mn,...,1 g by <
¢/ <n. Now, as shown in the proof of Lemma 1.11.4,
vo(nvenee e, e, f) =0 (1.339)

unless each of the sets {2v — 1,2v} for v € V contains at least one of the
points £, or £!. (r < m). There are 2m such sets and 2m such points; hence
each set must contain exactly one point. When this is the case let us define

Jr ={vp,vv} where £, € {2v, —1,2v,}; L. € {20 —1,2v.} .

Then {.Ji,...,J,} forms a partition of V. Moreover,

(veney - ennee, o= (Fo [] w.cedo [ tmreeo
r<m r<m

and

(e %0 = (€20, 1—Em )oe)o = 1—th®Y = 1/ch’Y if £, = 20,—1
e €70 = WE20, =17 €20 05000 = (1 — th%Y) = —1/ch?Y if £, = 2v,

and similarly for (1, e )o. Let us then define
=1ifl, =2v,—1; 7. =—-1if {, = 2v, ,
and 7/ similarly. Then the quantity (1.338) is
2Py ) S (I ot oo (4 TR —0)) . 1300
r<m r<m

where the summation is over all the choices of the partition {Jy,...,Jn}
of V in sets of two elements, and all choices of ¢, and ¢/ as above. Given
the set J,., there are two possible choices for ¢, (namely ¢, = 2v, — 1 and
¢, = 2v,.) and similarly there are two possible choices for ¢/.. Thus, given the

sets Ji,...,J, there are 22™ choices for the indices ¢, and £, r < m. In the
next step, we add the 22™ terms in the right-hand side of (1.340) for which
the sets Ji,...,J,, take given values. We claim that this gives a combined

term of the form
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ﬂZ’"E<<f> h4my> ( HUJ>-

r<m

To understand this formula, one simply performs the computation when m =
1 and one observes that “there is factorization over the different values of
r < m”. If we keep in mind the fact that there are m! choices of the sequence
J1, .y Jm for which {Jy,..., J,} forms a given partition Z of V in sets of 2
elements, we have proved (1.337). O

We are now ready to start the real computation. We recall the notation
A? of (1.248).

Proposition 1.11.10. Consider a set V' with cardV = 2m, and a partition
T of V in sets with 2 elements. Consider a function f of (e¢)igv+. Then

~ B . 1 .

V(nvf 11 UJ> = E((f}oT>(462A2) +0@2m+1).  (1.341)

7 ch™Y
ez

Proof. First, since v(([],;c7 Uy )?)"/? = O(m) (because there are m factors

in the product, each counting as 1/v/N), it follows from (1.334), used for

m + 1 rather than m that 1/(m+1 (UVJ?HJGI U;)=0(2m+1) (uniformly in
t). Next, it follows from Lemma 1.11.5 (used for r = 0 and s = 2m) that for

p < m we have u(p) (nv fHJEI U, ) = 0. Combining these facts with Taylor’s
formula, we obtain:

u(nfo UJ> = —uém) <nvf I1vs ) +0@2m+1). (1.342)

JeT JeT

From (1.337) we get

o 107) o (s ) (110 11 5)-
JET e e (1.343)

where the summation is over all partitions Z’ of V' in sets with 2 elements.
Both Z and Z’ have m elements. In the previous section we have explained
in detail why

VO<H u; 11 Ui) :1/<H us ] UJ/) +0@2m+1).  (1.344)

JET J'er’ JeT J'er’

Now, if J = {v, v’} we obtain, recalling the notation Ty, of (1.245),

Uj = Rop—1,20'—1 — Roy—1,200 — Ray 2011 + Roy 20/
=Top—1,20'—1 — Top—1,20' — Tov, 207 =1 + To0 20 - (1.345)
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In this manner each term U, is decomposed as the sum of 4 terms +7; ¢/, so
that the right-hand side of (1.343) can be computed through Theorem 1.10.1
(using only the much easier case where ks = k3 = 0). The fundamental fact
is that if a term 7y ¢ occurs both in the decompositions of Uy and U then
we must have J = J’ because £ and ¢ determine J by the formula

()

i.e. J is the two-point set whose elements are the integer parts of (£ +1)/2
and (¢ 4+ 1)/2 respectively. In order for the quantity

V(H us ] UJ/>

JeT Jer’

not to be O(2m + 1), the following must occur: given any Jy € Z, at least
one of the terms Ty ¢ of the decomposition (1.345) of U, must occur in the
decomposition of another Uy, J € TUZ', J # Jy. (This is because a(1) = 0.)
The only possibility is that Jy € Z’. Since this must hold for any choice of
Jo, we must have 7’ = 7, and thus (1.343) implies

y(()m) (nvf H UJ_) = 3*™mlE (( >0%) V(H U;) +0@2m+1).
JET ch™Y JET
(1.346)
Expanding U?% using (1.345), and using Theorem 1.10.1 then shows that

(H U2> (4AH™ +0(2m +1) ,

JeT

and combining with (1.342), (1.343) and (1.346) completes the proof. O

Proposition 1.11.11. Consider a set V with cardV = 2p and a partition T
of V in sets with two elements. Then

p
y<nV 11 UJ) = (4(% +ﬁ2A2>> Eﬁ +0@2p+1). (1.347)
JeT

Proof. We observe the relation

UJZU;'F%]
so that 77J
[T =11 (v + %) -
JeT Jez

We shall prove (1.347) by expanding the product and using (1.346) for each
term. We have
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H(U + )Z(Hnj><HU;> (1.348)
Jez 1 NjeT JET'

where the sum is over all subsets Z’ of Z. Consider such a subset with cardZ’ =

m <p=-cardZ. Let V' =J{J ; J € T’} and observe that

nv ="nv H nJ
J¢T’

nVHnJHUJ_nV’HnJHU7

J¢T’ JeT’ J¢T’ JeT’
We can then use (1.341) with V' instead of V', 7’ instead of Z, m = cardZ’
and f=[];¢7 n%. We observe that

(Fo =TI @

so that

and that if J = {v,v'},
<n3>0 = ((e2v—1 — 5271)2(52@’71 — 521;/)2)0
2\2 212
= ((e2p—1 — €2¢ =(2—-2th*Y)* = —— .
((e20-1 —€20)%)5 = ( )V =Ty
Therefore (1.341) proves that

(IR )) - wee((i) e

O(2m+1)

Np—m

1 4p
——E ZA%)™ 2p+1
Np—m (Ch4pY> (ﬁ ) + O( p + ) b

and performing the summation in (1.348) completes the proof. (]

Proof of Theorem 1.11.1. Combining (1.331), (1.332) and (1.333) we
obtain

v(({o102) — <U1><02>)k) =2" (v f7) (1.349)
where V = {1,...,k} and
fm=(oha—0ka) (o —oR) - (1.350)

Using Taylor’s formula and (1.334) proves that

Vi) = Y0 oA ) Ok . (1351)

m<k
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Let us denote p = (k4 1)/2 when k is odd and p = k/2 when k is even. We
claim that

vy (v f7) = Op +m). (1.352)
To prove this we recall that by (1.151), and Lemma 1.6.2, the quantity

l/(()m) (nv f7) is the sum of terms of the type

iﬁQMVO (UVEAEWI €0, E0 f_ H (RZ:,E’T - q))

r<m

= +02"vo(nven e - €080, )0 (f_ IR .- Q)) :

r<m

Thus it suffices to prove that

Vo <f 11 (Rp o — q)> =O0(m+p). (1.353)

r<m

This will be shown by using Corollary 1.11.7 for the (N —1)-spin system with
Hamiltonian (1.144). First, we observe that if (-) _ denotes an average for the
Gibbs measure with Hamiltonian (1.144) then for a function f’ on X% _, we
have (f")o = (f")—. So, if v_(-) = E{-)_, (1.353) shall follow from

V- (f 1., - Q)> =0(m+p). (1.354)
r<m
Since the overlaps for the (N — 1)-spin system are given by
1 ¢V N
> ) = T N P , 1
Ry N_1 Z 00 = 1RM (1.355)

i<N-1

it suffices to prove (1.354) to show that

v_ (f 1:[ <R;h£,r - N]\—flq)> =O0(m+p). (1.356)

The (N — 1)-spin system with Hamiltonian (1.144) has parameter

N -1

=\ F=8, (1.357)

and the corresponding value ¢_ satisfies |¢ — g—| < L/N by (1.187), so that

L
N-1"

’ N

—q_| <
LI
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Recalling the value (1.350) of f~ we see that indeed (1.356) follows from

Corollary 1.11.7, because the estimate in that corollary is uniform over § <

Bo < 1/2 (and thus the fact that S_ in (1.357) depends on N is irrelevant).
Thus we have proved (1.352), and combining with (1.351) we get

v ) = §j7m%mmmfd+ow+n. (1.358)

m<k—p

When k is odd, we have k —p = (k — 1)/2, and for m < k — p we have
2m < k. It then follows from Lemma 1.11.5 (used for » = 0 and s = k) that

1/0 (nvf ) =0 for m < k — p. In that case v(ny f~) = O(k + 1), and since
a(k) = 0 when k is odd, we have proved (1.329) in that case.
So we assume that k is even, k: = 2p It then follows from Lemma 1.11.5

(used for r = 0 and s = 2p) that 1/0 (17 f7) =0 for m < p. Therefore from
(1.358) we obtain, using (1.337),

wav=$%Wm¢v+ow+n
_ 2 NE wlf~TTU; ) +0k+1), (1.359)
2 (h% ) 0( ng J)

where the summation is over all partitions Z of V in sets of two elements.
Now we use (1.347) for the (N — 1)-spin system to see that, using (1.355)
and defining A_ in the obvious manner:

JeT

where Y_ = 3_z,/g_ + h. It is a very simple matter to check that

4 L+52A2 pE;— 4 i+ﬂ2A2 ’ (2p+1)
N-1 - ch*y_ N p
and thus
wlf JJU; ) =(4 1 ipe pE;—f—O(Z +1)
0 7)o N ch*?y b '

Jel

Each choice of 7 gives the same contribution. To count the number of par-
titions Z, we observe that if 1 € J, and cardJ = 2, J is determined by its
other element so there are 2p — 1 choices for J. In this manner induction over
p shows that

cardZ = (2p—1)(2p—3)--- = a(2p) = a(k) .

Therefore
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1 2 1 k/2
s ) o (B ) (o5 +842) ) +ote .
which completes the proof recalling (1.349) and since

1 o, ., 1 1
o2 , O
AR i =T s

Having succeeded to make this computation one can of course ask all
kinds of questions.

Research Problem 1.11.12. (Level 1) Compute

lim N*2E((o10903) — (01){02)(o3))F .

N—o0

Research Problem 1.11.13. (Level 17) Recall the notation ¢; = o;—(0;).
Consider a number ¢, and i.i.d. standard Gaussian r.v.s g;, independent of
the randomness of Hy. Compute

k
lim N*2E[ {expt Z 910 \ _ exp ﬁ(1 —q)

i<N

(Hint: read very carefully the proof of Theorem 1.7.11.)

1.12 The SK Model with d-component Spins

A model where spins take only the values +1 could be an oversimplification.
It is more physical to consider spins as vectors in R? or R%. This is what
we will do in this section. The corresponding model is of obvious interest.
It has been investigated in less detail than the standard SK model, so many
questions remain unanswered. On the one hand, this is somewhat specialized
material, and it is not directly related to the rest of this volume. On the
other hand, this is as simple a situation as one might wish to describe a
“replica-symmetric solution” beyond the case of the ordinary SK model.

In the SK model with d-component spins, the individual spin ¢; is a vector
(0i1,.-., 0ia) of RE We will denote by (-, -) the dot product in R?, so that

(06,0)) =Y CiuTju -

u<d

The Hamiltonian is given by
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B
~Hy=-"= Y gy(0i,0;) (1.360)
VN 1<i<j<N

where, of course, (gi;)i<; are independent standard normal r.v.s. We may
rewrite (1.360) as

— HN = \/ﬂﬁ Z Zgijo—i,uo—j,u 5 (1361)

u<d i<j

a formula that is reminiscent of a Hamiltonian depending on d configurations
oy = (01u,---,0N,) for u <d, each of which has the same energy as in the
SK model. A first difference is that now o; ,, varies in R rather than in {—1,1}.
A deeper difference is that o1, ..., 04 are not independent configurations but
are interacting. (This does not show in the Hamiltonian itself, the interaction
takes place through the measure p below.) In order to compare with the SK
model, and to accommodate the case o;, = +1, we will assume that

Vi, > o}, <d, (1.362)
u<d

or, in words, that o; belongs to the Euclidean ball By centered at 0, of radius
V/d. Thus the configuration space is now

Sy = BY .

We consider a probability measure p on By. We will define Gibbs’ measure as
the probability measure on Sy = BY of density proportional to exp(—Hy)
with respect to u®V. The case d = 1 is already of interest. This case is
simply the generalization of the standard SK model where the individual
spin o; is permitted to be any number in the interval [—1,1]. When moreover
 is supported by {—1,1}, and for ¢ € {—1, 1} has a density proportional to
exp eh with respect to the uniform measure on {—1,1}, we recover the case
of the standard SK model with non-random external field. (Thus it might be
correct to think of p as determining a kind of “external field” and to expect
that the behavior of the model will be very sensitive to the value of p.) Also
of special interest is the case where d = 2, u is supported by {—1,1}2, and
for (e1,€2) € {—1,1}? has a density proportional to

exp(erh + eah + Ae1es)

with respect to the uniform measure on {—1,1}2. This is the case of “two
coupled copies of the SK model” considered in Section 1.9. This case is of
fundamental importance. It seems connected to some of the deepest remain-
ing mysteries of the low temperature phase of the SK model. For large values
of 3, this case of “two coupled copies of the SK model” is far from being
completely understood at the time of this writing. One major reason for this
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is that it is not clear how to use arguments in the line of the arguments of
Theorem 1.3.7. The main difficulty is that some of the terms one obtains
when trying to use Guerra’s interpolation have the wrong sign, a topic to
which we will return later.

Let us define

In = Zn (B, 1) = / exp(—Hy)dpa(o1) - du(o) | (1.363)

where Hpy is the Hamiltonian (1.360). (Let us note that in the case where
d = 1 and p is supported by {—1,1} this differs from our previous defini-
tion of Zn because we replace a sum over configurations by an average over
configurations.) Let us write

p(5,10) = N Elog Z(5,10) (1.364)

One of our objectives is the computation of limy_ . pn (5, 1). It will be
achieved when ( is small enough. This computation has applications to the
theory of “large deviations”. For example, in the case of “two coupled copies
of the SK model”, computing limy o, pn (8, ) amounts to computing

. 1
]\}gnoo NElog<exp ANR;2) , (1.365)

where now the bracket is an average for the Gibbs measure of the usual
SK model. “Concentration of measure” (as in Theorem 1.3.4) shows that
N~1log(exp ANR; ) fluctuates little with the disorder. Thus computing
(1.365) amounts to computing the value of (exp AN Ry o) for the typical disor-
der. Since we can do this for every A this is very much the same as computing
N"'1og G2 ({R12 > g+a}) and N~ log G$?({R12 < ¢—a}) for a > 0 and
a suitable median value ¢. In summary, the result of (1.365) can be transfered
in a result about the “large deviations of R; 2" for the typical disorder. See
[151] and [162] for more on this.

We will be able to compute limy_,o. pn (5, 1£) under the condition L3d <
1, where as usual L is a universal constant. Despite what one might think
at first, the quality of this result does not decrease as d becomes large. It
controls “the same proportion of the high-temperature region independently
of d’. Indeed, if p gives mass 1/2 to the two points (:I:\/E7O7...,O)7 the
corresponding model is “a clone” of the usual SK model at temperature
Bd. The problem of computing limy_, o, pn (5, 1) is much more difficult (and
unsolved) if 4d is large.

The SK model with d-component spins offers new features compared with
the standard SK model. One of these is that if x4 is “spread out” then one can
understand the system up to values of 3 much larger than 1/d. For example,
if y1 is uniform on {—1,1}¢, the model simply consists in d replicas of the SK
model with A = 0, and we understand it for 8 < 1/2, independently of the
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value of d. Comparable results will be proved later in Volume II when p is
the uniform measure on the boundary of By.

The good behavior of the SK model at small 8 < 1/2 is largely expressed
by (1.89), i.e. the fact that v((R12 — ¢)?) < L/N . The situation is more
complicated here. Consider 1 < u, v < d, and set

1
R = Z TiuTi - (1.366)
i<N
This is a function of a single configuration (o1,...,0n) € Sy, where o; =
(04u)u<a. Consider now two configurations (oi,...,0%) and (0%,...,0%).

Consider the following function of these two configurations

1
Ry =+ > ool (1.367)
i<N

In the present context, similar to (1.89), we have the following.

Theorem 1.12.1. If L3d < 1, we can find numbers (qu), (Pu,v) such that

(d)

=

Z V((Ru’v - Pu,v)z) < N (1.368)
u,v<d
> v((RYS = quw)?) < % . (1.369)

u,v<d

Here K(d) depends on d only; v(-) = E(:), () is an average for Gibbs’
measure, over one configuration in (1.368), and over two configurations in
(1.369). To get a first feeling for these conditions, consider the case d = 1.
Then (1.369) is the usual assertion that R;2 =~ ¢, but (1.368) is a new
feature which means that N='Y",_\ 02 ~ p. This of course was automatic
with p = 1 when we required that the individual spins be %1.

In order to give a proper description of these numbers (qy,v)i1<uv<d
(Puv)i<uw<d, let us consider (see Appendix page 439) for each symmet-
ric positive definite matrix (qu,v»)1<u,v<d, & centered jointly Gaussian family
(Yu)u<a with covariance

EY.Y, = 8%qu. - (1.370)

For each family of real numbers (py,v)1<uv<a and for x = (z1,...,zq) in
R%, let us set further

E=E(x) =exp (Z 2, Y, + %2 Z Ty Ly (Puw — %,v)) . (1.371)

u<d u,v<d
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Theorem 1.12.2. Assuming that L3d < 1, and setting Z = [ E(z) du(x),
the following equations have a unique solution, and (1.368) and (1.369) hold
for these numbers:

0= (g2 [0 @) [o£@anw) (1.372)

pun=E (% / xuxvé'(a?)d,u(q:)> . (1.373)

Of course the above theorem subsumes Theorem 1.12.1, and moreover the
proof of Theorem 1.12.1 requires the relations (1.372) and (1.373). But for
pedagogical reasons we will prove first Theorem 1.12.1 and only then obtain
the information above.

Theorem 1.12.3. If fLd < 1, then

2
i pv(Bon) = =0 3 (R~ )+ Elog [ E@aute) (370
u,v<d

where E(x) is given by (1.371).
Our argument gives a rate of convergence in N~'/2 but it is almost certain

that a little bit more work would yield the usual rate in 1/N.

We will later explain why the solutions to (1.372) and (1.373) exist and
are unique for L3d < 1, but let us accept this for the time being and turn to
the fun part, the search for the “smart path”. We will compare the system
with a version of it where the last spin is “decoupled”.

We consider the “configurations of the (N — 1)-spin system”

Pu= (01 ON—1u) -

(One will distinguish between the configuration p, and the numbers p, ,.)
We define

9(pu) = \/% Z GiNOiu

i<N—1

91(pu) = Vtg(pu) + VI —1Y, .

We consider the Hamiltonian

—Hyy(o1,...,0n) = \/% Z Z 9ij0iu0ju + Z oN,ugt(Pu)

u<ldi<j<N-1 u<d
ﬁ2
+ ?(1 - t) z;d ON,uON,w (pu,v - Qu,v) . (1375)

The last term is the new feature compared to the standard case.
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For a function f on S} we write

where (-); denotes integration with respect to (the n'" power of) the Gibbs
measure relative to the Hamiltonian (1.375). A function f on S% depends on

configurations (o1,...,0k), (0%,..., 012\,), couy (o, oo o). We define
77u5v J—
R@,@’ - Z Uzu 1,0
L<N 1

for £, <n and u,v < d. As usual, we write v;(f) =

qu,v(ga gl) = Qu,v if ¢ ?é v

L1,(f). We define

Qu,v (f, K) = Pu -
Proposition 1.12.4. We have

A= U (R gua(0)

£,0 <n,u,v<d
—nB > n(fele T (R — qun(bn+ 1)
L<n,u,v<d
- ”_ Z ve(fer et ™ (R — quo(n + 1,0+ 1)) (1.376)
u,v<d
n Jr 1 n n —,u,v
( )ﬁ2 Z (f€ +1 Jr2(]%n-‘,-1 n+2 Qu,v(n+17n+2))) .
u,v<d

Here we have set £/ = va,u- First let us explain why (1.376) coincides
with (1.151) in the case of the standard SK model. In such a case we have
d =1, ¢ =g RZé,l’l = Ry, 11 = ¢, pr1 = 1 (because 2* = 1 if
z € {—1,1} cf. (1.373)). Let us also point out that R, , = (N —1)/N, so that
the contribution of the case ¢/ = ¢ in the first sum of the right-hand side of

(1.376) cancels out with the contribution of the third sum. We finally observe
that > o0 =20

Proof. Of course this formula is yet another avatar of (1.90), the new feature
being the last term of the Hamiltonian (1.375), which creates extra terms.
We leave to the reader the minimal work of deducing (1.376) from (1.90). A
direct proof goes as follows. We use straightforward differentiation (i.e. use
of rules of Calculus) in the definition of v;(f) to obtain

2
A = =250 S nlfele (o — )

L<n u,v<d
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2
+ % Z Vt(f5n+1 n+1(puv QU,U))

u,v<d

U CICED)

_ gg:/“ <f53+1 <\1[g(pg+1) \/%Yu)) . (.377)

The first two terms are produced by the last term of the Hamiltonian (1.375),
and the last 2 terms by the dependence of g:(p) on t. One then performs
Gaussian integration by parts in the last two terms of (1.377), which yields
an expression similar to (1.376), except that one has g,, , rather than g, . (¢, ¢')
everywhere. Combining this with the first two terms on the right-hand side
of (1.377) yields (1.376). |

The proof of Theorem 1.12.1 will follow the scheme of that of Proposi-
tion 1.6.6, but getting a dependence on d of the correct order requires some
caution.

Corollary 1.12.5. Ifn =2, we have

1/2
()l < L52dvtl/2(f2)<”t( > (R Pu,v)Q)

u,v<d
1/2
+ Vt( Z (R;’zu’v - qu,u)2> ) (1.378)
u,v<d
and also
Wi (f)] < LB*dPu(|f]) - (1.379)

Here and throughout the book we lighten notation by writing v4(f)'/? rather
than (v,(f))'/?, etc. The quantity v;(f)'/? cannot be confused with the quan-
tity v4((f)'/?) simply because we will never, ever, consider this latter quantity.

Proof. We write
Z v (f€u€U (Rg UL qu,v(é,f = Vt( Z f€ RZ ;f U Qu,v(g’ (’))) .
u,v<d u,v<d

Next, we observe that since we are assuming that for each i we have

> o7, < (1.380)

u<d

taking ¢ = N, for each ¢ we have

D (el <d. (1.381)
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Now, by the Cauchy-Schwarz inequality, and using (1.380), we have

Z elel Rg’“” qum(ﬁ,f’))’

u,v<d
1/2 1/2
< ( T <eie£’>2) ( S (Ry qu,vw,z’w)
u,v<d u,v<d
1/2
< d( S (R qu,u<f,z’>>2) ,
u,v<d

so that use of the Cauchy-Schwarz inequality for v; shows that

APIWEEIE qu,vw,z')))\

u,v<d

1/2
<02 X (R - g 0?)

u,v<d

The right-hand side takes only two possible values, depending on whether
¢ = ¢ or not. This yields (1.378).

To deduce (1.379) from (1.376), it suffices to show that, for each ¢, ¢ we
have

Z Eu Re o qu,v(f,ﬁ’))‘ < 2d? .

u,v<d

Using (1.381) and the Cauchy-Schwarz inequality, it suffices to prove that

> (R = quol,0))? < 4d®

u,v<d
which follows from
SR <A D quall ) <d (1.382)
u,v<d u,v<d

To prove this we observe first that

> (Rpp) =

u,v<d

2 < q?

zu 11}

( )2
u,v<d <N-—-

v<di<N—
by (1.380). Next, we observe by (1.372) that

2. <E (Zl (/ xus<x>du<x>)2 (/ xv(s(m)dﬂ(x))z) .
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The Cauchy-Schwarz inequality implies

( / Cﬂug(ff)d/i(x))z <7z / 228(2)dp(z)

so that
quw < E(%/iné’(x)dy(x}/fo)g(m)dﬂ(m)) <

since Y, ., 22 < d for z in the support of p. The inequality Y, , Pi,v <d?
is similar. O

Proof of Theorem 1.12.1. In this proof we assume the existence of numbers
Quvs Puw satisfying (1.372) and (1.373). This existence will be proved later.
Symmetry between sites implies

A:= u< > (RS - qw)2> =u(f), (1.383)

where

f= Z (5711512; - Qu,v)(RllL,’;) — Quw) -

u,v<d

Using (1.381) and (1.382) we obtain

D (et —we)? <2 ) (ened)’ +2 ) di, <4Ad

u,v<d u,v<d u,v<d

and the Cauchy-Schwarz inequality entails
fP<ad® Y (RS = quo)® (1.384)
u,v<d
Next, as in the case of the ordinary SK model, (1.372) implies that for a
function f~ on Sy _;, we have
VO((E’LlLE’L% - Qu,v)f_) =0
and thus, as in the case of the ordinary SK model,

K(d)

|V0(f)‘ < N

If Bd < 1, (1.379) implies that v¢(f) < Lvy(f) whenever f > 0. Combining
this with (1.378), and the usual relation

v(f) <wvol(f) + sup [vi(f)l,

0<t<1
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we get that

1/2
v(f) < %d) + Lﬁ2dl/(f2)1/2 <V( Z (R1_771uw - puw)g)

u,v<d

1/2
+ V( Z (Rl_,éuw - Qu,v)2> ) .

u,v<d

Using (1.383), (1.384) and the fact that replacing R} 5"" by Ry’ or R ;"""
by R™" creates an error term of at most K(d)/N, we get the relation
K(d)

A<=+ LB*d?AY2(BY? 4 AV/?) (1.385)

where A is defined in (1.383) and

B=v( X ).

u,v<d

The same argument (using now (1.373) rather than (1.372)) yields the relation
B< # 4 LEBY2(BY? 4 AV
Combining with (1.385) we get
A+ B< %d)-l—Loﬁng(A—i—B) :

so that if Lo3%d? < 1/2 this implies that A + B < K(d)/N. O

The above arguments prove Theorems 1.12.1, except that it remains to
show the existence of solutions to the equations (1.372) and (1.373). It seems
to be a general fact that “the proof of the existence at high temperature of
solutions to the replica-symmetric equations is implicitly part of the proof
of the validity of the replica-symmetric solution”. What we mean here is
that an argument proving the existence of a solution to (1.372) and (1.373)
can be extracted from the smart path method as used in the above proof of
Theorem 1.12.1. The same phenomenon will occur in many places.

Consider a positive definite symmetric matrix @ = (guv)uw<d, and a
symmetric matrix Q' = (pu)u,v<d.- Consider a centered jointly Gaussian
family (Y3,)u<q as in (1.370). Consider the matrices T(Q, Q') and T7(Q, Q")
given by the right-hand sides of (1.372) and (1.373) respectively. The proof of
the existence of a solution to (1.372) and (1.373) consists in showing that if we
provide the set of pairs of matrices (@, Q') as above with Euclidean distance
(when seen as a subset of (Rdz)Q), the map (Q, Q") — (T(Q,Q"),T(Q, Q"))
is a contraction provided LBd < 1. (Thus it admits a unique fixed point.) To
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see this, considering another pair (@, @’ ) of matrices, we move from the pair
(Q, Q") to the pair (Q, Q') using the path t — (Q(t), Q'(t)), where

Q(t) = (tqu,v + (1 - t)a\u,v)u,vgd (1386)

Ql(t) = (tpu,v + (1 - t)ﬁu,v)u,vgd .

As already observed on page 14 this is very closely related to the smart
path used in the proof of Theorem 1.12.1, since (with obvious notation) the
Gaussian process Y, (t) associated to Q(t) is given by

Yo (t) = VY, + VI —tY,
where Yy, ffu are assumed to be independent. This is simply because
EY,(1)Y,(t) = tEY,Y, + (1 — )EY,Y, .

All we have to do is to compute the derivative of the map ¢t — (Q(t), Q'(t))
and to exhibit a convenient upper bound for the modulus of this derivative,
depending on the distance between the pairs (Q, Q') and (Q,Q’), i.e. on

1/2
(Z(Qu,u - a\u,v)2 + (pu,v - ﬁu,v)2> .

u,v

The estimates required are very similar to those of Corollary 1.12.5 and the
details are better left to the reader.

Proof of Theorem 1.12.2. We just proved the existence of solutions to the
equations (1.372) and (1.373). The uniqueness follows from Theorem 1.12.1.
O

We begin our preparations for the proof of Theorem 1.12.3. It seems very
likely that one could use interpolation as in (1.108) or adapt the proof of
(1.170). We sketch yet another approach, which is rather instructive in a
different way. We start with the relation

0 1
gg (8, 1) = N3/2 Z Z E(9ij(05,u0j.u))

1<j u<d

p
= m Z Z (V(ULuUj,uUi,vUj,v) - V(O-zluajl uafva‘?v))

1<j u,v<d

where the first equality is by straightforward differentiation, and the second
one by integration by parts. Thus, since e.g.

22 :Uzugguazvajv: (qu;} QE : zu zv ’
N 2N

1<J i<N
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we obtain
Opn I} w2 oo
3ﬂ (57M)_§§V((R ) _(RI;Q) )
s i2 Z Z V((0iu0iw)? = (04,07,)%)| < @
u,v [i<N
and thus, by Theorem 1.12.1,
OpNn By o oo K(d)
YPN P _ < .
aﬂ (ﬁa :U/) 2 Z(pu’y qu,v) < —\/N

u,v

Therefore, (and since the result is obvious for 5 = 0) all we have to check is
that the derivative of

i 2 2 El E(x)d 1.387
— 4 2_ (Puy— duo) +Elog [ E(z)dp(z) (1.387)

u,v<d

with respect to 3 is 3, ,<4(pi ., — da.,)/2- The crucial fact is as follows.

Lemma 1.12.6. The relations (1.372) and (1.373) mean that the partial
derivatives of the quantity (1.387) with respect to gy and py. are zero.

The reader will soon observe that each time we succeed in computing the
limiting value of py for a certain model, we find this limit as a function F of
certain parameters (here 5, u, (qu,v) and (pu,p)). Some of these parameters
are intrinsic to the model (here 3 and p) while others are “free” (here (gy,v)
and (py,)). It seems to be a general fact that the “free parameters” are
determined by the fact that the partial derivatives of the function F with
respect to these are 0.

Research Problem 1.12.7. Such a phenomenon as just described above
cannot be accidental. Understand the underlying structure.

Proof of Lemma 1.12.6. The case of the derivative with respect to py .
is completely straightforward, so we explain only the case of the derivative
with respect to ¢, ,. We recall the definition (1.371) of &£(z):

2
E(I) = eXp(Z zu/Yu/ + % Z l’u/l'v/(pu/ﬂ)/ — qu/m/)) ,
u'<d ' <d

where the r.v.s Y, are jointly Gaussian and satisfy EY,/Y,, = 62qu/,v/. Let us
now consider another jointly Gaussian family W, and let a,/ ,+ = EW,/ W:.
Let us define
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52
E(z) = eXp(Z Ty Wy + B} Z T Tor (Pur o — Qu’,v/)) )
u' <d u/ ' <d

which we think of as a function of the families (g, ) and (ay ) (the quanti-
ties (py o) being fixed once and for all). The purpose of this is to distinguish
the two different manners in which £(x) depends on g, . Thus we have

3 0 Elog/é’(w)du(x) =141, (1.388)
Qu,v
where 9
I= . Elog/ﬁ*(x)du(x), (1.389)
and 9
=32 5o Elog / E*(x)du(x) . (1.390)

In both these relations, £*(x) is computed at the values ay .+ = $%qu . To
perform the computation, on has to keep in mind that

E Qj‘u/xvl (pu/,v’ — Qu/,v’) = 2 E mu/,fljvl (pu/w/ — qu/w/)
u ' <d 1<u/<v'<d

2
+ E T (Pt = Qur ) -
w'<d

For simplicity we will consider only the case u < v. The case u = v is entirely
similar. Recalling the notation Z = [ £(z)du(x), it should be obvious that

I= —ﬂ2E<%/xufo)($)du(m)) . (1.391)

To compute the term II we consider the function

G(yla v ayd)
52
= 10g/eXp<Z Ty Yo' + ? Z Loy Toy! (pu/,v’ - Qu/,v’)>d.u(x) ,
u' <d u’ v’ <d

so that
Elog/é’*(m)d,u(a:) =EG(W,..., W),

and to compute the term II we simply appeal to Proposition 1.3.2. Since we
assume u 7# v we obtain

El /5*()d()—Ea2—G(W W)
og T)dp\r) = E Loy Wa),

0ty v

and when this is computed at the values a, v = BQqul,v/ this is
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E(; / xu:z:UE(x)du(x)) - E(Z12 / o€ (z)dp(z) / :cvé'(x)du(x)> .

Recalling (1.388) this yields the formula

aZ’UElog / E(x)dp(x) = 525(212 / ué(@)dp (x)/ w”g(x)d“(x)> ’

from which the conclusion readily follows. O

Proof of Theorem 1.12.3. It follows from Lemma 1.12.6 that to differ-
entiate in B the quantity (1.387) we can pretend that g, , and p,, do not
depend on 8. To explain why this is the case in a situation allowing for simpler
notation, this is simple consequence of the chain rule,

d OF OF OF
agB:p(0),4(0) = 55 +P (B 5 +d B 5

so that dF' (8, p(8),q(B))/d8 = OF /05 when the last two partial derivatives
of (1.392) are 0. Thus it suffices to prove that

Elog/e Mte) = 337 = i) (1.393)

(1.392)

Consider a jointly Gaussian family (Xu)ugd such that EX, X, = ¢y, and
which, like g, ., we may pretend does not depend on 3. We may choose these
so that Yu = X, and now

u<d u,v<d

Therefore, using (1.373) in the third line,

log/g Ydu(x

I(Zugd Ty Xy + /Bzu,vgd Ty Zo(Pup — Qu,v))g(x)dﬂ(x)
JE(@)du(z)

_ 2 2 ucazuXu€(x)dp(z)

R ﬂu;d(p"’” protee) BT )

Using Gaussian integration by parts and (1.372) and (1.373) we then reach
that

J 2 u<ca ruXu(2)dp(z) 5 Z GuE [ 2yx,&(z)du(z)

=E

R T P R R Ty
. [ 2B @)p(z) [ 70 (@)dp(z)
ﬁu%;d Tuso ([ E(@)dpu(x))?
)

= ﬁZ(Qu,vpu,v - qi,y
w,v
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and this completes the proof of (1.393). O

Exercise 1.12.8. Find another proof of (1.393) using Proposition 1.3.2 as
in Lemma 1.12.6.

One should comment that the above method of taking the derivative in
[ is rather similar in spirit to the method of (1.108); but unlike the proof of
(1.105) it does not use the “right path”, and as a penalty one would have to
work to get the correct rate of convergence K/N instead of obtaining it for
free.

Exercise 1.12.9. Write down a complete proof of Theorem 1.12.3 using in-
terpolation in the spirit of (1.108).

Research Problem 1.12.10. (Level 1) In this problem v refers to the
Hamiltonian Hy of (1.12). Consider a number A and the following random
function on Xy

olo) = %logZexp(/\NR(a'ﬂ') — Hy(1)) . (1.394)

Develop the tools to be able to compute (when £ is small enough) the quantity
v(¢(o)). Compute also v(p(o)?).

The relationship with the material of the present section is that by Jensen’s
inequality we have

(p(a)) < %logz exp(ANR(o,7) — Hy (o) — Hy(T))

— %logza: exp(—Hy (o)) ,

and that the expected value of this quantity can be computed using (1.374)
by a suitable choice of y in a 2-component spin model.

A possible solution to Problem 1.12.10 involves developing the cavity
method in a slightly different setting than we have done so far. Carrying
out the details should be a very good exercise for the truly interested reader.

Research Problem 1.12.11. (Level 2). With the notation above, is it true
that at any temperature for large N one has

v(p?) ~ v(p)*? (1.395)

Quantities similar to those above are considered in physics, see e.g. [43].
The physicists find it natural to assert that the quantity (1.394) is “self-
averaging”, which means here that it is essentially independent of the disorder

and the value of o (when weighted with the Gibbs measure), which is the
meaning of (1.395).
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1.13 The Physicist’s Replica Method

Physicists have discovered their results about the SK model using the “replica
method”, a method that has certainly contributed to arouse the interest of
mathematicians in spin glasses. In this section, we largely follow the paper
[81], where the authors attempt as far as possible to make the replica method
rigorous. We start with the following, where we consider only the case of non-
random external field.

Theorem 1.13.1. Consider an integer n > 1. Then
. 1
lmpy_ oo N logE ZR (8, h) = nlog 2 (1.396)

2 232
+ mgx(%(l —q)? - %qQ +log Ech™(B2z/q + h))

where z is standard normal.

We do not know if the arguments we will present extend to the case of
random external field, but (1.396) remains true in that case, and even if n > 1
is not an integer. This is proved in [159]. The proof uses a fundamental prin-
ciple called the Ghirlanda-Guerra identities that we will present in Section
12.5 when we start to concentrate on low-temperature results. In some sense
this general argument is much more interesting than the specific arguments
of the present section, which, however beautiful, look more like tricks than
general principles.

To prove (1.396) we write

ZNZGXPZ(\/_ZQUU +hz )
I<n i<j i<N
Now we have

(S Xotet) =X (Sole)

1<J <n i<j M<n

’ ’
:Zzaeae olot

0.0 i<j

()

o0

—_

= 5(nN? —n®N) + Yo (ef "), (1.397)
1<e<t/<n

so that combining (1.397) with (A.6) we get
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62
EZy = exp(zn(N - n))

xzexp(f—N Yo (@ e+ Y af), (1.398)

1<e<t'<n <n,i<N

where >~ _ means that the summation is over (o!,...,0™) in X%. Consider
now g = (gee)1<e<er<n Where (gr¢) are i.i.d. Gaussian r.v.s with Egz%,e/ =
1/N. (Despite the similarity in notation these r.v.s play a very different role
than the interaction r.v.s (g;;).) It follows from (A.6) that

;exp<% S e e Y gg)

1<6<t'<n 0<n,i<N

ZEZGXP<5 Z grpot ot +h Z Uf)

1<0<t/<n (<n,i<N

~eX [[ew(s X guolel +130!)

o i<N 1<é<t’'<n L<n

N
- E< Z €xp <ﬁ Z geo€eEe +h Z 5g>>

serEn =1 1<e<t/<n <n
=Eexp NA(g) ,

where
A(g) = log Z exp (5 Z GoocEr +h Z Eg) :
€1,y..6n==%1 1<t<t/'<n <n

Now,

N n(n—1)/4 1 )
Eexp NA(g) = <%) /expN(A(g) -5 . 92,@/)dg

1<e<t/<n

where the integral is taken with respect to Lebesgue’s measure dg on
R™"=1/2_ Since |A(g)| < K(||g| + 1), it is elementary to show that

1 1
Jim - log Eexp NA(g) = max (A(g) -5 ; ge,e')

and from (1.398) we get

.1 n _ Bn 1 2
Jim | log EZF = == + max Alg) - 5 > gt ) (1.399)

<

Consider the function
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B(g) = A(g) — % > g

1<e<'<n

We say that g is a maximizer of B if B attains its maximum at g. The
following is based on an idea of [81] (attributed to Elliot Lieb) and further
elaboration of this idea by D. Panchenko.

Proposition 1.13.2. a) If h > 0 and g is a mazimizer of B, there exists a
number a > 0 with ge¢r = a for each 1 <€ < ¥ < n.

b) If h = 0 and g is a maximizer of B, there exists a number a > 0 and a
subset I of {1,...,n} such that gop = a if 6,0 €I or £, 0' ¢ I and g¢r = —a
in the other cases.

Let us denote by a the sequence such that agp =afor 1 <Z < ¢ <n.In
the case b), we have B(g) = B(a) as is shown by the transformation ¢}, = &,
if ¢ € I and €}, = —ey if £ ¢ I. Therefore the maximizer cannot be unique for

symmetry reasons. In the case a), this symmetry is broken by the external
field.

Corollary 1.13.3. To compute maxg B(g) it suffices to mazimize over the
sequences g where all coordinates are equal.

We start the proof of Proposition 1.13.2. The proof is pretty but is un-
related to any other argument in this work. It occupies the next two and a
half pages. The fun argument starts again on page 145.

Lemma 1.13.4. Consider numbers a1, as,g. Then

chajchaschg + shaishasshg
< (ch®aych|g| + sh?aysh|g])/?(chagch|g| 4+ sh®agsh|g|)/? . (1.400)

Moreover, if there is equality in (1.400) and if g # 0, we have a3 = as if
g>0anda; = —as if g <O0.

Proof. For numbers c1,co,u > 0 and sq, so, v, we write, using the Cauchy-
Schwarz inequality in the second line,

c1eau + 81590 < cpcau + 1|82 |v] (1.401)
< (cfu+ sul) /2 (Gu + s3lu]) /2 (1.402)

and we use this for
¢j =chaj ; w=chg; s; =sha; ; v=shg. (1.403)

Then if g # 0 (so that |v| = |shg| # 0) there can be equality in (1.402) only
if for some A we have
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(c1, [s1]) = Az, [s2])

i.e. we have |tha;| = |thas| and |a1| = |ag|. If we moreover have equality in
(1.401) we have shajshasshg = sysov > 0. The result follows. O

Lemma 1.13.5. Given g, consider the sequences g’ (resp. g") obtained from
g by replacing g1.2 by |g1.2] and g2¢ by g1.¢ (resp. g1,0 by go.¢) for 3 <€ <n.
Now, if g is a mazximizer, then both g and g” are maximizers. Moreover if
g1,2 > 0 we have g1 ¢ = g2¢ for £ > 3, while if g1,2 < 0 we have g1 = —ga,¢
for £ > 3.

Proof. We will prove that
A(g) + S A(g") - (1.404)

Since

this implies

Blg) < 5(B(g) + B(g") (1.405)
so that both g’ and g” are maximizers. Moreover, since g is a maximizer, we
have B(g) = B(g’') = B(g") so in fact

Alg) = S AE) + 3AE") (1.406)
Let us introduce the notation

a=(e1,...,en); Aj(a) =f Z gjece+h for j=1,2
3<t<n

w(a)=eXp(ﬁ > geweEr +h Y 6e>.

3<e<t/<n 3<t<n

Then, using (1.400) in the last line, we have

exp A(g) = Z exp(ﬁ Z oo +h Z 54)

1<0</<n, 3<0<n

Zw(a) Z exp(A1(a)er + Az(a)es + Bg126162)

« €1,60==%1

=4 Z w(a)(chA;(a)chAz(a)chBg; 2 + shA;(a)shAsz(a)shfgr 2)

<4 w(a)Bi(e)'/?By()'/? (1.407)
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where
Bj(a) = ch?A;(a)chB|g1 2| + sh®A;(a)shpB|gy 2| -

The Cauchy-Schwarz inequality implies

DIBEICEEIINE (4Zw<a>31<a>)1/2 (43 wl)Bate))

[e3% [0

1/2

= (exp A(g) exp A(g"))"/?,

where the equality follows from the computation performed in the first three
lines of (1.407). Combining with (1.407) proves (1.404).

In order to have (1.406) we must have equality in (1.407). Since each
quantity w(a) is > 0, for each o we must have

chA; (a)chAz(a)chBygr 2 + shA; («)shAz(a)shBgr 2 = By (a)l/2Bg(a)1/2 .

If g1 > 0 Lemma 1.13.4 shows that A;(a) = As(a) for each «, and thus
910 = go for each £ > 3. If g1 o < 0 Lemma 1.13.4 shows that A;(a) =
—As (o) for each «, so that (h =0 and) g1, = —g2,¢ for each £ > 3. O

Proof of Proposition 1.13.2. Consider a maximizer g. There is nothing
to prove if g = 0, so we assume that this is not the case. In a first step we
prove that |ge | does not depend on ¢, ¢'. Assuming g 3 # 0, we prove that
|g1.2] = |g2,3]; this clearly suffices. By Lemma 1.13.5, g” is a maximizer, and
by definition g7’ 3 = g2.3 # 0. Since g7 3 # 0, and g” is a maximizer, Lemma
1.13.5 shows that |g7 ,| = |g3 | for £ ¢ {1, 3}, and in particular |g7 5| = |95 5/,
Le. |g12] = |g2,3]-
Next, consider a subset I C {1,...,n} with the property that

<l 0l el = gy >0.

If no such set exists, g¢ ¢ < 0 for each £, ¢’ and we are done. Otherwise consider
I as large as possible. Without loss of generality, assume that I = {1,...,m},
and note that m > 1. If m = n we are done. Otherwise, consider first £ > m.
We observe by Lemma 1.13.5 that if £1 < ¢ < m we have g¢, ¢ = g¢,.¢, and
since we have assumed that I is as large as possible, we have gy, , < 0. Next
consider £; < m < £ < . Then as we have just seen both 9e .0 and gg, ¢
are < 0 so that Lemma 1.13.5 shows that g, > 0. Therefore, for a certain
number a > 0 we have, for £ < ¢

gro=a ifl<l <morm<l</l
Geo = —a 1f€§m<€/

This proves b). To prove a) we observe that when A > 0 we have shown that
in fact ge oo > 0 when g is a maximizer. O
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We go back to the main computation. By Corollary 1.13.3, in equation

(1.399) we can restrict the max to the case where for a certain number ¢ we
have g ¢ = Bq for each 1 < ¢ < ¢’ < n. Then

> exp (ﬂQq > eEr+hy ae)
+1

E1,sEn= <t <n
2 2

_ B%q nf3%q

= X e B(Xe) e
€1,..,6n==%1 <n <n

n

= Z Eexp((ﬂz\/_+h de 3 Q>

€1,-.,En==E1 <n

_ exp<”‘f"> E(2ch(82/q + h))"

where z is a standard Gaussian r.v. and where the summations are over
€1,...,6p = £1. Thus

max< I g,>

Z<W

— ma _7152 n ( 1) 22 o
= max 5 +nlog2+ log Ech™(82/q+ h) — ————=(%¢
a
Combining this with (1.399) proves (1.396). O

Tt is a simple computation (using of course Gaussian integration by parts)
to see that the maximum in (1.396) is obtained for a value g, such that

E (ch"Y'th?Y)
= - 1.4
in Ech™Y (1.408)
where Y = (62,/q, + h.
Let us also observe that
.1 :

lim —logEZy = Elog Zy (1.409)
t—>0+ t

as follows from the fact that Z§ ~ 1+ tlog Zy for small t.
Now we take a deep breath. We pretend that Theorem 1.13.1 is true not
only for n integer, but for any number n > 0. We rewrite (1.409) as

1 1 .
NEIOgZN_}LIE})N_nIOgEZN’ (1.410)

Let us moreover pretend that we can exchange the limits N — oo and n — 0.
Then presumably ¢ = lim,, ¢ ¢, exists, and (1.396) yields

1 2
A}im NElogZN = %(1 —¢)? +log2 + ElogchY (1.411)
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where Y = 32z,/q + h and (1.408) becomes ¢ = Eth?Y.

When trying to justify this procedure one is tempted to think about
analytic continuation. However the information contained in Theorem 1.13.1
about the large values of n seems to be completely irrelevant to the problem
at hand. To get convinced of this, one can consider the case where h = 0 and
B < 1; then it is not difficult to get convinced that lim, .. ¢, = 1 (because
for n large only the large values of chY become relevant for the computation
of Ech™Y, and for these values thY gets close to one) and this is hard to
relate to the fact that ¢ = 0.

It is not difficult a posteriori to justify the previous method. The function
YN (t) = N~1logEZY is convex (by Hélder’s inequality) and for 8 small
enough its limit () as N — oo exists and is differentiable at zero. (This
can be shown by generalizing (1.108) for any ¢ # 0 using essentially the same
method). Therefore ¥'(0) = limpy o0 ¥ (0), which means exactly that the
exchange of the limits N — oo and n — 0 in (1.410) is justified; but of course
this has very limited interest since the computation of () is not any easier
than that of the limit in (1.411).

Moreover the nice formula (1.411) is wrong for large 8 (low-temperature).
The book [105], following ground-breaking work of G. Parisi, attempts to ex-
plain how one should (from a physicist’s point of view) modify at low temper-
ature the computation (1.396) when n < 1. (This is particularly challenging
because the number of variables gy ¢, which is n(n — 1)/2, is negative in
that case...) As a mathematician, the author does not feel qualified to try to
explain these ideas or even to comment on them.

Hundreds of papers have been written relying on the replica method; the
authors of these papers seem to have little doubt that this method always
gives the correct answer. Its proponents hope that at some point it will be
made rigorous. At the present time however it is difficult, at least for this
author, to see in it more than a way to guess the correct formulas. Certainly
the predictive power of the method is impressive. The future will tell whether
this is the case because its experts are guided by a set of intuitions that is
correct at a still deeper level, or whether the power comes from the method
itself.

1.14 Notes and Comments

The SK model has a rather interesting history. The paper of Sherrington and
Kirkpatrick [136] that introduces the model is called “Solvable model of a spin
glass”. The authors felt that limy_ pn (8, h) = SK(5, h) for all values of 8
and h. They however already noticed that something must be wrong with this
result, and this was confirmed soon after [5]. Whatever one may think of the
methods of this branch of theoretical physics (and I do not really know what
I think myself about them), their reliability is not guaranteed. One can find
a description of these methods in the book of Mézard, Parisi, Virasoro [105],
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but the only part of the book I feel I understand is the introduction (on which
Section 1.1 relies heavily). Two later (possibly more accessible) books about
spin glasses written by physicists are [59] and [112]. The recent book by M.
Mézard and A. Montanari [102] is much more accessible to a mathematically
minded reader. It covers a wide range of topics, and remarkably succeeds at
conveying the breath and depth of the physical ideas.

The first rigorous results on the SK model concern only the case h = 0.
They are proved by Aizenman, Lebowitz and Ruelle in [4] using a “cluster
expansion technique”, which is a common tool in physics. Their methods
seem to apply only to the case h = 0. At about the same time, Frohlich and
Zegarlinski [61] prove (as a consequence of a more general approach that is
also based on a cluster expansion technique) that the spin correlations vanish
if 8 < By, even if h # 0. In fact they prove that

. (1.412)

2| =

E((0102) — (01){02))* <

A later paper by Comets and Neveu [49] provides more elegant proofs
of several of the main results of [4] using stochastic calculus. Their method
unfortunately does not appear to extend beyond the case h = 0. They prove
a central limit theorem for the overlap R .

Theorem 1.3.4 is a special occurrence of the general phenomenon of con-
centration of measure. This phenomenon was first discovered by P. Lévy, and
its importance was brought to light largely through the efforts of V.D. Mil-
man [106]. It is arguably one of the truly great ideas of probability theory.
More references, and applications to probability theory can be found in [139]
and [140]. In the fundamental case of Gaussian measure, the optimal result
is already obtained in [86], and Theorem 1.3.4 is a weak consequence of this
result. Interestingly, it took almost 20 years after the paper [86] before re-
sults similar to (1.54) were obtained in the theory of disordered systems, by
Pastur and Shcherbina [120], using martingale difference sequences. A very
nice exposition of most of what is known about concentration of measure can
be found in the book of M. Ledoux [93]

It was not immediately understood that, while the case g8 < 1, h = 0
of the SK model is not very difficult, the case h # 0 is an entirely different
matter. The first rigorous attempt at justifying the mysterious expression
in the right-hand side of (1.73) is apparently that of Pastur and Shcherbina
[120]. They prove that this formula holds in the domain where

Jim Var ((Ri5)) = lim E((Ra2) — E(Ri2)*=0, (1.413)
but they do not prove that (1.413) is true for small 3. Their proof required
them to add a strange perturbation term to the Hamiltonian. The result was
later clarified by Shcherbina [127], who used the Hamiltonian (1.61) with

h; Gaussian. Using arguments somewhat similar to those of the Ghirlanda-
Guerra identities, (which we will study in Volume II) she proved that (1.413)
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is equivalent (over a certain domain) to

lim E((Ry2— (R12))*) =0. (1.414)
N —o0

She did not prove (1.414). She was apparently unaware that (1.414) is proved
in [61] for small §. Since the paper [127] was not published, I was not aware
of it and rediscovered its results in Section 4 of [141] with essentially the same
proof. I also gave a very simple proof of (1.412) for small 3. Discovering this
simple proof was an absolute disaster, because I wasted considerable energy
trying to use the same principle in other situations, which invariably led to
difficult proofs of suboptimal results. I will not describe in detail the contents
of [141] or my other papers because this now does not seem so interesting
any more. I hope that the proofs presented here are much cleaner than those
of these previous papers.

In a later paper Shcherbina [128] proved that limy ... pn (5, h) = SK(8, h)
in a remarkably large region containing in particular all values g < 1. The
ideas of this paper are not really transparent to me. A later version [129]
is more accessible, but I became aware of its existence too late to have the
energy to analyze it. It would be interesting to decide if this approach suc-
ceeds because of a special trick, or if it contains the germ of a powerful
method. One should however point out that her use of relations similar to
the Ghirlanda-Guerra identities seems to preclude obtaining the correct rates
of convergence.

I proved in [149] an expansion somewhat similar to (1.151), using a more
complicated method that does not seem to extend to the model to be consid-
ered in Chapter 2. This paper proves weaker versions of many of the results
of Section 1.6 and Section 1.8 to Section 1.10. The existence of the limits of
quantities such as Nk/2E<A), where A is the product of k terms of the type
Ry ¢ is proved by a recursion method very similar to the one used here, but
the limit is not computed explicitly.

I do not know who first used the “smart path method”. The proof of
Proposition 1.3.3 is due to J.P. Kahane [87] and that of Theorem 1.3.4 is
due to G. Pisier [124]. T had known these papers since they appeared, but
it took a very, very long time to realize that it was the route to take in the
cavity method. The smart path method was first used in this context in [147],
and then systematically in [158]. Interestingly, Guerra and Toninelli arrived
independently at the very similar idea of interpolating between Hamiltonians
as in Section 1.3. Proposition 1.3.2 must have been known for a very long
time, at least as far back as [137].

The reader might wonder about the purpose of (1.152), since we nearly
always use (1.151) instead. One use is that, using symmetry between sites, we
can get a nice expression for v/{(f). This idea will be used in Volume II. We
do not use it here, because, besides controlling the quantities R 2, it requires
controlling Ry 234 = N7! D <N olo2odat. To give a specific example, if
f=Ri2—q, we get from (1.152) that
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Vi((e162 — @) f) = BPr((1 — e162q)(Ri2 — @) f)
— 462u((5253 —qe1e3) (PR3 —q)f)
+ 38%v((e1698384 — qe3e4) (R34 — ) f)
= B%0((1 — Ri29)(Ri2 —q)f)
— 48%v((Ra3 — qR13)(Ri3 — Q) f)
((R1234—qR34)(R34—q)f) -

If we know that v(|Ry 2 —¢q|?)"/? < L/V/N and v(|Ry 234 —q1*)/? < L/VN,
we get

+ 35%v

vi((e1e2 — @) f) = B2(1 — )v((Ri2 — 9)°)
—46%(q — ¢*)v((R12 — q)(Raz — q))
+ 3827~ ¢*)v((Ri2 — q) (R34 — q)) + O(3)

a relation that we may combine with

v((Riz = 0)*) = v((ere2 — ) f) = wol(ere2 — ) f) + vi((ere2 — ) /) + O(3) .

In this way we have fewer error terms to control in the course of proving the
central limit theorems presented here. The drawback is that one must prove
first that v((Ry 234 — q)*") < K/N™ (which is not very difficult).

Two months after the present Chapter was widely circulated at the time
of [157] (in a version that already contained the central limit theorems of
Section 1.10), the paper [74] came out, offering very similar results, together
with a CLT for N~!log Zn(f3, h), of which Theorem 1.4.11 is a quantitative
improvement.

I am grateful to M. Mézard for having explained to me the idea of coupling
two copies of the SK model, and the discontinuity this should produce beyond
the A-T line. This led to Theorem 1.9.6.

Guerra’s bound of (1.73) is proved in [71] where Proposition 1.3.8 can
also be found. (This lemma was also proved independently by R. Latala in
an unpublished paper.)

The present work should make self-apparent the amount of energy already
spent in trying to reach a mathematical understanding of mean field models
related to spin glasses. It is unfortunate that some of the most precise results
about the SK model rely on very specific properties of this model. However
fascinating, the SK model is a rather specific object, and as such its impor-
tance can be questioned. I feel that the appeal of the “theory” of spin glasses
does not lie in any particular model, but rather in the apparent generality
of the phenomenon it predicts. About this, we still understand very little,
despite all the examples that will be given in forthcoming chapters.






2. The Perceptron Model

2.1 Introduction

The name of this chapter comes from the theory of neural networks. An ac-
cessible introduction to neural networks is provided in [83], but what these
are is not relevant to our purpose, which is to study the underlying mathe-
matics. Roughly speaking, the basic problem is as follows. What “propor-
tion” of ¥x = {—1,1}¥ is left when one intersects this set with many
random half-spaces? A natural definition for a random half-space is a set
{x € RV ; x-v > 0} where the random vector v is uniform over the unit
sphere of RY. More conveniently one can consider the set {x € RY;x-g > 0},
where g is a standard Gaussian vector, i.e. g = (g;)i<n, where g; are indepen-
dent standard Gaussian r.v.s. This is equivalent because the vector g/||g|| is
uniformly distributed on the unit sphere of RY. Consider now M such Gaus-
sian vectors gx = (gik)i<n, k < M, all independent, the half-spaces

U = {x; X~gk20}:{><, Zgi,kxiz()},

i<N

and the set
I () Uk (2.1)

k<M

A given point of X'y has exactly a 50% chance to belong to Uy, so that

Ecard(ZN N ﬂ Uk) =oN=M (2.2)

k<M

The case of interest is when N becomes large and M is proportional to N,
M/N — a > 0. A consequence of (2.2) is that if & > 1 the set (2.1) is typically
empty when NN is large, because the expected value of its cardinality is < 1.
When « < 1, what is interesting is not however the expected value (2.2) of
the cardinality of the set (2.1), but rather the typical value of this cardinality,
which is likely to be smaller. Our ultimate goal is the computation of this
typical value, which we will achieve only for o small enough.

A similar problem was considered in (0.2) where X'y is replaced by the
sphere Sy of center 0 and radius V/N. The situation with Yy is usually
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und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics 54,
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called the binary perceptron, while the situation with Sy is usually called the
spherical perceptron. The spherical perceptron will motivate the next chapter.
We will return to both the binary and the spherical perceptron in Volume II,
in Chapter 8 and Chapter 9 respectively. Both the spherical and the binary
perceptron admit another popular version, where the Gaussian r.v.s g; ; are
replaced by independent Bernoulli r.v.s (i.e. independent random signs), and
we will also study these. Thus we will eventually investigate a total of four
related but different models. It is not very difficult to replace the Gaussian
r.v.s by random signs; but it is very much harder to study the case of Xy
than the case of the sphere.

Research Problem 2.1.1. (Level 3!) Prove that there exists a number a*
and a function ¢ : [0,a*) — R with the following properties:

1-If & > a*, then as N — oo and M /N — « the probability that the set
(2.1) is not empty is at most exp(—N/K(«)).

2-fa< a*, N— oo and M/N — a, then

1
Nlogcard(EN N ﬂ Uk> — () (2.3)
k<M

in probability. Compute o* and .

This problem is a typical example of a situation where one expects “reg-
ularity” as N — oo, but where it is unclear how to even start doing anything
relevant. In Volume II, we will prove (2.3) when « is small enough, and we
will compute ¢(«) in that case. (We expect that the case of larger o is much
more difficult.) As a corollary, we will prove that there exists a number ay < 1
such that if M = |aN|, a > «p, then the set (2.1) is typically empty for N
large, despite the fact that the expected value of its cardinality is 2V~ > 1.

One way to approach the (very difficult) problem mentioned above is
to introduce a version “with a temperature”. We observe that if z > 0 we
have limg_,cexp(—fz) = 0 if x > 0 and = 1 if « = 0. Using this for
T =) 1<n logu,} Where o € Xy implies

card(ZNﬂ ﬂ Uk> :ﬁin;o Z exp(—ﬁ Z 1{U¢Uk}> , (2.4)
k<M oeXN k<M

so that to study (2.3) it should be relevant to use the Hamiltonian

— HN,M(U) = 76 Z 1{0'¢Uk} . (25)
k<M

If one can compute the corresponding partition function (and succeed in
exchanging the limits N — oo and 8 — 00), one will then prove (2.3).
More generally, we will consider Hamiltonians of the type
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— Hy (o)=Y u<\/1ﬁ i;vgi,km) : (2.6)

k<M

where u is a function, and where (g; 1) are independent standard normal r.v.s.
Of course the Hamiltonian depends on u, but the dependence is kept implicit.
The role of the factor N~/2 is to make the quantity N—1/2 Y i<n 9ikTi
typically of order 1. There is no parameter 3 in the right-hand side of (2.6),
since this parameter can be thought of as being included in the function wu.

Since it is difficult to prove anything at all without using integration
by parts we will always assume that w is differentiable. But if we want the
Hamiltonian (2.6) to be a fair approximation of the Hamiltonian (2.5), we will
have to accept that u’ takes very large values. Then, in the formulas where
1’ occurs, we will have to show that somehow these large values cancel out.
There is no magic way to do this, one has to work hard and prove delicate
estimates (as we will do in Chapter 8). Another source of difficulty is that we
want to approximate the Hamiltonian (2.5) for large values of 3. That makes
it difficult to bound from below a number of quantities that occur naturally
as denominators in our computations.

On the other hand, there is a kind of beautiful “algebraic” structure
connected to the Hamiltonian (2.6), which is uncorrelated to the analytical
problems described above. We feel that it is appropriate, in a first stage,
to bring this structure forward, and to set aside the analytical problems (to
which we will return later). Thus, in this chapter we will assume a very strong
condition on u, namely that for a certain constant D we have

ve,0<0<3, W9 <D. (2.7)

Given values of N and M we will try to “describe the system generated by the
Hamiltonian (2.6)” within error terms that become small for N large. We will
be able to do this when the ratio « = M/N is small enough, a < a(D). The
notation o = M /N will be used through this chapter and until Chapter 4.
Let us now try to give an overview of what will happen, without getting
into details. We recall the notation Ry = N1 Y,y olol’. As is the case
for the SK model, we expect that in the high-temperature regime we have

R172 ~ q (28)
for a certain number ¢ depending on the system. Let us define
SkZLZg-ka' S,‘;:LZgwoe. (2.9)
VN i<N 7 VN i<N o

After one works some length of time with the system, one gets the irresistible
feeling that (in the high-temperature regime) “the quantities Sy behave like
individual spins”, and (2.8) has to be complemented by the relation



154 2. The Perceptron Model

= S WS (SP) = (2.10)
N

k<M

where r is another number attached to the system. Probably the reader would
expect a normalization factor M rather than N in (2.10), but since we should
think of M/N as M/N — « > 0, this is really the same. Also, the occurrence
of ' will soon become clear.

We will use the cavity method twice. In Section 2.2 we “remove one spin”
as in Chapter 1. This lets us guess what is the correct expression of g as
a function of r. In Section 2.3, we then use the “cavity in M”, comparing
the system with the similar system where M has been replaced by M — 1.
This lets us guess what the expression of r should be as a function of ¢q. The
two relations between r and ¢ that are obtained in this manner are called
the “replica-symmetric equations” in physics. We prove in Section 2.4 that
these equations do have a solution, and that (2.8) and (2.10) hold for these
values of ¢ and r. For N large and M /N small, we will then (approximately)
compute the value of

oM (u) = %ElogZexp(—HMﬁN(a)) , (2.11)

(for the Hamiltonian defined by (2.6)) by an interpolation method motivated
by the idea that the quantities S “behave like individual spins”.

2.2 The Smart Path

It would certainly help to understand how the Hamiltonian (2.6) depends on
the last spin. Let us write

Z 9i,k0i

7,<N 1

so that S = Sg + N71/2gN,kJN and if u is differentiable,

> u(si) = - u(sh) +on Y Bku(sh) + % Zgwl/ e

k<M k<M k<M k<M

(2.12)
The terms - - - are of lower order. We observe that o3, = 1. (This will no longer
be the case in Chapter 3, when we will consider spins taking all possible
values, so that o3, will no longer be constant.) We also observe that the r.v.s
gn i are independent. So it is reasonable according to the law of large numbers
to expect that the third term on the right-hand side should behave like a
constant and not influence the Hamiltonian. By the central limit theorem, one
should expect the second term on the right-hand side of (2.12) to behave like
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onY, where Y is a Gaussian r.v. independent of all the other r.v.s (Of course
at some point we will have to guess what is the right choice for »r = EY'2, but
the time will come when this guess will be obvious.) Thus we expect that

Z u(Sg) ~ Z u(SY) + onY + constant . (2.13)
k<M k<M

Rather than using power expansions (which are impractical when we do not
have a good control on higher derivatives) it is more fruitful to find a suitable
interpolation between the left and the right-hand sides of (2.13). The first idea
that comes to mind is to use the Hamiltonian

[t
E U<Sg + NgN’kJN> +onV1—tY. (2.14)
k<M

This is effective and was used in [157]. However, the variance of the Gaussian
r.v. S,g + /t/Ngn ron depends on ¢; when differentiating, this creates terms
that we will avoid by being more clever. Let us consider the quantity

t 1—t¢
Sk,t:Sk,t(O',fk):Sng\/NgN,kUNwL\/ N 33
1 t 1—t¢
Y A Jte (215
\/NKZNQ,W + NgN,kUN+ I &L - (2.15)

In this expression, we should think of (£)r<as not just as random constants
ensuring that the variance of Sy + is constant but also as “new spins”. That
is, let & = (&k)k<m € RM, and consider the Hamiltonian

— Hypra(0.8) = Y u(Ska) + onVI—tY . (2.16)

k<M

The configurations are now points (a, €) in Xy x RM. Let us denote by + the
canonical Gaussian measure on R™. We define Gibbs’ measure on X x RM
by the formula

1
(=5 3 [ 0.8 expl-Hyanilo£)dr(€)
o
where f is a function on Xy x R and where Z is the normalizing factor,

7 = Z/eXp(—HN,M,t(Uaﬁ))d’Y(ﬁ) .

More generally for a function f on (Xy x RM)? = % x RM" we define
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L 12 n/.../f(gl,...,g",gl,...,gn)

<o (= 3 Hane )41 (€)- - r (€1 (2.17)

<n

where Z is as above and

Hy gy = Hyani(of €5 (2.18)

Integration of £ with respect to v means simply that we think of (§x)k<nms
as independent Gaussian r.v.s and we take expectation. We recall the con-
vention that E; denotes expectation with respect to all r.v.s labeled
¢ (be it with subscripts or superscripts). We thus rewrite (2.17) as

<f>t:%E5 Z f(al,...,a"jl,...,ﬁ'" eXp( ZHNMt)? (2.19)

<n
Z =E¢ Y exp(—Hyai(0,€)) .

In these formulas, £ = (fﬁ)kgM» fﬁ are independent Gaussian r.v.s. One
should think of &€¢ as being a “replica” of £€. In this setting, replicas are
simply independent copies.

Exercise 2.2.1. Prove that when f depends on o!,...,o", but not on
€L, €™, then (f); in (2.19) is exactly the average of f with respect to
the Hamiltonian

_H:Z“t< Zgzkaz \/ gNkUN>+JN\/1—tY,

k<M L<N 1

where u; is defined by

exput(x) = Eexpu(x +4/ %f) , (2.20)

for £ a standard normal r.v.

The reader might wonder whether it is really worth the effort to introduce
this present setting simply in order to avoid an extra term in Proposition 2.2.3
below, a term with which it is not so difficult to deal anyway. The point is
that the mechanism of “introducing new spins” is fundamental and must be
used in Section 2.3, so we might as well learn it now.

Consistently with our notation, if f is a function on X% x RM" we define

d

ve(f) =E{f)es vi(f) = 2 w(f), (2.21)
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where (f); is given by (2.19).

We also write v(f) = v1(f). When f does not depend on the r.v.s &€, then
v(f) = E(f), where (-) refers to Gibbs’ measure with Hamiltonian (2.6). As
in Chapter 1, we write g, = 0%, and we recall the r.v. Y of (2.16).

Lemma 2.2.2. Given a function f~ on X% _,, and a subset I of {1,...,n},
we have
140 (f H Eg) = E((thY)CardI)VO =1 <H E@) I/o
el el

This lemma holds whatever the value of » = EY 2. The proof is identical to
that of Lemma 1.6.2. The Hamiltonian Hy ps,0 decouples the last spin from
the first NV — 1 spins, which is what it is designed to do.

We now turn to the computation of v;(f). Throughout the chapter, we
write @« = M /N. Implicitly, we think of N and M as being large but fixed.
The model then depends on the parameters N and « (and of course of u). We
recall the definition (2.15) of Sy ., and consistently with the notation (2.18)

we write
1-—t
Skt = Z 9ik0; + VN gN kEC T+ Tff; : (2.22)

Proposition 2.2.3. Assume that u is twice differentiable and let 7 = EY?2.
Then for a function f on X3, we have

Vi(f) =1+11 (2.23)

I=a Z Vt(EKEZ’UI(Sﬁ/[}t)u%SﬁILt)f)

1<0<t'<n
—an Z Vg (5€5n+1ul(5§/1 Pu (Sﬁftl)f)
<n
n(n+1 " n
Of%”t (5n+15n+2U/(SMJ,rt1)U/(SMftQ)f) . (2.24)

I = —7’( Z yt(gege/f) —-n Z Vt(EZEnJrlf)

1<e<t’'<n <n

Wyt(€n+1€n+2f)> . (225)

The proposition resembles Lemma 1.6.3, so it should not be so scary
anymore. As in Lemma 1.6.3, the complication is algebraic, and each of the
terms I and II is made up of simple pieces. Moreover both terms have similar
structures. This formula will turn out to be much easier to use than one might
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think at first. In particular one should observe that by symmetry, and since
a = M/N, in the expression for I we can replace the term ou/ (S, )’ (S5, ,)

by
(S (SE)
k<M

so that if (2.10) is indeed correct, the terms I and II should have a good will
to cancel each other out.

Proof. We could make this computation appear as a consequence of (1.40),
but for the rest of the book we will change policy, and proceed directly, i.e.
we write the value of the derivative and we integrate by parts. It is immediate
from (2.19) that

o= (St ) —n{ SCH S (2.26)
et gt CNMUT des TN ’ '

<n t

and, writing g, for gy,

i_ v o 1 gkEr fk rrQl N Y
= 3 (st e

We observe the symmetry for £k < M. All the values of k£ bring the same
contribution. There are M of them, and M/\/N = aV/N, so that

vi(f)=I+1V+V

Il = Zﬁ(Z vy (gMegu’(Sﬁu)f) — nyy (ngnHu’(S"Mftl)f)) (2.28)

<n
IV = —% A (Z ve (Eas0 (Sire) ) — e (ﬁz’iflu/(s&ftl)f))

1-1¢ i<n

V= —% —11_ - (g vi(eY f) — ”Vt(5n+1yf)> :

It remains to integrate by parts in these formulas to get the result. The easiest
case is that of the term IV, because “different replicas use independent copies
of £”. We write the explicit formula for (§ﬁ4u’(5fw7t)f>t, that is

<£MU (SMt)f>t

Eé(fM Z SMt 1,-~70n)eXP(—ZH§LN,t>) )

<n
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and we see that we only have to integrate by parts in the numerator. The
dependence on &f; is through u/(Sj,,) and through the term u(S%;,) in the
Hamiltonian and moreover
¢
Sk 1-1

el =\ W (2.29)
M

so that

1-1¢

(Enu! (Shre) e = T<(u//(5§/[,t) +u (S f),

and therefore

v=-% (Z v (" (St )+ (S5 0)f) —nvt((u”(S&ﬁ)w”(%ﬁ))f))~

<n
The second easiest case is that of V, because we have done the same com-
putation (implicitly at least) in Chapter 1; since EY? = r, we have V = IL
Of course, the reader who does not find this formula obvious should simply
write

vi(edY f) = EY (e f)e

and carry out the integration by parts, writing the explicit formula for (g, f);.
To compute the term III, there is no miracle. We write

Vt(gMEZU/(Sg/[,t)f) = Egm <55“I(Si[,t)f>t
and we use the integration by parts formula E(gnF(gar)) = EF'(gar) when
seeing (Egu’(S&t)fﬁ as a function of gp;. The dependence on gy is through
the quantities Sj, ,, and
9S4y t
=&y -— .
9gm

N

Writing the (cumbersome) explicit formula for (gpu’ (Sﬁ“) f)e, we get that

55M <5€u/(sﬁ4,t)f>t = \/%((u//(s&,t)ﬂt

Y (v (Sl (S5 e — n<ezsn+1u'(s&,au%sx;:)f») .

'<n

The first term arises from the dependence of the factor U/(Sﬁ/[,t) on gpr and
the other terms from the dependence of the Hamiltonian on g;;. Consequently
we obtain

Vt(féul(sﬁ/[,t)f) = \/%(Vt(uﬂ(sjz\/f,t)f)

+ Y vileesou! (Sir ) (Sira)f) - Wt(wsnﬂu'(%f,t)U’(S%l)f)) :

'<n
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Similarly we have

o enat (S} =\ o (W (S50

9gm
+ > (evennd (Sy )W (SHNE),

' <n+1
—(n+ 1)<€n+1€n+2ul(Sxftl)U/(San)f%) )

and consequently

et (S5O0 =\ e (m50)

+ Z Vt(Eé’57L+1U/(S§;I,t)u,(sjy\7:tl)f)
0<n+1

—(n+ l)yt(€n+15n+2u/(517\1/[—t_t1)u/(S;\L/[th)f>) :

Regrouping the terms, we see that IIT + 1V = L.

O

Exercise 2.2.4. Suppose that we had not been as sleek as we were, and that

instead of (2.15) and (2.22) we had defined

t 1 t
_ _ g0 — . )
Skt = Ski(0) = S +4/ NINKON = i i<ENgl,k01 + 4/ NINKON
and

1 [t
Sﬁ,t = \/—N Z gi,kdf + NQN,ICUJZV .

<N

Prove that then in the formula (2.23) we would get the extra term

VI = 5 (w0880 (8500)) o (W (S (530 )

<n

2.3 Cavity in M

To pursue the idea that the terms I and IT in (2.23) should nearly cancel out

each other, the first thing to do is to try to make sense of the term I, and to
understand the influence of the quantities v’ (Sﬁu). The quantities Sﬁu also
occur in the Hamiltonian, and we should make this dependence explicit. For

this we introduce a new Hamiltonian
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— HN7M71,t<0'7£) = Z ’U/(Sk’t<0',€]g)) + ONV 1—-tY s (230)

E<M—1

where the dependence on £ is stressed to point out that it will be handled as
in the case of the Hamiltonian (2.16), that is, an average (-); ~ with respect
to this Hamiltonian will be computed with the formula (2.31) below. Let us
first notice that, even though the right-hand side of (2.30) does not depend
on &7, we denote for simplicity of notation the Hamiltonian as a function of
o and &. If f is a function on X% x RM™ we then define

1
<f>t,~:ﬁE§ Z f(0-17"'70-nv£17"'7£n eXp( ZHNM 1t>7
~ ol . ..o

<n

(2.31)
Z. =E¢ ZGXP(*HN,M—I,t(Uag)) )

and where H&M_l,t = Hyp-14(0, &%). There of course E¢ includes ex-
pectation in the r.v.s ff\/[, even though the Hamiltonian does not depend on
those. Since —HYy yry = —Hpy py_1, + u(S}y,), the identity

Z=Ecy exp(—Hy ) = Ee ) expu(Siy,) exp(—Hy ar14)
o o

= Z(expu(Sisy))e.~

holds, and, similarly,

Ee Z fle!,..., o™ & . .. &) exp( ZHNMt>
ol,...,on I<n
_Z"<fexpz SMt > .

<n

Combining these two formulas with (2.31) yields that if f is a function
on X% x RM" we have

B <feXp(Zf<n (Sis f))>t,N
- (expu(Sire))fn

(2.32)

Our best guess now is that the quantities Sﬁ“, when seen as functions
of the system with Hamiltonian (2.30), will have a jointly Gaussian behavior
under Gibbs’ measure, with pairwise correlation ¢, allowing us to approx-
imately compute the right-hand side of (2.32) in Proposition 2.3.5 below.
This again will be shown by interpolation. Let us consider a new parameter
0 < ¢ < 1 and standard Gaussian r.v.s (¢°) and z that are independent of all
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the other r.v.s already considered. (The reader will not confuse the r.v.s &
with the r.v.s €4,.) Let us set

0 =2 /q+&/1—¢q. (2.33)

Thus these r.v.s share the common randomness z and are independent given
that randomness. For 0 < v < 1 we define

S8 =S, +V1I—08". (2.34)

The dependence on t is kept implicit; when using S* we think of ¢ (and M)
as being fixed.

Let us pursue the idea that in (2.31), E. denotes expectation in all
r.v.s labeled ¢ including the variables £ and let us further define with this

convention
(fexp(X e, u(SH)),

vio(f) =E {expu(Sy))in

(2.35)

Using (2.32) yields
vea(f) = wv(f) -

The idea of (2.35) is of course that in certain cases vy o(f) should be much
easier to evaluate than v,(f) = 141(f) and that these quantities should be
close to each other if ¢ is appropriately chosen. Before we go into the details
however, we would like to explain the pretty idea that is hidden behind this
construction. The idea is simply that we consider £ “as a new spin”. To
explain this, consider a spin system where the space of configurations is the
collection of all triplets (o,&,€) for o € Y, € € RM and ¢ € R. Consider
the Hamiltonian

_H(U7£7£) = _HN,Mfl,t(0-7£) +’LL(S7J) 3

where S, = /vSne + V1 — 0, for 6 = z,/q+ /1 — ¢&. Then, for a function
fofol ... o™ & ... € and £, ..., &" we can define a quantity (f);, by
a formula similar to (2.19) and (2.31). As in (2.32), we have

(F exp (e ul(S0))),
(expu(Sy))7~ ’

<f>t,v -

so that in fact vy, = E(-);,. Let us observe that the r.v. § depends also
on z, but this r.v. is not considered as a “new spin”, but rather as “new
randomness”.

The present idea of considering & as a new spin is essential. As we men-
tioned on page 156, the idea of considering &7, ...,&y as new spins was not
essential, but since it is the same idea, we decided to make the minimal extra
effort to use the setting of (2.19).

First, we reveal the magic of the computation of v .
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Lemma 2.3.1. Consider 0 < g <1 and define

[ Eeu/(0) expu(f) 2
e £ oxpu(d) ) (2:36)

where 6 = z,/q + £&/1 — q for independent standard Gaussian r.v.s z and &
and where E¢ denotes expectation in £ only. Consider a function f on X% .
This function might depend on the variables ff; fork <M and £ <n, but it
does not depend on the randomness of the variables ﬁfh or &¢. Then

veo(f) = E(fe~ (2.37)

and

veo(u'(Sp)u' (S5).f) = FE(f) 1.~ - (2.38)

In particular we have vy o(u/(S3)u/(S2)f) = Tvio(f). If such an equality is
nearly true for v = 1 rather than for v = 0, we are in good shape to use
Proposition 2.2.3.

Proof. First we have

<fexpz () > (f)e,~Ee expz (6% . (2.39)

<n <n

This follows from the formula (2.31). The quantities 8¢ do not depend on the
spins o, and their randomness “in the variables labeled £” is independent of
the randomness of the other terms. Now, independence implies

Ecexp Z (0°) = (E¢ expu(6))"
L<n

Moreover (expu(#))¢~ = Ecexpu(d), as (an obvious) special case of
(2.39). This proves (2.37).
To prove (2.38), proceeding in a similar manner and using now that

( u' (%) expz (6%) ) (E¢u' () exp u(ﬁ))Q(Eg expu(@))n 2 ,
<n
we get
E <fu’(91)u’(92) exp Zl< U(ee»t,w
(expu(0));

veo(u' (So)u'(S5)f) =
=TE(f)t.~

and this finishes the proof. O

We now turn to the proof that 14 ¢ and v ; are close. We recall that D is
the constant of (2.7).
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Lemma 2.3.2. Consider a function f on X3. This function depend on the
variables fﬁ for k < M and ¢ < n, but it does not depend on the randomness
of the variables z,g; nm, &5 or €. Then if B, = 1 or B, = u'(S})u/(S?),
whenever 1/m1 + 1/179 = 1 we have

d 1
’al/tm(BUf)‘ S K(’I’L,D) (Vt,u(|f|“)1/ﬁyt7v(R1,2—q|"'2)1/72 +Nyt’v(|f|)> .

(2.40)
Here K(n, D) depends on n and D only.

Therefore the left-hand side is small if we can find ¢ such that R; > ~ ¢. The
reason why we write a derivative in the left-hand side rather than a partial
derivative is that when considering v4 ,, we always think of ¢ as fixed.

Proof. The core of the proof is to compute d(v; , (B, f))/dv by differentiation
and integration by parts, after which the bound (2.40) basically follows from
Holder’s inequality. It turns out that if one looks at things the right way,
there is a relatively simple expression for d(v4 ,(By f))/dv. We will not reveal
this magic formula now. Our immediate concern is to explain in great detail
the mechanism of integration by parts, that will occur again and again, and
for this we decided to use a completely pedestrian approach, writing only
absolutely explicit formulas.

First, we compute d(v; ,(B,f))/dv by straightforward differentiation of
the formula (2.35). In the case where B, = u/(S})u’(S2), setting

o Lo 1 ¢
SU*QﬁSM,t 2 1_1}0 )
we find
d
@(Vt,v(vi)) = v (FS) W (S)U'(S7)) + vew (FS7U (Sy)u" (S7))
+ > v (FST (SHU (S))u'(S3))
<n
— (n+ v,y (fS,’}H’u'(SﬁH)u’(Si)u’(Sf)) . (2.41)

Of course the first term occurs because of the factor u/(S}) in B, the second
term because of the factor u’(.S2) and the other terms because of the depen-
dence of the Hamiltonian on v. The rest of the proof consists in integrating
by parts. In some sense it is a straight forward application of the Gaussian
integration by parts formula (A.17). However, since we are dealing with com-
plicated expressions, it will take several pages to fill in all the details. The
notation is complicated, and this obscures the basic simplicity of the argu-
ment. Probably the ambitious reader should try to compute everything on
her own in simple case, and look at our presentation only if she gets stuck.
Even though we have written the previous formula in a compact form
using vy, to integrate by parts we have to spell out the dependence of the
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Hamiltonian on the variables S’ by using the formula (2.35). For example,
the first term in the right-hand side of (2.41) is

c (fS3u" (Sy)u' (S7) exp (X<, u(S5)) ),
{expu(SD))7.

To keep the formulas manageable, let us write

(2.42)

w:w(ala"'vo‘naglv"'agn _exp< ZHNM 1t>

<n
and let us define
wt = w, (ot &%) = eXP(—HJ{r,Mth) .

These quantities are probabilistically independent of the randomness of the
variables Sf (which is why we introduced the Hamiltonian Hy ps—1 in the
first place).

The quantity (2.42) is then equal to

Eg 20_1).“70,,, wS&’C
AL ’

(2.43)

where
Z =E; Z w!expu(St),

and where
¢ = st (s e (T u(s))
<n

Let us now make an observation that will be used many times. The r.v.
Z is independent of all the r.v.s labeled &, so that

Ee Zal)waani’C Ealwqaani’C

=E
zn 3 zn ’
and thus the quantity (2.43) is then equal to
C C
1/ _ 17
EE; Z wS,' - =E Z wSy' - (2.44)
o,...,o" o-,..,o™

Let us now denote by Ej integration in the randomness of g; ar, Efw z and
¢*, given all the other sources of randomness. Therefore, since the quantities
w do not depend on any of the variables g; ar, &5, 2 or £, the quantity (2.44)
equals

E > wEOSf’Zn. (2.45)
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The main step in the computation is the calculation of the quantity
EoSL'C/Z™ by integration by parts. We advise the reader to study the el-
ementary proof of Lemma 2.4.4 below as a preparation to this computation
in a simpler setting. To apply the Gaussian integration by parts formula
(A.17), we need to find a jointly Gaussian family (g, z1, ..., zp) of r.v.s such
that g = S!’ and that C/Z" is a function F(z1,...,2p) of z1,...,2p. The
first idea that comes to mind is to use for the r.v.s (z,) the following family
of variables, indexed by o and /,

25 = VoS (o, ) + V1 — v

= ﬂ(\/% Kz;vgu\/mi + \/%QN,MUN +4/ %5?\4)
+VI—v(zyg+&/1-q),

where o € Xy takes all possible values and /¢ is an integer. Of course these
variables depend on v but the dependence is kept implicit because we think
now of v as fixed. We observe that

St=25,, (2.46)
so that we can think of C' as a function of these quantities:

C= Ca-l,...,a-" = Fal,...,a"((zﬁ')) ) (247)

on is the function of the variables % given by

,,,,,

For,.on((25)) = f(o!, ..., 0™)u" (x50 )u'(252) exp (Z U(xf;z)) - (2.48)

<n

Condition (2.47) holds simply because to compute Fy1 5 ((2%,)), we sub-
stitute zﬁ = Sf to xf; ., in the previous formula. This construction however
does not suffice, because Z cannot be considered as a function of the quan-
tities 2% : the effect of the expectation E¢ is that “the part depending on the
r.v.s labeled ¢ has been averaged out”. The part of 25 that does not depend
on the r.v.s labeled £ is simply

1 t
Yo = \/5(— Z 9i,MOi + 1/ —gN,M0N> +V1—-vqz.
VN = N
Defining

€ = Vo e + VT o/ T

we then have
Zf, =Yo + gi .
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It is now possible to express Z as a function of the r.v.s y,. This is shown
by the formula

Z=F((yo)) »

where F7 is the function of the variables x5, given by

((ze)) = E¢ Z wy (o, &) expu(zy + €L . (2.49)

Let us now define

1
zf;' = FSMt( afﬁﬂ_ 27

1—w

= % <\/LN Z 9i MO; + \/%QN,MUN +4/ %ff\/])
i<N
1 ¢
- WT—U(\@ZﬂL\/l*QE )

so that SY = 2* </;. The family of all the r.v.s 2L ye, &L, and 2Y is a Gaussian
family, and thm is the family we will use to apply the integration by parts
formula. In the upcoming formulas, the reader should take great care to
distinguish between the quantities z2 and z% (The position of the / is not
the same).

We note the relations

E(0Y)% =1 =E(Samu(o,&4))%; £ £ 0 = E0'6" =g

(40 = ESui(o,85) S (T, 65) = R (o, 7) Z oiTi + O'NTN ,
N
so that
Ezl2l =0; 040 = EzY2E = %(Rt(a,r) —q), (2.50)
and
Ezlly, = (Rt(O',T) -q) . (2.51)

We will simply use the integration by parts formula (A.17) and these
relations to understand the form of the quantity

C Foui . a"((ze ))
o E Zl/1 yeoey o
et R ((ye))

Let us repeat that this integration by parts takes place given all the
sources of randomness other than the r.v.s g; a, & for k < M, z and ¢&*
(so that it is fine if f depends on some randomness independent of these).
The exact result of the computation is not relevant now (it will be given

Sl/

2.52
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in Chapter 9). For the present result we simply need the information that
dvt (B, f)/dv is a sum of terms of the type (using the notation R}, =
R'(at, o))

Ve (f(Ry e — q)4) (2.53)
where A is a monomial in the quantities w'(S™),u” (S™),u(®(S™) for m <
n + 2. So, let us perform the integration by parts in (2.52):

F 1 o-n ﬁ_ aFo-l’“"o-n Vi ].
EO F— ZE020.1Z EO 8xf. ((ZU))Fl((ya))n

OF For..on((25))
—nZEoZ 1yTan i((ya))W

It is convenient to refer to the last term in the above (or similar) formula “as
the term created by the denominator” when performing the integration by
parts in (2.52). (It would be nice to remember this, since we will often use this
expression in our future attempts at describing at a high level computations
similar to the present one.) We first compute this term. We observe that

oF,

o1, Ecw. (7,6 (xr + &) expu(ar +£L) .

Therefore using (2.51) we see that the term created by the denominator in
(2.52) is

M N gy Fotio (26) Eews (7, € (5 + €1 expulyr + 1)
R B

Since y + & = 2L, the contribution of this term to (2.44) is then

n . Fo1,on((25))Ecw. (T, € )0’ (27) exp u(z})
_§E Z w(R (e, 7) —q) ;1(( o)) :

ol ... onT
(2.54)
Now

Eew. (7.61)u/ (27) expu(zy) = Eew. (1,€" )/ (27 expu(z™) |

so that, changing the name of 7 into ™1, and since w? ! = w, (g™ +1, £"+1),
the quantity (2.54) is equal to (using (2.46) in the second line)

For,...om ((26)) Eewi ! (2g15,) exp u(zgiisy)

~5E T - R

,O’”+1

n CEewn™u/(S7H1) exp u(SnHL)
= _§E Z w(Ri,n—i-l - q) : Z1)n+1 > .
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In a last step we observe that in the above formula we can remove the expec-
tation E¢. This is because the r.v.s labeled ¢ that occur in this expectation
(namely £€"*1 and ¢"*!) are independent of the other r.v.s labeled & that
occur in C' and w. In this manner we finally see that the contribution of this
quantity to the computation of (2.42) is

C(RY g1 — Quwi™u/(SPH) expu(SyH)

_gE 2. Zn+1

ol,.. ontl

n
= _§Vt,v (f(Rﬁ,nJrl - q)u”(Si)u’(Sg)u'(S:}""l)) .
In a similar manner we compute the contribution in (2.52) of the dependence

of Fy1, . on on the variables 2 at a given value of /, i.e of the quantity

OFg1  on 1

Eozti 2L E ! : 2.55
2 025127 E0 837?,. ((ZU))FI((Z/U))” ( )
We observe in particular from (2.48) that
0F51,  on
T((zﬁ)) =0
unless T = o, so that the quantity (2.55) equals
O0F ;1 n 1
Eozth 28 Eo—2=27" ((25)) o 2.56
0251 245¢L0 8‘%5;,[ ((ZO-))Fl((yo-))n ( )

Since Ez% 2% = 0 by (2.50) we see that for £ = 1 the contribution of this term
is 0.
When ¢ > 3, we have

T () = (s ab i (e ( exo (D ulahe))

so that the term (2.55) is simply

1
o (PR — g (S (S2)u (1))

If ¢ = 2, there is another term because of the factor u/(52), and this term is
sVt (f(RE 5 — q)u”(S3)u”(S?)). So actually we have shown that

o (FSY (S (82)) = S (F(RL s — @) (S (52))

by ST (PR, — (S (52 ()
2<t<n
n

— S0 (R s — Qu (S (S20/ (814
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We strongly suggest to the enterprising reader to compute now all the
other terms of (2.41). This is the best way to really understand the mechanism
at work. There is no difficulty whatsoever, this just requires patience.

Calculations similar to the previous one will be needed again and again.
We will not anymore explain them formally as above. Rather, we will give
the result of the computation with possibly a few words of explanation. It is
worth making now a simple observation that helps finding the result of such
a computation. It is the fact that from (2.51) we have

E,zf,’y.r = Ezf‘,’zﬁ“ .
In a sense this means that when performing the integration by parts, we
obtain the same result as if Z were actually a function of the variables z2*+1.
It is useful to formulate this principle as a heuristic rule:

The result of the expectation E¢ in the definition of Z is somehow

“to shift the dependence of Z in S, on a new replica” . (2.57)

When describing in the future the computation of a quantity such as
ve o (fSY U (SHu/(S2)) by integration by parts, we will simply say: we inte-
grate by parts using the relations

ES!/S, =05 ESYS! = %(Rz’e, —q) . (2.58)
and we will expect that the reader has understood enough of the algebraic
mechanism at work to be able to check that the result of the computation is
indeed the one we give, and the heuristic rule (2.57) should be precious for
this purpose. There are two more such calculations in the present chapter,
and the algebra in each is much simpler than in the present case. As a good
start to develop the understanding of this mechanism, the reader should at

the very least check the following two formulas involved in the computation
of (2.41):

v (£80/ (Sy)u/ (S,)u' (S7))

= S (F(RS ) — Q' (SDu (S (52))

+ v (F(Rs 2 — @) (S)u'(8,)u” (S7))

> v (F(RE, — @' (S9! (Sh)u/ (S’ (S5))

(#£3 4<n

Ve (F(RY yy — ! (S3) (SHu/ (82! (S771))

+

NS NI=N =

and
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veo (fS T (ST (8))u'(S7))

o (F(RY 1y — @) (ST ) (Sh)ud (52))

2
1
+ §Vt,v (f(Rz.H,z - Q)U/(SSJFI)U/(S};)U'N(SS))
1
g Y v (Bl — au! (S (S (82)u/(51)
<n
n+1

= Vi (F(Bor a — /(S (S, (S)w'(S7742))

We bound a term (2.53) by

KD fIIR ¢ —al) ,

and we write |Rj ,, — q| < |Rg e —q| + 1/N to obtain the inequality

d 1
B <KD S R~ + i)
1<0<l/ <n+2
(2.59)
To conclude we use Hélder’s inequality. O

Exercise 2.3.3. Let us recall the notation Sﬁ’t of Proposition 2.2.3 and de-
fine

- (gm & )
MTOyN\VE VI-t)]
so that (2.27) becomes

d 5@Y
dt N,M Zsktu Skt o/l -1

k<M

Observe the relations

/ 1 '
ESy Sk, =03 ESY, Sy, = o eee if 0 # 0 ESY Spy=0ifk £k .
(2.60)

Get convinced that the previously described mechanism yields the formula
(when £ <n+1)

1 / / /
n(SLalSEN = g (5wl (SESES)
000 <ntl

. 1>ut<wsn+2u'<sf;¢>u'(S};f)f)) .

Then get convinced that the term I in (2.23) can be obtained “in one step”
rather than by integrating by parts separately over the r.v.s &, and gy as
was done in the proof of Proposition 2.2.3.
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To follow future computations it is really important to understand the
difference between the situation (2.58) (where integration by parts “brings
a factor (R}, — ¢)/2 in each term”) and the situation (2.60), where this
integration by parts brings “a factor ey /2N in each term”.

Let us point out that the constants K (n, D) and K (D) are simply avatars
of our ubiquitous constant K, and they need not be the same at each occur-
rence. The only difference is that here we make explicit that these constants
depend only on n and D (etc.) simply because this is easier to do when there
are so few parameters. Of course, K1 (D), etc. denote specific constants.

Lemma 2.3.4. If f > 0 is a function on X3 we have
Ve (f) < K(n, D)r(f) - (2.61)
Proof. We use (2.40) with B, =1, 1 = 1,72 = oo to get

d

Sl < KD

We integrate and we use that vy 1(f) = v(f). O

Proposition 2.3.5. Consider a function f on X%,. This function might be
random, but it does not depend on the randomness of the variables g; ar, 55{4,55
or z. Then, whenever 1/71 + 1/m9 = 1, we have

v (fu' (Sap)u' (S3r0)) = Tre(f)] < K(n, D) (Vt(lfl”)l/”Vt(lRl,z —q|)!m

+ i) (2.62)

This provides a good understanding of the term I of (2.23), provided we can
find ¢ such that the right-hand side is small.

Proof. We consider B, as in Lemma 2.3.2, we write

Ve (Bif) —veo(Bof)] < max

d
dUVt,U(vi)' ) (2'63)
and we use (2.40) and (2.61) to get

v (Bif) — veo(Bof)l < B, (2.64)

where B is a term as in the right-hand side of (2.62). Thus in the case B, = 1,
and since v 1 = 14, (2.37) and (2.64) imply that

i (f) = E(f)e~| < B. (2.65)
In the case B, = u/(S})u/(52%), (2.38) and (2.64) mean
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|Vt (fu’(S}V[)t)u'(SJQ\“)) - ?E<f>t,~‘ <B
and combining with (2.65) finishes the proof. O

We now set r = a7, and (2.62) implies
vy (eeer fu’(Sg/I’t)u'(Sﬁ;7t)) —rvy(eeen f))|

< k(. D) (A1) R = ™) 4 gD )

Looking again at the terms I and II of Proposition 2.2.3, we have proved the
following.

Proposition 2.3.6. Consider a function f on X7, (that does not depend on
any of the r.v.s g; ar, £, &5, or z). Then, whenever 1/7 +1/72 = 1, we have

AN < B (D) (w177l Faa = ™)™ 1)) - (2060

The following is an obviously helpful way to relate v and v;.

Lemma 2.3.7. There exists a constant K(D) with the following property. If
aK(D) < 1, whenever f > 0 is a function on X% (that does not depend on
any of the r.v.s giar, &5, &5, or z), we have

ve(f) < 2v(f) . (2.67)

Proof. We use Proposition 2.3.6 with 71 = 1 and 75 = oo to see that

V()] < aKy(D)we(f)
from which (2.67) follows by integration if aK; (D) < log?2. O

2.4 The Replica Symmetric Solution

We recall the notation 0 = z,/q + §+/1 — ¢ where 2 and { are independent
standard Gaussian r.v.s, and that E; denotes expectation in & only.

Theorem 2.4.1. Given D > 0, there is a number K (D) with the following
property. Assume that the function u satisfies (2.7), i.e.
V<3, ) <D.

Then whenever a < 1/K (D) the system of equations

q=Eth’*(2y7r) ; r=aE (%) (2.68)

in the unknown q and r has a unique solution, and

L

u((R1,2 — q)2) < N (2.69)
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Proof. Let us write the second equation of (2.68) as r = ar = or(q).
Differentiation and integration by parts show that |7'(q)] < K(D) under
(2.7). The function r — Eth?(zy/7) has a bounded derivative; so the func-
tion ¢ — t(q) := Eth?(2/ar(q)) has a derivative < aK,(D). Therefore if
2aK5(D) < 1 there is a unique solution to the equation ¢ = v(q) because
then the function (q) is valued in [0, 1] with a derivative < 1/2.

Symmetry among sites yields

v((Ri2—q)*) = v(f) (2.70)

where f = (e162 — ¢)(R1,2 — q), and we write
v(f) <w(f) + sup [vi(f)] (2.71)

0<t<1

Since ¢ = Eth?*(24/r) = Eth?Y, Lemma 2.2.2 implies
v ((e1e2 — @)(Riy — q)) = (Eth®Y — q)v(Ri, —q) =0,

and thus

vo(f) = ol — e120) = (1 - 7). (2.72)

To compute v;(f), we use Proposition 2.3.6 with n = 2 and 7, = 7o = 2.
Since | f] < 2|Ry 2 — q|, we obtain

1
NI < K D) (n((Raa =) + D) - 273
We substitute in (2.71) and use (2.67) to get the relation

W) = v((Raz — 0) < aK(D) (v((Buz —0)?) + 1or(1f)) + (1~ ).
so that since |f| < 4 we obtain

K(D)(a+1)

V((R1,2 - Q)2) < QK(D)V((Rl,Q - Q)Q) + N

One should observe that in the above argument we never used the unique-
ness of the solutions of the equations (2.68) to obtain (2.69), only their exis-
tence. In turn, uniqueness of these solutions follows from (2.69).

One may like to think of the present model as a kind of “square”. There
are two “spin systems”, one that consists of the o; and one that consists of the
Si. These are coupled: the o; determine the Sy and these in turn determine
the behavior of the ;. This philosophy undermines the first proof of Theorem
2.4.2 below.

From now on in this section, ¢ and r always denote the solutions of (2.68).
We recall the definition (2.11)
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1
pNv(u) = NE logz exp(—Hn m(0)) ,
o

and we define

p(u) = —%T(l — q) + Elog(2ch(zy/7)) + aElog E¢ expu(z,/q + £y/1 — q) .

(2.74)
Theorem 2.4.2. Under the conditions of Theorem 2.4.1 we have
K(D
prar() ()] < 0 (2.75)

We will present two proofs of this fact.

First proof of Theorem 2.4.2. We start with the most beautiful proof,
which is somewhat challenging. It implements through interpolation the idea
that “the quantities S, behave like individual spins”. We consider indepen-
dent standard Gaussian r.v.s z, (zx)k<m, (2})i<n, (§x)r<nmr and for 0 < s < 1
the Hamiltonian

—Huns= Y u(vsSk+VI—st)+ Y ov/T—szis/r  (2.76)

k<M i<N

where 0, = 21,\/q + &/1 — ¢. In this formula, we should think of 2] and z
as representing new randomness, and of & as representing “new spins”, so
that Gibbs averages are given by (2.19), and we define

1

PN,M,s = N

Elog E¢ Z exp(—Hm,N,s) -

The variables £ are not the same as in Section 2.2; we could have denoted
them by &}, to insist on this fact, but we preferred simpler notation.

A key point of the present interpolation is that the equations giving the
parameters q; and 7, corresponding to the parameters ¢ and r in the case
s =1 are now

4 = B2 (Vazys + VI = 52/v) (277)

(@) espu(d)\?
“‘E< Ee xpu(d,) ) (2.78)

where

0s = Vs(2v/Gs + 61— q) + VI = s(z' i+ §/1—q) .

To understand the formula (2.77) one should first understand what hap-
pens if we include the action of a random external field in the Hamiltonian,
ie. we add a term h), 5 gio; (where g; are i.i.d. standard Gaussian) to
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the right-hand side of (2.6). Then there is nothing to change to the proof of
Theorem 2.4.1; only the first formula of (2.68) becomes

q = Eth®(zv/r + hg) , (2.79)

where g, z are independent standard Gaussian r.v.s. We then observe that
the last term in (2.76) is an external field, that creates the term /1 — sz’/r
in (2.77). The second term in the definition of 65 is created by the terms
V1 — s8; in the Hamiltonian (2.76), a source of randomness “inside u”.

The values ¢s = g, s = r are solutions of the equations (2.77) and (2.78),
because for these values \/sz,/qs + /1 — s2’/q is distributed like z,/q (etc.).
One could easily check that the solution of the system of equations (2.77)
and (2.78) is unique when aK (D) < 1, but this is not needed.

We leave to the readers, as an excellent exercise for those who really
want to master the present ideas, the task to prove (2.69) in the case of the
Hamiltonian (2.76). Since we have already made the effort to understand the
effect of the expectations E¢, there is really not much to change to the proof
we gave.

So, with obvious notation, one has

L
Vs €[0,1], vs((R12 —q)°) < ¥ (2.80)
Let us define
1 1
Sk.s = +/sS V1—sb,; S, .= Sp — 0 ,
ko = VoSt V1= sbis Sy = 525k — 5 =0
so that
d 1 d
&pN,M,s(U) =NV (dS(HN,M,s)>
1 / i 1 !
- ‘ S 2! . (281
NV5 (k;MSk7éu (Sk:,s) 2@;\]0 Zl\/;> ( 8 )

The next step is to integrate by parts. It should be obvious how to proceed
for the integration by parts in z; this gives

(5 b BV ) = 50 - (i)

Let us now explain how to compute vs(S; ju'(Sk,s)). Without loss of general-
ity we assume k = M. We make explicit the dependence of the Hamiltonian
on Sys,s by introducing the Hamiltonian

—Hyoans = Z u(v/sSk + V1 — s0;) + Z oiV1 — szi\/r.

k<M—1 i<N
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Denoting by (). an average for this Hamiltonian, we then have

(Shr, st/ (Shr,s) expu(Sa,s))~
(expu(Sar,s))~

Let us denote as usual by an upper index ¢ the fact “that the spins are

in the ¢-th replica”. For example, (since we think of £, as a spin) Hi =

2k/q + {ﬁwl — g where §f; are independent standard Gaussian r.v.s, and

Sﬁ,s = /sSf + /1 —sb%, and let us observe the key relations (where the

reader will not confuse Sﬁﬁ,,s with Sﬁ;[’s)

VS(SM,SU/(SMys)) =E

(2.82)

;1
ESN,s S, =03 LA L = ESy Sy, = o (Ree =)

Now we integrate by parts in (2.82). This integration by parts will take
place given the randomness of Hp;—1 ns. We have explained in detail in
the proof of Lemma 2.3.2 how to proceed. The present case is significantly
simpler. There is only one term, “the term created by the denominator” (as
defined page 168), and we obtain

(St (Sn1.0)) = —5va((Bs — @) (S}, ' (53,.))

This illustrates again the principle (2.58) that the expectation E¢ in the
denominator “shifts the variables there to a new replica.” Therefore we have
found that

d 1 1 r
Somwana) =g (Raa =)y 3 wSEI(SE)) - §0-n(Raa)).
k<M

We will not use the fact that the contribution for each & < M is the same,
but rather we regroup the terms as

%pN,M,s(u) = —g(l —q)
- %Vs ((R1,2 - Q) (]]\-[ k<zjw U/(S%7S)U/(S]%7S) - T‘)) : (283)

This formula should be compared to (1.65). There seems to be little hope
to get any kind of positivity argument here. This is unfortunate because
as of today, positivity arguments are almost our only tool to obtain low-
temperature results.

We get, using the Cauchy-Schwarz inequality

iZDN,M,S(U) + g(l - Q)’ < vs((R12 — q)°)

ds
(kS wistowisto—))

k<M

1z (2.84)
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From (2.80) we see that the right-hand side is < K(D)/v/N; but to get the
correct rate K (D)/N (rather than K(D)/v/N) in Theorem 2.4.2, we need to
know the following, that is proved separately in Lemma 2.4.3 below:

n(( T wtstonist -r) ) < 52 (285)

k<M
We combine with (2.80) to obtain from (2.84) that

d r K (D)
- (1 — < 2\
‘dSPN,M,s(U) + 2(1 Q)‘ <

so that, since py ar(w) = pn a1 (u),

r

o () + 21 = 0) — o] < ZX2.

N

As the spins decouple in py aro(u), the computation of this quantity is
straightforward and this yields (2.75). ad

Lemma 2.4.3. Inequality (2.85) holds under the conditions of Theorem
2.4.1.

Proof. Let us write

1
f = N ul(sli,s)u/(slz,s) -r
k<M
_ 1
f = N Z ul(sli,s)u/(slz,s) -T,
k<M

so that, using symmetry between the values of k < M,
vs(f?) = vs (v (Spy, )0/ (S3r,s) = 7)f)
K(D
< vyl(on (83, (S30) 1)) + D)

N (2.86)

We extend Proposition 2.3.5 to the present setting of the Hamiltonian (2.76)
to get

|vs (o' (Sap o)/ (S3r0) — ) f )|

< aK(D) (Vs((RLz ~0?) () %) '

Combining these, and since 2v/ab < a + b, for aK (D) < 1 this yields

K(D)

va(7) < gwa((Raz = 0)%) + s (1)) + 23

2
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and since |f? — (f7)?| < K(D)/N we get

vs(f?) < %VS((Rlz —q)*) + %us(fz) - —K](VD) ,

which completes the proof using (2.80). ad

To prepare for the second proof of Theorem 2.4.2, let us denote by
F(a,r,q) the right-hand side of (2.74), i.e.

1

F(a,r,q) = —57“(1 — q) + Elog(2ch(2v/7)) + aElog E¢ exp u(6) ,
where 6 = z,/q + §/1 — ¢ and let us think of this quantity as a function of
three unrelated variables. For convenience, we reproduce the equations (2.68):

Ecw'(0) exp u(9)>2
E¢ expu(h)

q=Eth*(zy/r) ; r=aE ( (2.87)

Lemma 2.4.4. The conditions (2.87) mean respectively that OF/0r = 0,
0F/0q = 0.

Proof. This is of course calculus, differentiation and integration by parts,
but it would be nice to really understand why this is true. We give the proof
in complete detail, but we suggest as a simple exercise that the reader tries
first to figure out these details by herself.

Integration by parts yields

oF 1 1 1 1

so that OF/0r = 0 if

q:l—Em:Eth2(zﬁ)'
Next, if
9:z\/fl+f\/1T’91222%_21§7—q7
we have OF r a ,u'(0) expu(6)
55 5 () o

To integrate by parts, we observe that Fi(z) = E¢ expu(f) does not depend
on ¢ and

dF,  d
d—zl = 3 EBeexpulzv/+ &1 —q) = VaEeu' () expu(®) .
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We appeal to the integration by parts formula (A.17) to find, since E(6'0) = 0,
E(0'z) = 1/,/q that
,u’(6‘) expu(@) _ 1 / /
E (0 R ) E G u'(0) exp u(0)E¢ (v (0) expu(P))
£ (Ect/(6) expu(9))®
(E¢ expu(h))?

so that by (2.88), 0F/9q = 0 if and only if the second part of (2.87) holds. O

If ¢ and r are now related by the conditions (2.87), for small « they are
functions ¢(«) and r(«) of « (since, as shown by Theorem 1.4.1 the equations
(2.87) have a unique solution). The quantity F'(«, r(«), ¢(e)) is function F'(«)
of o alone, and

ar _or  orag  ordr_or
dae  90a  9gda  Orda Oa’

since 0F/0q = 0F/0r = 0 when ¢ = ¢(a) and r = r(«). Therefore
F'(a) = Elog E¢ expu(6) . (2.89)

Second proof of Theorem 2.4.2. We define Zn = >, exp(—Hn,m (o)),
and we note the identity

1
Z =7 expu| — i o;
N,M+1 N,M< p <\/N Z 9i,M+1 )>

i<N
so that
(w) () = El < (—1 > )> (2.90)
u) — u) = og( expu i 0; . .
PN, M+1 PN,M N g p \/N 9i,M+1

i<N

To compute the right-hand side of (2.90) we introduce

v
Sy = \/NKZNQZ;MHUi +v1—0,

where § = z,/q + /1T — ¢, where (I almost hesitate to say it again) z and
¢ are independent standard Gaussian r.v.s, and where ¢ is as in (2.68) for
a = M/N (so that the value of ¢ depends on M). We set

¢(v) = Elog E¢(expu(S,)) -

As usual E¢ denotes expectation in all the r.v.s labeled £. Here this expecta-
tion is not built in the bracket (-), in contrast with what we did e.g in (2.35),
so that it must be written explicitly.
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We note that
©(1) = N(pn,p+1(u) — pra(w)) 3 (0) = Elog Ec expu(6) .

With obvious notation we have

L EdSiexpu(S.)) () expu(S.)
P = B opus,)  CE(epulSy)

We then integrate by parts, exactly as in (2.82). This yields the formula

((R12 — @)u'(Sy)u'(S7) exp(u(Sy) +u(S})))
Ee(exp(u(S;) + u(S3))) ’

o' (v) = f%E (2.91)

where S’ is defined as S,, but replacing ¢ by ¢¢ and o by . Now (2.69)
implies

12 _ K(D)
SN

This bound unfortunately does not get the proper rate. To get the proper
bound in K(D)/N in (2.75) one must replace the bound

' (v)] < K(D)v(|R12 — ql) < K(D)v((Ri2 — q)*)

lp(1) — @(0)] < sup [’ (v)]
by the bound
|p(1) = ¢(0) — ¢'(0)] < sup |¢"(v)] - (2.92)

A new differentiation and integration by parts in (2.91) bring out in each
term a new factor (Rg ¢ — ), so that using (2.69) we now get

()] < KD ((Res - )?) < X8

As a special case of (2.91),

1.
#(0) = 5 (Riz —q)

We shall prove later (when we learn how to prove central limit theorems in
Chapter 9) the non-trivial fact that |v(Ry 2 —q)| < K(D)/N, and (2.92) then
implies

1

K(D)
~ .

ElogEcexpu(f)| < 2

PN M1 (u) — p o (u) (2.93)

One can then recover the value of py as(u) by summing these relations over
M. This is a non-trivial task, since the value of ¢ (and hence of ) depends
on M.
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Let us recall the function F'(«) of (2.89). It is tedious but straightforward
to check that F”(«) remains bounded as aK (D) < 1, so that (2.89) yields

’F (MN“) —F (%) - %ElogEgexpu(Q) < K]g) .

Comparing with (2.93) and summing over M then proves (2.75) (and even
better, since the summation is over M, we get a bound «K(D)/N). This
completes the second proof of Theorem 2.4.2. a

It is worth noting that the first proof of Theorem 2.4.2 provides an easy
way to discover the formula (2.74), but that this formula is much harder to
guess if one uses the second proof. In some sense the first proof of Theo-
rem 2.4.2 is more powerful and more elegant than the second proof. However
we will meet situations (in Chapters 3 and 4) where it is not immediate to
apply this method (and whether this is possible remains to be investigated).
In these situations, we shall use instead the argument of the second proof of
Theorem 2.4.2.

2.5 Exponential Inequalities

Our goal is to improve the control of R; 3 —¢q from second to higher moments.

Theorem 2.5.1. Given D, there is a number K (D) such that if u satisfies
(2.7), i.e. [uD| < D for all 0 < £ < 3 then for aK(D) <1, we have

k
V>0, v((Ri2—q*)< (%) . (2.94)

Proof. It goes by induction over k, and is nearly identical to that of Propo-
sition 1.6.7.

For 1 <n < N, we define A, = N"'Y" _._y(0lo? —q), and the induc-
tion hypothesis is that for each n < N, o

V(A% < (%)k : (2.95)

To perform the induction from k& to k& + 1, we can assume n < N, for
(2.95) holds if n = N. Using symmetry between sites yields

N-—-n+1

2k+2Y\ __

V(f)’

where
f= (5162 - Q)AikH .

Thus
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v(ATH2) < Jvo(f)] +Sgp|V£(f)\ : (2.96)

We first study the term vo(f). Consider

Since by Lemma 2.2.2 we have v((e162 — q) A’?**1) = 0, using the inequality
B g < (2 Do — g0 + )
for x = A, and y = A’ we get, since |z — y| < 2/N and |e1es — ¢| < 2,

ol < Ty a2) 1 a78))

We use (2.67), the induction hypothesis, and the observation that since n <
N, we have
v(AF) = v(A7%)

to obtain

vo(f)] <

16(2k + 1) (@)’! 2% + 1 (64(k+1)>k+1' (207

N N ) ~4k+1) N

To compute v;(f) we use Proposition 2.3.6 with n = 4,71 = (2k+2)/(2k+1),
To = 2k + 2 and (2.67) to get

Wi(F)| < oK (D) (u(Ai’“”)”ﬁv((Rl )

s

1 T2 1
,q)2k+2) / + NV(AM%H)) )

Using the inequality ='/™y/™ <z 4y for 2 = v(AZ*2) and y = v((R1 2 —
q)?#*2) this implies

vi(f)] < aK (D) (V(Aik“) +r((Riz —)**?) + %I/(|An|2k+1)> '

Combining with (2.96) and (2.97) we get if aK (D) < 1/4,

v(AZRH2) < % (V(A?Lk+2) +v((Rya — q)2k+2))
k+1

Since |A,| < 2 and hence |A,,[?**1 < 2A42F the induction hypothesis implies
that the last term of (2.98) is at most

1 64(k + 1)\
32(k:+1)( N ) ’
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so the sum of the last 2 terms is at most

;(64(1? 1))’““'

Since A; = Ri 2 — g, considering first the case n = 1 provides the required
inequality in that case. Using back this inequality in (2.98) provides the
required inequality for all values of n. a

The following extends Lemma 2.4.3. Its proof is pretty similar to that
of Theorem 2.5.1, and demonstrates the power of this approach. The reader
who does not enjoy the argument should skip the forthcoming proof and make
sure she does not miss the pretty Theorem 2.5.3. We denote by Ky(D) the
constant of Theorem 2.5.1.

Theorem 2.5.2. Assume that u satisfies (2.7) for a certain number D. Then
there is a number K (D), depending on D only, with the following property.
For aKy(D) <1 we have

Yk >0, u((% Z w'(S)u'(S3) —r)2k>< (%(m)k . (2.99)

jsM
Proof. We recall the definition of 7 given by (2.36), i.e.

e (Egu’(é’) expu(e))2 ’

E¢ expu(0)
so that with the notation (2.87) we have r = a7. For 1 <n < M we define

1 el / Q2 o
CnZM Z (u'(Sj)u'(S7) —7) -

n<j<M

Since 7 = a7 and 1/N = a/M the left-hand side of (2.99) is a?*v(C?F).
We prove by induction over k that if aKy(D) < 1 then for a suitable
number K7(D) we have for k > 1 and any n < M that

v(CF) < (MlT(m>k :

(2.100)
Using this for n = 1 concludes the proof. For & = 0 (2.100) is true if one then
understands the right-hand side of (2.99) as being 1. The reader disliking this
can instead start the induction at £ = 1. To prove the case k = 1 it suffices
to repeat the proof of Lemma 2.4.3 (while keeping a tighter watch on the
dependence on «). For the induction step from k to k+ 1 we can assume that
n < M, and we use symmetry among the values of j to obtain

v(CPHFF2) = y(f~), (2.101)
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where f~ = (u/(Si,)u'(S3,) — 7)C2*+1. Let us define
C'=2 Y WSS 7).
n<j<M—1
Using the inequality
|22l 2R < 2k 4 1) |z — y|(2%F + y?F) (2.102)

for x = C,, and y = C’, and since |u’(S},)u/(S%,) — 7| < 2D?, we obtain that
for f* = (u/(S3,)u'(S3,) — 7)C'2F+1L:

2(2k + 1) D2

i (V(C?*) + v (C'?*)) . (2.103)

v(f7) <v(f) +

Since n < M, symmetry among the values of j implies v(C"?*) = v(C2%,)
and the induction hypothesis yields

v(f7) <v(f) + (2.104)

8(k ;41)1)2 (Kﬁ))k)k .

Next, we use (2.62) for t = 1, f = C'***! and n = 2. This is permitted
because f does not depend on the randomness of &4, &% or g; ar. We choose
1= (2k+2)/(2k+1) and 5 = 2k + 2 to get

W) = Ka(D) (MO (R = 072) /™ Lo(CH)

Since we work under the condition aKy(D) < 1, we can as well assume that
a <1, sothat M < N and

W) < KalD) (MO (R = )™ o ()

(2.105)
We recall the inequality z'/7y'/™ < z + 3. Changing z to z/A and y to
A™/T1y in this inequality gives

x1/71y1/7'2 < %_’_Aﬁ/ﬁy )

Using this for A = 2K»(D), z = v(C'?**2) and y = v((R12 — ¢)?*?), we
deduce from (2.105) that

A< L K(D
)] € 52 KD ((Rys - ) + P gerppien).
(2.106)
We now use the inequality

@42 — 252 < (2h + 2) |z — yl(j2 P+ [y
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for x = C' and y = C,, to obtain

2(2k +2)D?

12k+2 < 2k+2
p(C1HH2) < (2 ) 4 2

(VO + v(|CuM ) -

We combine this with (2.106), we use that |C,,|2**1 < 2D2C2* and |C’|?F+! <
2D%C"?* and the induction hypothesis to get

W) < UG b KDY 20 ((By s — )P

L (E+1E(D) (Kl(D)Ic)k ,

M M

and combining with (2.101) and (2.104) that

V(CZIH-Q) +K(D)2k+zy((R1,2 _ q)2k+2)

(k+3)4K(D) (Klj(é[))k:>k .

Finally we use (2.94) to conclude the proof that v(C2**2) < (Ky(D)(k +
1)/M)k*+1 if K{(D) has been chosen large enough. This completes the induc-
tion. a

The following central limit theorem describes the fluctuations of py ar(u)
(given by (2.11)). We recall that a(k) = Ez* where 2 is a standard Gaussian
r.v. and that O(k) denotes a quantity A = Ay with |A| < KN~*/2 where K
does not depend on N. We recall the notation p(u) of (2.74),

. (1 — q) + Elog(2ch(zv/7)) + aElog E¢ expu(zy/q + £4/1 —q) .

——r
2

Theorem 2.5.3. Let

b = E(logch(zv/7))? — (Elogch(zy/7))? — qr .

Then for each k > 1 we have

p(u) =

k/2
Elpmar(e) —p()* = () ) + O+ 1)
Proof. This argument resembles that in the proof of Theorem 1.4.11, and
it would probably help the reader to review the proof of that theorem now.
The present proof is organized a bit differently, avoiding the a priori estimate
of Lemma 1.4.12. The interpolation method of the first proof of Theorem
2.4.2 is at the center of the argument, so the reader should feel comfortable
with this proof in order to proceed. We recall the Hamiltonian (2.76) and
we denote by (-)s an average for the corresponding Gibbs measure. In the
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proof O(k) will denote a quantity A = Ay such that |A| < KN %2 where
K does not depend on N or s, and we will take for granted that Theorems
2.5.1 and 2.5.2 hold uniformly over s. (This fact is left as a good exercise for
the reader.)

Consider the following quantities

1
A(s) = 5 log > Ecexp(—Hy,s(0))

RS(s) = Elog 2ch(2v/1) + aElog E¢ expu(z/q + y/1 — q) — %r(l —q)
V(s) = A(s) — RS(s)
b(s) = E(log ch(zv/7))* — (Elog ch(zy/7))? — rgs .
The quantities EA(s), RS(s) and b(s) are simply the quantities corresponding

for the interpolating system respectively to the quantities py ar(u), py, and
b. Fixing k, we set

W(s) = EV(s)*

We aim at proving by induction over k that ¢(s) = (b(s)/N)¥/2a(k)+O(k+1),
which, for s = 1, proves the theorem. Consider ¢(s,a) = E(A(s) —a)¥, so that
¥(s) = p(s,RS(s)) and by straightforward differentiation d¢/ds is given by
the quantity

%E«ZM(\ST‘XT) 505 S L f><<> >>

where S; = \/sS; + /1 — s0;. Next, defining vas as usual we claim that
Op/0s =1+ 11, where

I= gE << - % Z (Ri2— q)u/(Sjl’s)u'(Sis) —7r(l— R172)>

J<M s

(A(s) — a)'”)
and II is the quantity

k(];;; D E <<% Z (R12 — q)u'(S] )u'(S7,) — TR172>S(A(S) - a)k—2> ,

J<M

This follows by integrating by parts as in the proof of (2.83). The term I
is created by the dependence of the bracket (-); on the r.v.s S;, 6; and 2],
and the term II by the dependence on these variables of A(s). We note the
obvious identity I = IIT + IV where

11 = —gE <<(R172 —q) (% > (S (S, — r) >5(A(8) - a)H)

J<M
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and
L De((a(s) - a) ).

Similarly we have also II = V + VI where V is the quantity

e Ve <<<R1,2 ~0(F X Sl (s2)—r) ) (Als) - a>k-2>

j<M

v = —

and

rq _
VL:fZVMkflﬁqA@)f@k2y

Now,

/ _ i _ 6_80 / a_go
P'(s) = dsgo(s,RS(s)) = 5 (s,RS(s)) + RS'(s) 90
Since RS'(s) = —7(1 — ¢q)/2 and d¢/da(s,RS(s)) = —kEv(s)*~1, the second
term of (2.107) cancels out with the term IV and we get

(s,RS(s)). (2.107)

Y’ (s) = VII + VIII 4 IX (2.108)
where
Vi = —§E<<(Rl,2 o5 SRICRICAR r>>sv<s>“>
VIII = %E <<(Rl’2 - q) <% %u/(sjl-,s)u'(sis) - 7’) >SV(3)’€2>

__Tra _ k-2
IX = — o k(k = DEV(s)* 2.

The idea is that each of the factors Ry 2 —q, (N~ 30,5 u'(S] )/ (S5 ) =)
and V'(s) “counts as N~/2”. This follows from Theorems 2.5.1 and 2.5.2 for
the first two terms, but we have not proved it yet in the case of V(s). (In the
case of Theorem 1.4.11, the a priori estimate of Lemma 1.4.12 showed that
V(s) “counts as N~1/27.) Should this be indeed the case, the terms VII and
VIIT will be of lower order O(k+1). We turn to the proof that this is actually
the case.
A first step is to show that

K(k)

vngjrmwﬂﬂ%;vmng

N2

(E|V(s)|F)" % . (2.109)

In the case of VII, setting A = Ry 2 — ¢ and

B= N Z u’(S}ys)u'(Sis) —r

j<M
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we write, using Holder’s inequality and Theorems 2.5.1 and 2.5.2:

E((AB).V(5)*) < B YHREB1HEV (5)])' T
< E0ev e

We proceed in a similar manner for VIII, i.e. we write that

E((AB).V () ~") < E(IAMYSE(BI Y EV (5)]) 7
< W o=

and this proves (2.109).
Since xy < 2™ 4+ y™ for 7o = k/(k — 2) and 71 = k/2 we get

1
Nk/2

SEVENT < o +EVE)E

This implies in particular
K (k) k=2 1

IX < = EVE))T < K(k) (W * E"/(S)'k)

and
K(k) 1 k 1 k

Next, we use that zy < 2™ +y™ for », = k/(k — 1) and 71 = k to get

1 oy =1 1 & 1

CEVET < o BV < o
When k is even (so that |V (s)|¥ = V(s)* and E|[V(s)[* = %(s)) we have
proved that

FEV(s)|F.

¥(s) < K (k) (# + d)(s)) | (2.110)

Thus (2.110) and Lemma A.13.1 imply that
1
0(6) < KO0 (900 + 37 )

Since it is easy (as the spins decouple) to see that 1(0) < K(k)N*/2, we
have proved that for k even we have EV(s)* = O(k). Since E|V(s)]F <
(EV'(5)%#)1/2 this implies that E|V(s)|* = O(k) for each k so that by (2.109)
we have VII = O(k + 1) and VIII = O(k + 1). Thus (2.108) yields

W'(s) = f%k(k —DEV(s)F 2+ O(k + 1)

_V(s)k

gk - DEV(s)F 24+ 0(k+1) .
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As in Theorem 1.4.11, one then shows by induction over k that

" b(s) "
using that this is true for s = 0, which is again proved as in Theorem 1.4.11.
O

Exercise 2.5.4. Rewrite the proof of Theorem 1.4.11 without using the a
priori estimate of Lemma 1.4.12. This allows to cover the case where the r.v.
h is not necessarily Gaussian.

Research Problem 2.5.5. (Level 11) Prove the result corresponding to
Theorem 1.7.1 for the present model.

This problem has really two parts. The first (easier) part is to prove results
for the present model. For this, the approach of “separating the numerator
from the denominator” as explained in Section 9.1 seems likely to succeed.
The second part (harder) is to find arguments that will carry over when we
will have much less control over u as in Chapter 9. For this second part, the
work is partially done in [100], but reaching only the rate 1/v/N rather than
the correct rate 1/N.

Research Problem 2.5.6. (Level 2) For the present model prove the TAP
equations.

These equations have two parts. One part expresses (oi> as a function of
((w'(Sk)))k<m, and one part expresses (u'(Sk)) as a function of ((o;))i<n. It
is (perhaps) not too difficult to prove these equations when one has a good
control over all derivatives of u, but it might be another matter to prove
something as precise as Theorem 1.7.7 in the setting of Chapter 9.

2.6 Notes and Comments

The problems considered in this chapter are studied in [63] and [52].

It is predicted in [90] that the replica-symmetric solution holds up to
a*, so Problem 2.1.1 amounts to controlling the entire replica-symmetric
(=“high-temperature”) region, typically a very difficult task.

It took a long time to discover the proof of Theorem 2.4.1. The weaker
methods developed previously [148] for this model or for the SK and the
Hopfield models just would not work. During this struggle, it became clear
that the smart path method as used here was a better way to go for these

three models.



3. The Shcherbina and Tirozzi Model

3.1 The Power of Convexity

In the present model the configuration space is R, that is, the configuration
o can be any point in RY. Given another integer M, we will consider the
Hamiltonian

— Hym(o) = Z u<\/1ﬁ Z giykm) +h Z gioi — k||| . (3.1)
i<N

k<M i<N

Here |o|]? = Y <N 01.2, (9i,k)i<Nk<m and (g;)i<n are independent standard
Gaussian r.v.s and & > 0, h > 0. We will always assume

u <0, u is concave. (3.2)

To get a feeling for this Hamiltonian, let us think of u such that, for a
certain number 7, u(z) = —oco if x < 7 and u(z) = 0 if * > 7. Then it
is believable that the Hamiltonian (3.1) will teach us something about the
region in RY defined by

1
vk < M, \/—N Z GikOi > T . (3.3)

i<N

This region has a natural meaning: it is the intersection of M half-spaces of
random directions, each of which is determined by an hyperplane at distance
(about) 7 from the origin. It is for the purpose of computing “the proportion”
of the sphere Sy = {o ; |lo|| = VN} that belongs to the region (3.3) that
the Hamiltonian (3.1) was introduced in [133]. This generalizes the problem
considered in (0.2), where we had 7 = 0. The term h ),y g;0; is not neces-
sary for this computation, but it is not a real trouble either, and there is no
reason to deprive the reader from the added charm it brings to the beautiful
formulas the Hamiltonian (3.1) will create. We will always assume that h > 0.
There are obvious connections between the present model and the model of
Chapter 2. As in Chapter 2 the important case is when M is proportional
to N.
This Hamiltonian is a convex function of o. In fact

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der Mathematik 191
und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics 54,
DOI 10.1007/978-3-642-15202-3_3, (©) Springer-Verlag Berlin Heidelberg 2011
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2
Xy

1 X+
vx,y € RY | §(HN,M(X) + Hym(y)) — Hy,m < 5 y) > K

The beauty of the present model is that it allows the use of powerful tools
from convexity, from which a very strong control of the overlaps will follow.
The overlaps are defined as usual, by
ol o’

N

Roo =

The case £ = (' is now of interest, R, = ||o*||?/N. Let us consider the Gibbs’
measure G on RY with Hamiltonian Hy s, that is, for any subset B of RY,

G(B) = ﬁ /B exp(—Hy i (o))dor | (3.5)

where do denotes Lebesgue’s measure and Zn ar = [ exp(—Hy,u(0))do is
the normalization factor. As usual, we denote by (-) an average for this Gibbs
measure, so that G(B) = (1p). We use the notation v(f) = E(f).

The goal of this section is to prove the following.

Theorem 3.1.1. Assume that for a certain number D we have
Vo, uw(z) > —D(1+ |z|) . (3.6)

[W|<D; W'|<D. (3.7)
Then for k < N/4 we have

v((Ria —v(R11))*) < (%)k (3.8)

k
V((Ri2 — v(R12))*) < (%) : (3.9)

where K does not depend on N or k.

There is of course nothing special in the value N/4 which is just a convenient
choice. We could replace the condition k < N/4 by the condition k < AN
for any number A, with now a constant K(A) depending on A.

The basic reason why in Theorem 3.1.1 one does not control all moments
is that moments of high orders are very sensitive to what happens on very
small sets or very rare events. For example moments of order about N are
very sensitive to what happens on “events of size exp(—N/K)”. Controlling
events that small is difficult, and is quite besides our main goal. Of course
one can dream of an entire “large deviation theory” that would describe the
extreme situations that can occur with such rarity. In the present model, and
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well as in the other models considered in the book, such a theory remains
entirely to be built.

Theorem 3.1.1 asserts that the overlaps are nearly constant. For many of
the systems studied in this book, it is a challenging task to prove that the
overlaps are nearly constant, and this requires a “high-temperature” condi-
tion. In the present model, no such condition is necessary, so one might say
that the system is always in a high-temperature state. One would expect
that it is then a simple matter to completely understand this system, and in
particular to compute

1
N%m{%NHa NElog/exp(fHMM(a))da' . (3.10)

This, however, does not seem to be the case. At the present time we know how
to handle only very special situations, and the reasons for this will become
apparent as the reader progresses through the present chapter.

Research Problem 3.1.2. (Level 2+4). Under the conditions of Theorem
3.1.1, compute the limit in (3.10).

The fundamental fact about convexity theory is the following functional
version of the Brunn-Minkowski theorem. A very clean proof can be found in
([93], Theorem 2.13). For the convenience of the reader, this proof is repro-
duced in Appendix A.15.

Theorem 3.1.3. Consider non-negative functions U,V,W on RN and a
number 0 < s < 1, and assume that for all x,y in RN we have

Wi(sx+ (1 —s)y) > Ux)*V(y)' . (3.11)

Then

1—s

/ W (x)dx > ( / U(x)dx)s ( / V(x)dx) . (3.12)

Consider sets A and B. The functions U = 14, V = 1 and W =
1,44 (1—s)p satisfy (3.11). Writing VolA = fA dx, we deduce from (3.12)
that

Vol(sA + (1 — s)B) > (VolA)*(VolB)' ~* | (3.13)

the Brunn-Minkowski inequality.
B. Maurey discovered that Theorem 3.1.3 implies the following sweeping
generalization of Theorem 1.3.4.

Theorem 3.1.4. Consider a function H on RN, and assume that for some

number k > 0 we have (3.4) i.e.

2

X-Yy
2

vx,y € RV | %(H(x)—i—H(y))—H(#) >k
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Consider the probability measure p on RN with density proportional to
exp(—H (x)) with respect to the Lebesque measure. Then for any set B C RN

we have
1

/exp ng(X,B)dM(X) < W5 (3.14)

where d(x, B) = inf{d(x,y);y € B} is the distance from x to B. Moreover,
if f is a function on RN with Lipschitz constant A, i.e. it satisfies

vx,y € RY | |f(x) — f(y)l < Alx -yl , (3.15)

then
[ew s (f(x) -/ fdu>2du(><) <4 (3.16)

and
Vk>1, / (f(x) - /fdu)mC du(x) <4 <8kf2>k . (3.17)

The most striking feature of the inequalities (3.16) and (3.17) is that they
do not depend on the dimension of the underlying space. When H(x) =
||Ix]|?/2, u is the canonical Gaussian measure and (3.17) recovers (1.47) (with
worse constants).

Proof. Define the functions W, U,V as follows:

Wi(x) = exp(—H(x)) ;: V(y) = exp (5dly. B)* — H(y))
and
Ux)=0 if x¢ B

U(x)=exp(—H(x)) if x€B.

These functions satisfy (3.11) with s = 1/2. Indeed, it suffices to consider the
case where x € B, in which case (3.11) reduces to

—H (X;y> > % (—H(X) —H(y) + gd(%B)Q) ;

which follows from (3.4) and the fact that d(y, B) < ||x — y||. Then (3.12)
holds, and for the previous choices it means exactly (3.14).

To prove (3.16) we consider a median m of f for p, that is number m
such that p({f < m}) > 1/2 and pu({f > m}) > 1/2. The set B = {f < m}
then satisfies pu(B) > 1/2 and since (3.15) implies

f(x) <m+ Ad(x, B)

it follows from (3.14) that
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[ e a0 - mpdnte) <2 (3.18)
(rzmy 24

Proceeding in a similar manner to control the integral over the set {f < m}
we get

K 2
/exp E(f(x) —m)“du(x) <4. (3.19)
The convexity of the map x — exp 22 shows that
1 1
exp (v +y)* < 5 (expa’ + expy?) .

Since |f(x) — f(y)] < |f(x) —m|+|f(y) — m| we deduce from (3.19) that

[ e (00 — £3)Pdutxdnly) <4

from which (3.16) follows using Jensen’s inequality, averaging in y in the
exponential rather than outside. To prove (3.17) we relate as usual exponen-
tial integrability and growth of moments. We write that if x > 0 we have
xk/k! < expx so that

F < kFexpax (3.20)
and hence ,
8k A2 K
2k < — % 0
()

Let us point out that in Theorem 3.1.4 the function H can take the value
4o00. Equivalently, this theorem holds when p is a probability on a convex
set C' with a density proportional to exp (o), where v satisfies

2
X—y

5000+ v) -0 (5 ) < (321)

The argument that allows to deduce (3.16) from (3.19) is called a sym-
metrization argument. This argument proves also the following. For each
number m, each function f and each probability p we have

/ (f -/ fdu) R [ = mpa. (3.22)

To see this we simply write, using Jensen’s inequality in the second line and
that (a + b)2F < 228=1(a2* 4+ %) in the third line,
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[(-] fdu)% o= [ (- | f(y)du(y))%du(r)

< [ (@) - £ dulo)duty)
- / ((F(@) = m) — (F(y) — m)™ du(x)dp(y)
< 22k/(f _ m)zkd,u )

The essential feature of the present model is that any realization of the
Gibbs measure with Hamiltonian (3.1) satisfies (3.16) and (3.17). We will
need to use (3.16) for functions such as ||x||? that are not Lipschitz on RY,
but are Lipschitz when x is not too large. For this, it is useful to know that
the Gibbs measure with Hamiltonian (3.1) essentially lives on a ball of radius
about v/N, and the next two lemmas prepare for this. In this chapter and
the next, we will use many times the fact that

/exp(—t||0'||2)d0' - (/ eXp(—th)dx)N _ (g)N/2 . (3.23)

Lemma 3.1.5. Consider a probability pn on RN such that for any subset B
of RY we have

1
u(8) = 5 [ exv(Ut0) - sl + 3 aio o
i<N
where U < 0 and where Z is the normalizing factor. Then
N/2
K 9 1 /2n 1 9
= <= (£ — 2 )
[ewslolane) < 5 () exp(%g;vaz

Proof. Using the definition of p in the first line, that U < 0 in the second
line, completing the squares in the third line and using (3.23) in the last line,
we obtain

1
exp EHa'||2d,u(0') =— [exp|U(o)— EHa'||2 + Z a;0; |do
2 Z 2

i<N
1
< 7 /exp(—%”a’”2 + Z aioi)da
i<N
1 K a2 1 9
_ E/exp(_§ > (o= %) 4 o Zai)da
i<N i<N

1 1 9 K 9
= ZeXp<2n Zai>/exp< 2Ha'|| )da

i<N
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N/2
1 /2n7 1 9
i<N
This concludes the proof. O

In order to use Lemma 3.1.5 when u is Gibbs’ measure (3.5) we need an
upper bound for 1/Zy .

Lemma 3.1.6. Assume (3.6), that is u(x) > —D(1+|x|) for a certain num-
ber D and all . Then we have

1 Kk\N/2 M
— < (= DM 2.
<(5) " emn (s [N 5 )

A
N,.M I<NE<M

Proof. The proof relies on the rotational invariance of the Gaussian mea-
sure v on RY of density (r/m)N/?exp(—k|o||?) with respect to Lebesgue’s
measure. For x € RY we have

[ i olino) =/ Sl < L (3:24)

because the rotational invariance of v reduces this to the case N = 1.
Letting gx = (gik)i<n, We have

INM = /exp(Z u(g\k/.ﬁa> — ko|? +thiai>da

k<M i<N

=()" [eoo( X u(B:2) +1 X 0 )ario)

k<M i<N

el (5 (45 o))
(

i<N
using Jensen’s inequality in the third line and since [o;dy(o) = 0. Now,

N/2 -
) en( X [u(EZ)ae).
k<M
using (3.6) and (3.24) for x = gy, yields

> [u(E2) “”‘D(M*T > ||gk||>

k<M k<M

o8 )

using the Cauchy-Schwarz inequality. O

Y

)

=13

V

I \/
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We will often assume that
K> ko, 0<h<hy, M <10N (3.25)

where k¢ and hg are given numbers. The condition M < 10N is simply to
avoid trivial complications, and it contains the case relevant to the compu-
tation of the part of the sphere Sy that belongs to the region (3.3).

In the entire chapter we make the convention that K denotes a number
that might depend on kg, hg, D but that does not depend on M and N or
on any other parameter. This number does not need to be the same at each
occurrence.

The following is an immediate consequence of Lemmas 3.1.5 and 3.1.6.

Corollary 3.1.7. Under (3.6) and (3.25) we have

K
<exp 5|\a||2> < epr<N + Y gt gf) . (3.26)
i<N, k<M i<N
We set
B*=N+ | > ¢.+> g (3.27)
i<N, k<M i<N

It will help in all the forthcoming computations to think of B* as being
< KN for all practical purposes. In other words, the event where this is not
the case is so rare as being irrelevant for the questions we pursue. This will
be made precise in Lemma 3.1.10 below.

With the notation (3.27) we rewrite (3.26) as

2
<exp @> <expKB*. (3.28)

This inequality is a sophisticated way to express that the Gibbs’ measure “is
basically supported by a ball of radius K+/N”. The following simple fact from
Probability theory will help to exploit this inequality in terms of moments.

Lemma 3.1.8. Consider a r.v. X > 0 and C =logEexp X. Then for each
k we have
EX? <2F(kk + CF) . (3.29)

Proof. By definition of C,
Eexp(X —C) =1
so that if 27 = max(z,0) we have exp(X — C)* < 1+exp(X — C) and hence
Eexp(X —C)" <E(1+exp(X —C)) =2.
Since by (3.20) we have 2% < k*e® for x > 0, we get
E(X —CO)tF < 2kF .
Now X < (X —C)* + C and (a + C)* < 2F-1(a* + CF). o
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Corollary 3.1.9. For k < 4N we have
(lo|?*) < (KB*)k. (3.30)

As in the case of Theorem 3.1.1, there is nothing specific here in the choice
of the number 4 in the inequality £k < 4N. We can replace the condition
k < 4N by the condition k < AN for any number A (with a constant K(A)
depending on A). The same comment applies to many results of this section.
Let us also note that the fact that (3.30) holds for each k& < 4N is equivalent
to saying that it holds for k = 4N, by Holder’s inequality.

Proof. We use (3.29) in the probability space given by Gibbs’ measure. If
X = k||a||?/2, then (3.28) implies log(exp X) < K B* and (3.29) then implies
(Xky < 2k(kF + (KB*)F). Since k < 4N < 4B*, we finally get

(X*) <28((4B*)* + (KB")") < (8 +2K)B*)", (3.31)
and this finishes the proof. ad

As the reader is getting used to the technique of denoting by the letter
K an unspecified constant, we will soon no longer fully detail trivial bounds
such as (3.31). Rather we will simply write “since k < 4N < 4B* we have
<Xk> S Qk(k‘k + (KB*)k) S (KB*)k”.

Lemma 3.1.10. For k < N we have
EB*™ < (KN)* . (3.32)

Proof. Using that 2z <x/a+aforax =73y, 91‘2,k and a = N, and
then using (A.11) and independence, we get

B* N N 1 A R,
Eexp4§exp<4+2+8A Z gi7k+4Zgi) (3.33)
<N k<M i<N
3N 1 o 1 N
<exp|— e — <expLN ,
- p(4>< 1—1/4N> ( 1—1/2) =P
and we use (3.29) for X = B*/4. 0

After these preliminaries, we turn to the central argument, the use of
Theorem 3.1.4 to control the overlaps. The idea is simply that since Gibbs’
measure is essentially supported by a ball of radius v B* centered at the
origin, we can basically pretend that the functions R;, and R;; have a
Lipschitz constant < +/B*/N and use (3.17).

Theorem 3.1.11. For k < N we have

\ k

(Ruz — (Rua))™) < (Kjﬁf ) , (3:34)
N\ K

(Ry1 — (R11))%) < (K]]f]f ) (3.35)
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Proof. We write b = (o), so that (R; 2) = ||b||?/N, and

(3.36)

ol-g2 ol-b cl-b b-b
|R12 — (Ri,2)] <‘ ‘-i—'

N N N N
If we fix o', the map f:x+— ol -x/N satisfies (3.15) with A = ||a}||/N, so
that by (3.17) we get

ol o> ol-b\* 9 Kk|ot2\"
(5 -%7) aoen= ()

and therefore, integrating the previous inequality for o' with respect to G,

ol-g2 o'-b 2k KEB*\"
/( A ) dG(al)dG(az)g( e )

using (3.30). The second term on the right-hand side of (3.36) is handled
similarly, using now that ||b||?* < (K B*)* by (3.30) and Jensen’s inequality.

To prove (3.35), let us consider a parameter a to be chosen later and let
f(o) =min(||o|*/N,a*/N) = (min(||o |, a))*/N .

This function satisfies (3.15) for A = 2a/N, so that by (3.17) we get

K“2k> ' (3.37)

- = (5

Let o(a) = ||o||?/N — f(o), so that

o)l
N Lleolza}

p(a)] <

and, using (3.22) for m = 0 in the first inequality and the Cauchy-Schwarz
inequality in the second line,

ol2\ 26
(o=t 2 <2 ((IB5) Tagon ) a9

4k\ 1/2
< onf (lolPYNY2 12
< ~ (Lozay) '~

Using (3.30) (for k' = 4k < 4N rather than for k) we obtain

ORI G N

and using (3.28) we see that if “we choose a = K+ B*” then
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(1{jo)za}) < exp(—2B%) . (3.40)

Again, here, to understand what this means the reader must keep in mind
that the letter K might denote different constants at different occurrences.
The complete argument is that if

2

then
2

Ra
(Lfjo)za}) < eXp(KlB* _ T) ’

so that (3.40) holds for a = Kyv B* whenever Ky > 1/2(K; + 2)/k.
Therefore with this choice of a we have, plugging (3.40) and (3.39) into
(3.38),

*\ 2k
(9 — (@))?*) < exp(~B") (Kjf ) .

Since Ry 1 = ||o]|?/N = f + ¢, using that (x + y)?F < 22%(2?* + ¢?*) and
(3.37) we get the estimate

(Bus — (Raa))™) < 2¥(F — () + (o — ()
* k %\ 2k
< (B25) vemt-n (55

We deduce from (3.20) that

e\ F
exp(—y) < (;) (3.41)
so that
g (KB 2k _(k FEBN\*  (K2BE\"
X —_ —_— = —_—
P N ) =\B N N2 ’
and the result follows. O

Combining with Lemma 3.1.10 we get the following.

Proposition 3.1.12. For k < N we have
ok Kk\"
E((Ri2 — (R12))™) < | (3.42)

k
E((Ri1 — (R11))%F) < <K—k> . (3.43)
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A further remarkable property to which we turn now is that the random
quantities (R 2) and (R; 1) are nearly constant. A general principle that we
will study later (the Ghirlanda-Guerra identities) implies that (in some sense)
this “near constancy”is an automatic consequence of Proposition 3.1.12. On
the other hand, in the specific situation considered here, Shcherbina and
Tirozzi discovered ([134]) a special argument that gives a much better rate
of convergence than general principles. The idea is that if we think of (R; 2)
and (R1,1) as functions of the Gaussian r.v.s (g; x)i<n k<nm and (g;)i<n, they
are essentially Lipschitz functions with Lipschitz constant of order 1/ V/N; so
that we can use (3.17). We need however to work a bit more before we can
show this. We recall the notation b = (o) and we will use not only (3.6) but
also (3.7).

Lemma 3.1.13. For any random function f on RN we have
(e =b)f(e)] < K(f2)12. (3.44)
Consequently
(' =b)- (6 = b)f(a")f(e?)) = [{(o = b)f(o)|* < K(f?). (3.45)
Here the function f is permitted to depend on the randomness g; i, g;-
Proof. For any y € RY, using the Cauchy-Schwarz inequality, we see that
((c=Db)f(o)) y=(led—b) yflo)
<{((e=b)-y)) ()2

We then use (3.17) for f() = o -y and k = 1 to see that (((o —b) - y)2) <
K|ly||?, so that combining with the above we get

(0 =Db)f(a) -y < K|yl (f)'/*.
Since this holds for any value of y, (3.44) follows. O
We denote by
B’ the operator norm of the matrix (g; x)i<N k< » (3.46)
so that for any sequences (z;);<n and (yx)r<m we have
1/2 1/2
> gikmiyk < B/(Z f?) (Z yl%) )
i<N, k<M i<N k<M
and, equivalently,
2\ 1/2 1/2
(S(S o)) =r(Tw) (3.47)
i<N “k<M k<M

It is useful to think that for all practical purposes we have B2 < KN, as
is shown in Lemma A.9.1.
We recall the standard notation Sy = N~1/2 > i< N 9ikTi-
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Lemma 3.1.14. Given anyy = (yr)r<m € RM, the function

o flo) = (S
k<M
has a Lipschitz constant A < KB/(ZkgM y,%)l/Q/\/N = KB|y|/VN.

Proof. Since

50T (@)= 75 2 sl Skl

k<M

the length of the gradient of f is

aErn)) 12 (5

k<M

by (3.47) and since |u”(Sk)| < D. O

Lemma 3.1.15. Let us denote by U = U(o) the M-dimensional vector
(' (Sk))k<nr- Then for any random function f on RN we have

KB’

¥ (fAM? (3.48)

I{(U = U)NHII <

and, consequently

(U(e") ~ (U))(U(e?) — (U)Fo ) (o) < o) (3.49)

Proof. It is identical to the proof of Lemma 3.1.13. If y € RM then

(U=U)f) -y =((U-(U))-¥f)
< (U= (U))-y)H) 21212

Using Lemma 3.1.14 and applying (3.17) to f(o) = U(o) -y, we obtain that
(U = (U)) - y))1/* < KB'|lyll/V/N. Therefore

KBy, 2.1
U—(U)f) y< —210 2
(U=(U)f)y< Wi (£7)
and this yields (3.48). Furthermore, the left-hand side of (3.49) is the square
of the left-hand side of (3.48). O

Proposition 3.1.16. Let us denote by V the gradient of (Ri1) (resp.
(Ri1,2)) when this quantity is seen as a function of the numbers (¢i k)i<N k<M
and (g;)i<n. Then, recalling the quantities B* of (3.27) and B’ of (3.46) we
have

+

B* B*ZBI2
Iv|* < K <N2 T)
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If we think that B and B’? are basically of order N, this shows that ||V
is about 1/N, i.e. that the functions Ry 2 and R; 1 have Lipschitz constants

about 1/v/N.
Proof. With the customary abuse of notation we have

0

50, —={(R1107u'(Sp)) — (Ria) (o' (S)))
i,k

(Riq1) =

(f(e)oiu'(Sp)))

33

where f(o') = Ri1— (Ry1,1). We define ¢} = o} —(0;) and @/(S}) = u/(S}) —
(u'(S})). Since (f) = 0 the identity

(fleh)oju'(Sh)) = (f(a)aju'(Sp)) + (o) (f(a)d (Sp))
holds. Thus

0
Z(@ Rl’l) _Nzk: Joju'(S)))* < 2(1+11),

where, using replicas

T=~ Y (feh)olu(Sh)?

i<N, k<M
- (f(e") ()62 67u (S (57)
i<N,k<M
= (@) f (@)t ~b) - (o7~ b)u(SH'(57))
k<M
and
1 2
= (§ St >k§M<f( )il (S1)
- (% ) X ttehriei s st
i<N k<M

(f*) < =5 - (3.50)

We use (3.45) with f(o!)u/(S}) instead of f to get, since |u/| < D and
M <N,
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1< 50 <

We note that (3.30) used for & = 1 implies

(Riz)= = Slo0? < Sl = wllel) < S5 (@s1)

i<N i<N

We use (3.49) and (3.50) to get

1 KB KB?B*?
< | = \2 2y < .
= (NZZ<N<UZ>) N s

We take care in a similar manner of the term 0(R;1)/0g;, and the case of
Ry 5 is similar. O

Proposition 3.1.17. For k < N/4 we have

k

E((Ri1) — E(R11))?" < (%) (3.52)
k

E((R12) — E(R12))** < (iif) . (3.53)

Proof. We consider the space RV*M x RV in which we denote the generic
point by g = ((¢i.k)i<N, k<M, (gi)i<n). We provide this space with the canon-
ical Gaussian measure . Integration with respect to this measure means that
we take expectation in the (g; ), (¢;) seen as independent standard Gaussian
r.v.s. Let us consider the convex set

C ={g; B* <LN; B? < LN},
where we have chosen the number L large enough that
P(C¢) < Lexp(—N) . (3.54)

(To see that this is possible we recall Lemma A.9.1 and that Eexp B*/4 <
exp LN by (3.33).) Let us think of (R; 1) (resp. (R12)) as a function f(g),
so that by Proposition 3.1.16, on C the gradient V f of f satisfies ||V f]|? <
K/N, and since C is convex f satisfies (3.15) on C with A = K/v/N.
Consider the probability measure v’ on C with density proportional to

1 1
W= exp(—§ > gl - 3 > gf) . (3.55)

i<N,k<M i<N

By (3.17) we have
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Kk
Vk>1, /(f m)2kdy/ <<N> , (3.56)
where m = [ fdy'. The rest of the proof consists simply in checking as
expected that the set C° is so small that (3.52) and (3.53) follow from (3.56).
This is tedious and occupies the next half page. By definition of 4/, for any
function h we have

/hd ;L Jo hWdo _ Jo hdy
N JoWdo (0

Thus

E(Lo(f —m)*) =/C(f—M)2’“dv=v( )/C(f m)*dy < (Ijvk> :

and

E(f —m)* —m)*") +E(Loe(f —m)™)

IN

E(Lee(f — m)%)

v

Kk
N
Kk\"

Cc)l/Q( (f _ m)4k)1/2 .

IN

-
<

Using (3.51), we see that |f| B*/N, and since 7/ is supported by C and
B* < LN on C we have |m| = | [ fdy'| < K. Also (Ef*)'/2 < K* by (3.30)
and (3.32). Therefore (E(f —m)**)'/2 < K*. Hence, recalling that by (3.54)
we have P(C°) < exp(—N) and using that exp(—N/Q) < (2k/N)* by (3.41)

we obtain
E(f - )2k< K_k k_|_L _N Kk < K_k '
m)" < N exp > =¥

for k < N. The conclusion follows by the symmetrization argument (3.22).
O

N\/

N
<

Combining Propositions 3.1.12 and 3.1.17, we have proved the following.

Theorem 3.1.18. For k < N/4, and assuming (3.6) and (3.7) we have
2k Kk\"
v((Ria —v(Ri))™) < ~ (3.57)

k
v((Ri2 —v(R12))*) < (%) ; (3.58)

where K depends only on kg, hg and D.



3.2 The Replica-Symmetric Equations 207

3.2 The Replica-Symmetric Equations
Theorem 3.1.18 brings forward the importance of the numbers

q=qnym =v(Ri2); p=pnu =V(Ri1) . (3.59)

The notation, similar to that of the previous chapter, should not hide that

the procedure is different. The numbers ¢ and p are not defined through
a system of equations, but by “the physical system”. They depend on N
and M. It would help to remember the definition (3.59) now. The purpose
of the present section is to show that ¢ and p nearly satisfy the system of
“replica-symmetric” equations (3.69), (3.76) and (3.104) below. These equa-
tions should in principle allow the computation of ¢ and p.

Since the cavity method, i.e. the idea of “bringing forward the influence
of the last spin” was successful in previous chapters, let us try it here. The
following approach is quite close to that of Section 2.2 so some familiarity
with that section would certainly help the reader who wishes to follow all
the details. Consider two numbers r and 7, with 7 < r. Consider a centered
Gaussian r.v. Y, independent of all the other r.v.s already considered, with
EY? = r, and consider 0 < ¢t < 1. We write

1 t
Skt = Vi Z 9i,k0i + 4/ NINKON (3.60)

i<N—1

and we consider the Hamiltonian

~ Hyarao) = Y u(Sia(0) — wllol® +1 gios
k<M i<N
2

+onVi—ty —(1 —t)(r—?)%\/. (3.61)

Comparing (3.60) with (2.15) we observe that now we do not have the last
term /(1 —t)/N& of (2.15). The purpose of this term was to ensure that
the variance of the quantity (2.15) does not depend on ¢. Since it is no longer
true that 0% = 1 we can no longer use the same device here. Fortunately,
as already pointed out, this device was not essential. The last term in the
Hamiltonian (3.61) also accounts in a more subtle way for the fact that it is
not true that %, = 1.

We denote an average for the Gibbs measure with Hamiltonian (3.61) by
("¢, and we write v4(f) = E(f)s, vi(f) = dwe(f)/dt. We recall the notation
& =0nN-

Please do not be discouraged by the upcoming formula. Very soon it will
be clear to you that Proposition 3.2.1 is no more complicated to use than
Proposition 2.2.3.
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Proposition 3.2.1. If f is a function on (R™N)", then for a = M/N we
have
v(f)=1+1II+II4+1IV+V,

where

. (z w3 (u(S500) + " (S51,) )

<n

— ny <€i+1 (u’Q(S}\LZtl) + u”(S?Zﬁ))f)) (3.62)

=a( (s (i (s507)

1<e<t/<n

-n Z Vi (g£5n+1u/(5ﬁ/[’t)u/(5?/;’rtl)f)

<n

+ ww (5n+15n+2u/(557:t1)u’(SJT\Lj:tQ)f)> (3.63)

111 = —r( Z l/t(Egé‘g/f) - nZVt(5Z€n+1f)

1<t<t'<n <n

+ ww(anﬂem f)) (3.64)

v = -5 (et - () (3.65)

<n

V== (L ulet - anan) (3.66)

<n

We do not merge in this statement the similar terms IV and V since it is
then easier to explain why the formula is true.

Proof. Of course this is obtained by differentiation and integration by parts.
Probably the best way to understand this formula is to compare it with
Proposition 2.2.3. The term V is simply created by the last term of (3.61);
the term IV, created when integrating by parts in Y, was invisible in (2.23)
because there 2 = 1. The really new feature is the term I, which is created
by the fact that the variances of the quantities Si; are not constant. It is
exactly to avoid this term in Proposition 2.2.3 that we introduced the last
term /(1 —t)/N& in the quantities of (2.15), see Exercise 2.2.4. O

The reason why the formula of Proposition 3.2.1 is manageable is exactly
the same why the formula of Proposition 2.2.3 is manageable. Quantities such
as

U/(Sﬁ/[,t)ul(szz\;u)

can be replaced by their averages
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7 Z CICAR

k<M

and we can expect these to behave like constants. If we make the proper
choice for r and 7, the terms II and III will nearly cancel each other, while
the term I will nearly cancel out with IV + V. For these choices (that will
not be very hard to guess) we will have that v;(f) ~ 0, i.e. v(f) ~ vo(f). The
strategy to prove the replica-symmetric equations will then (predictably) be
as follows. Using symmetry between sites, we have p = v(Ry1) = v(e3), and
v(e?) ~ vy(£2) is easy to compute because the last spin decouples for vy.

Before we start the derivation of the replica-symmetric equations, let us
try to describe the overall strategy. This is best done by comparison with
the situation of Chapter 2. There, to compute the quantity ¢, that contained
information about the spins o;, we needed an auxiliary quantity r, that con-
tained information about the “spins” Si. We could express r as a function
of ¢ and then ¢ as a function of r. Now we have two quantities ¢ and p that
contain information about the spins ¢;. To determine them we will need the
two auxiliary quantities 7 and 7, which “contain information about the spins
Si”. We will express r and 7 as functions of ¢ and r, and in a second stage
we will express r and 7 as functions of ¢ and p, and reach a system of four
equations with four unknown.

We now define r and 7 as functions of ¢ and p. Of course the forthcom-
ing formulas have been guessed by analyzing the “cavity in M” arguments
of Chapter 2. Consider independent standard Gaussian r.v.s &, z. Consider
numbers 0 < z < y, the r.v. § = 2/z 4+ \/y — x, and define

B Ee(u/(0) expu(0)) >
V@) ‘“E< Eroxpu®) >

_ o« E(Es(SeXPU(@))Q, (3.67)

y—x E¢c expu(h)

using integration by parts (of course as usual E¢ denotes averaging in £ only).
We also define

Ee ((u"(0) + w?(0)) expu(6))

V(ey) = of E¢ expu(f)
e e
integrating by parts twice. We set
r=U(q,p); T=U(gp)- (3.69)

This makes sense because by the Cauchy-Schwarz inequality R 2 < Rl/ 2R1/ >
and thus ¢ = v(R12) < p =v(R1,1). We also observe that from the ﬁrst line
of (3.67) and (3.68) we have r,7 < K (D). We first address a technical point
by proving that ¥ < r.
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Lemma 3.2.2. Consider a number ¢ > 0 and a concave function w. Assume
that w” < —c < 0. Consider the unique point =* where w’'(x*) = 0. Then

c/(x —2*)? expw(z)dr < /exp w(z)dx . (3.70)

Proof. We have w'(x) > —c(x — z*) for x < 2* and w'(x) < —c(z — z*) for
x > x*, so that ¢(z — 2*)? < —w'(x)(x — z*). Hence

c/(x —2*)? expw(z)dz < /—w’(x)(x —z*) expw(z)dx
= /expw(gc)dgc7
by integration by parts. 0O
Lemma 3.2.3. We have7 < r.

Proof. If v is a concave function, using (3.70) for w(z) = v(z) — 2?/2 and
¢ = 1 implies that if £ is a standard Gaussian r.v., then

E((§ —2*)?expu(€)) < Eexpu() . (3.71)

Minimization of the left-hand side over z* yields

2
(€2 expo(¢)) — % < Eexpu(6) (3:72)
- E((€2 — Dexpu() _ (E(€expu(e)))?
Eoxpo(©) S( Eoxp u(©) ) | (3.73)

Now we fix z and we use this inequality for the function v(z) = u(z\/q +
x+/p — q). Combining with (3.67) and (3.68) yields the result. O

We are now in a position to guess how to express ¢ and p as functions of
rand 7.

Proposition 3.2.4. We have

1 r+ h?
= .4
P 2/<;+7"—F+(2/<c+r—?)2+51 (374)
r + h?
=———+9§ .
1= G % (3.75)

with &1 < |v(e?) — vo(e2)] and 02 < |v(e162) — vo(e162).
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Presumably d§; and d2 will be small when N is large, so that (g, p,r,T) is
a near solution of the system of equations (3.69) together with

1 r+ h?
= 3.76
P 2H+T—7+(2/€+T—F)2 (3.76)
r+ h?
=——. 3.77
1= Grtr—rp (8:77)

These four equations are the “replica-symmetric” equations of the present
model. Please note that (3.76) and (3.77) are exact equations, in contrast
with (3.74) and (3.75). When we write the equations (3.69), (3.76) and (3.77),
we think of ¢, p, 7,7 as variables, while in (3.74) and (3.75) they are given by
(3.59). This follows our policy that a bit of informality is better than bloated
notation. This will not be confusing. Until the end of this section, ¢ and p
keep the meaning (3.59), and afterwards we will revert to the notation gy s
and PN,M -
Proof. Symmetry between sites entails p = v(Ry1) = v(¢?), ¢ = v(R12) =
v(e1€2), so it suffices to show that vo(e?) is given by the right-hand side of
(3.76) and vg(e1€2) is given by the right-hand side of (3.77).

We observe that, for vy, the last spin decouples from the others (which is
a major reason behind the definition of 1) so that

52

v(e?) =E % /62 exp (5(Y + hgn) 5 (2K + 1 — ?))ds (3.78)

vo(e1e2) = E (; /5exp(€(Y + hgn) — %(2% +r— F))de)Z, (3.79)

where )
€

7z = /exp(&(Y +hon) = S @n+r—7))de

We compute these Gaussian integrals as follows. If z is a centered Gaussian
r.v., and d is a number, writing 22e%* = z(ze?), integration by parts yields

E 22e%* = E 2%(E e¥* + dE ze%)
Eze® = dE 2°Ee?* |

Thus
E 22¢d?
E edz

Using this for d = Y + hgn, E2? = 1/(2k + 7 —F) we get

= E2* +d*(EZ%)”.

<52> _ 1 (Y—‘rth)2
VO ok tr—7 ' Qe4r—7)2°

and, taking expectation,
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1 r + h?
2y
wle)) =g 5+ G TR (3.80)
and we compute vg(g1e2) similarly. O

We now start the real work, the proof that when N is large, §; and do
in Proposition 3.2.4 are small. In order to have a chance to make estimates
using Proposition 3.2.1, we need some integrability properties of ¢ = o, and
we address this technical point first. We will prove an exponential inequality,
which is quite stronger than what we really need, but the proof is not any
harder than that of weaker statements. We start by a general principle.

Lemma 3.2.5. Consider a concave function T(o) < 0 on RN, numbers
(ai)i<n, numbers k, k' > 0 and a convex subset C of RN. Consider the prob-
ability measure G on RN given by

1
VB, G(B)= E/B Cexp(T(a) —kllo||* = K'o% + E aioz)da , (3.81)
n i<N

where Z is the normalizing factor. Let us denote by p the generic point of
RN so that, keeping the notation on = ¢, we write o = (p, ). Consider
the projection C' of C' on the last component of RN, that is

C'={ccR; IpecR ! (p,e)cC}.
Consider the function f on C' defined by
fe)= log/ exp (T(O’) - K Z o? + Z aiai)dp . (3.82)
(p,e)eC i<N—1 i<N-—-1

Then this function is concave and the law p of o under G is the probability
measure on C' with density proportional to expw(x), where

w(z) = f(z) — (k + K2 +anx .
Proof. Let us define

Flo)=T(o)— k& Z o + Z a;o; ,

i<N—1 i<N—1

so that (3.82) simply means that
F(2) = log / exp F(o)dp . (3.83)
(pe)eC

The definition of y as the law of o under GG implies that for any function v,

/U(x)du(x) = %/Cv(e) exp(T(a)—&HaQ—K/o?\,—&—Z am,—)da. (3.84)

i<N
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where Z is the normalizing factor. Now, since oy = ¢, we have

T(o) - kllo||* — ko3 + Z a;io; = F(a) — (k+ k)e* +ane
i<N

Integration in p first in the right-hand side of (3.84) gives

/v(mdmx) %C,”(€)< /( )Ecexpm)dp) exp(—(k + K)e> + ane)de

% v(2) exp(F(£) — ( + 1) + ane)de
.

1
— | wv(e)expw(e)de .
Z C/

This proves that p has a density expw(e). To finish the proof it suffices to
show that f is concave. Let us write

Cle)={peRV % (p,e) eC},

so that recalling (3.83) we get
exp f(€) /C( )epr(G)dp/1c<5)(p) exp F(o)dp .
>4

Fixing €1,e5 € R and 0 < s < 1, we define the functions

W(p) = 1c(se1+(1-s)e0) (P) exp F(p, se1 + (1 — s)e2)

Ulp) =1 (ag(p) exp F(p, e1)

V(p) = 1lc(,)(p)exp F(p,e2) .

We observe that (3.11) holds by concavity of F' and we simply use (3.12) to
obtain that f(se1+(1—s)e2) > sf(e1)+(1—5)f(e2). (The argument actually

proves the general fact that the marginal of a log-concave density function is
log-concave.) O

We return to the problem of controlling (o).

Lemma 3.2.6. Under (3.25) we have

2
Vi <exp %) <K.

Let us remind the reader that K depends only on kg, hg and D, so in
particular it is does not depend on t.

The proof will use several times the following simple observation. If two
quantities fi, fo satisfy v (exp(fZ/K)) < K and v(exp(f3/K)) < K then
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vi(exp((f1 + f2)?/K)) < K (of course for a different K). This follows from
the convexity of the function z — exp x2.

Proof. The Gibbs measure corresponding to the Hamiltonian (3.61) is given
by the formula (3.81) for C = RN, T() = >, o3, u(Skt(0)), ai = hg; if
i< N,an =hgy +vV1—tY and ' = (1 —t)(r —F)/2. Lemma 3.2.5 implies
that the function

Flow) = log / exp<zu<5k,t)—n S o2n Y giai>dp (3.85)

k<M i<N-—1 i<N—1

is concave, and that the law of o under (-); has a density proportional to
exp w(x), where
w(z) = f(@) - K1)z + Vi

for k(t) =k + (1 —t)(r —7)/2 and Y; = /1 — tY + hgn. We note that since
r > T we have, recalling (3.25), that k(t) > Kk > Ko.

Consider the point 2* where the concave function w(x) is maximum (the
dependence of this point on ¢ is kept implicit). It follows from (3.70) that
{((on —2%)2); < 1/2K0, so that (lox — z*|)¢ < 1/4/2ko and |(on); — 2*| <
1/+/2kg, and therefore

1
< — .
(owh < Z3=+1o"
Now, since w”(xz) < —2k, we have |w'(z*) — w'(0)] > 2k|z*|, and since
w'(z*) = 0 this shows that |z*| < |w'(0)|/2k. Since |w’'(0)] = |f(0) + V| <
|£(0)] + |Yz], we have shown that

{on)e| < \/— (| Y + 1/ (0)]) - (3.86)
Also, it follows from (3.16) that
<exp M> <4, (3.87)

so that it suffices to prove that Eexp(on)?/K < K, and, by (3.86) it suffices
to prove that Eexp(f/(0)?/K) < K. We compute f’(0) by differentiating
(3.85). We observe that the only dependence of the right-hand side on oy is
through the terms u(Sy ;) and that

OSk ¢ Vi
3 = —=5Sko,
ON on=0 \/N
where
Sko = ——= Z Gik0i (= Sk,tle=0) -

Z<N 1
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Therefore we get

ZQNk (Sk,0))

k<M

where (-) is a certain Gibbs average that does not depend on the r.v.s gy k.
Let us denote by Ey expectation in the r.v.s gn 5 only. Then, since |u/| < D,

Eof (02 = 1 Y (u(Sio))? < aD?.

k<M
and thus by (A.11) we have
Eq exp f/<0)2 < L <2
4aD? 1-1/2
Therefore
Eexp ZIOEOD)E = EEgexp ‘Z)E?))j <2. ]

Despite this excellent control, the fact that oy is not bounded does create
hardship. For example, it does not seem possible to use the argument of
Lemma 2.3.7 to compare v(f) and v;(f) when f > 0.

We turn to the study of terms I and II of Proposition 3.2.1. Let us consider
the Hamiltonian

—Hyam14(0) = D w(Ski(@) —slo|> +1 ) gioi

E<M—1 i<N
2
+aN\/1—tY—(1—t)(r—r)7N. (3.88)

The difference with (3.61) is that the summation is over k¥ < M — 1 rather
than over k < M. We denote by (-); .. an average for the corresponding Gibbs
measure.

We consider standard Gaussian r.v.s z, (¢¢) that are independent of all
the other r.v.s already considered, and we set

0 =2 /q+p—q. (3.89)
For 0 < v <1 we define
=VuSi, + V1=, (3.90)

The dependence on t is kept implicit; when using S* we think of ¢ (and M)
as being fixed. We then define
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(Fexp(Se u(50)),,.

vio(f) =E (E¢ expu(S]))7

(3.91)

Here as usual E¢ means expectation in all the r.v.s labeled §, or, equivalently
here, in ¢!, This really is the same as definition (2.35). The notation is a bit
different (there is an expectation E¢ in the denominator) simply because in
(2.35) we made the convention that this expectation E; was “built-in” the
average ()¢~ and we do not do it here (for the simple reason that we do
not want to have to remind the reader of this each time we write a similar
formula). Obviously we have

via(f) = wl(f) .-

The magic of the definition of v, is revealed by the following, whose proof
is nearly identical to that of Lemma 2.3.1.

Lemma 3.2.7. Consider a function f on X3. Then we have

vio(f) = E(fe~ (3.92)
aveo(u' (So)u' (S5) f) = rE(f )t~ = r110(f) (3.93)

and
avyo((u”(Sy) +u'(55)%) ) = TE(f)e.n =Trio(f) - (3.94)

Throughout the rest of the chapter we reinforce (3.7) into
Ve, 1<e<4, W9 <D. (3.95)

Lemma 3.2.8. If B, is one of the following: 1, u/(S)u'(S?), w'?(S}) +
u”(SY), then for a function f on X%, we have

d

ayt,v(fB'LJ

SK(’I’L,K}O,hO,D)( Z Vt,'u(‘fHRé,E_p')

<n+1

3 Vt,v(IfIIRe,zl—q)+%vt,v(f|)>-(3-96)

1<0<0/ <n+2

The proof is nearly identical to that of (2.59) (except that one does not use
Hélder’s inequality in the last step). The new feature is that there are more
terms when we integrate by parts. Defining

1 1

S@l:_S _792,
v Mt o T

we then have
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1
ES) S, =5 (Ree—p)

while in (2.59) we had ESYS! = 0. This is what creates the new terms
Vio(|fl|Ree — pl) in (3.96) compared to (2.59). In (2.59) these terms do not
occur because there Ry, =1 = p.

We have proved in Theorem 3.1.18 that, with respect to v, we have Ry o ~
g and Ry 2 ~ p. If the same is true with respect to vy, then (3.96) will go
a long way to fulfill our program that the terms of Proposition 3.2.1 nearly
cancel out.

The first step will be to prove that in the bound (3.96) we can replace vy,
by v in the right-hand side. (So that it to use this bound it will suffice to know
that Ry 2 ~ ¢ and Ry 2 =~ p for 1). Unfortunately we cannot immediately
write a differential inequality such as |dvy , (f)/dv| < K(n)vy(f) when f >0
because it is not true that the quantities | Ry, —p| and |Ry ¢ —¢| are bounded.
But it is true that they are “almost bounded” in the sense that they are
bounded outside an exponentially small set, namely that we can find K for
which

Vt7v(1{\31,2*¢1\2K}) < eXp(—4N) (397)
Vt,v(1{|R1,1—,O\ZK}) < exp(—4N) . (3.98)

The reader wishing to skip the proof of this purely technical point can
jump ahead to (3.105) below. To prove these inequalities, we observe from
(3.91) that when f is a function on Xy (that does not depend on the r.v.s
¢%) then

Vto(f) = E(f)tw

where (-);, is a Gibbs average for the Hamiltonian

—H(o) = Y u(Ske(9)) + us(voSara(o) + V1= 0y/az) — slo]|®

k<M
2
+hY gioiFonVI 1Y — (1—t)(r—r)"7N, (3.99)
i<N

and where the function w, is given by
uy(z) =logEexpu(z + £V1—vyvp—q) .

This function is concave because a marginal of the log-concave function is
log-concave, as was shown in the proof of Lemma 3.2.5, and since exp u, ()
is the marginal of the log concave function

(z,y) — exp(u(z) + yvV1 —vvp—q—4?/2) .

Another proof of the concavity of wu, is as follows. Writing X = x +
&vV1 — vy/p —¢q, the concavity of u, i.e. the fact u! < 0 means that
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E((/(X)2 + " (X))e" ™)) _ (Ew/(X)e )
Eev(X) =\ Ee ™ !

an inequality that we can prove by applying (3.73) to the function v(&) =
u(x + &v/1 —vy/p — ¢) and integration by parts as in (3.67) and (3.68).
There is nothing to change to the proof of Lemma 3.2.6 to obtain

N
Vi | €XP <K. (3.100)

Again K is as usual in this chapter, depending only on D and the quantities
Ko, ho of (3.25) and in particular it does not depend on t or v. There is very
little to change to the proof of (3.28) to get

<expg|\a||2>t < exp KB*, (3.101)

,U

where (-);, denotes an average for the Gibbs measure with Hamiltonian
(3.99). We now prove that

[Edls
R <expLN . (3.102)

For this, we recall that Eexp(B*/4) < exp LN by (3.33), and we denote
by Ky the constant K in (3.101). We define K; = 8Ky /k. Using Holder’s
inequality in the first inequality and (3.101) in the second inequality we get

2 2 2/kK
Vi (eXp %) = E<eXp %>M < E<eng||0||2>m 1

2K B
< Eexp(ToB*) = Eexp( 1

R\

) <expLN .

It follows (for yet another constant K') that

Viw(1{o2>KNy) < exp(—4N) .

Since
N|Ryo| =o' -o? < |lo'|[le?]] ,

we have

[Riz >t = (Nt)* < [lo|*]o*]?
= |lo'* >tN or ||g?|*>tN,

and it follows that

Viw(L{Rr, >k}) < 2exp(—4N) 5 v ({|R12| > K}) < 2exp(—4N) . (3.103)
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Since by (3.28) and (3.32) we have |p| < K and |¢q| < K, (3.97) and (3.98)
follow. Let us also note from (3.102) by a similar argument that

Viw((Rr2 —9)°) <K viw((Rig —p)°) <K, (3.104)

where of course there is nothing magic in the choice of the number 8.

It seems unlikely that what happens in the exponentially small set where
|Reer — q| and | Ry ¢ — p| might be large could be troublesome; nonetheless we
must spend a few lines to check it. We recall that for a function f* we write
v(f*)/* rather than (v(f*))%/* (etc.). We have

Vi ([l Ree = pl) < viw([fl[Ree — pIL{ R, o —pi<Kc})
+ Ve ([ fI|Ree = pI1g Ry —pl>K})
< Kvg o] f])
+ v ()Y 20,0 (Reye — p)4)1/4Vt,v(1{|Re,@—p\>K})1/4
< Kvgo(|f]) + K exp(—N)we o (f2)'V2

using (3.104) and (3.98). We then proceed in a similar manner for |R; ¢ — q|.
In this fashion, we deduce from (3.96) that, if f is any function on X%,
then

[t ()] < KunolIf) + K exp(-N)supren ()12 (3109

Lemma 3.2.9. Consider a function f* >0 on X%. Then
Vi (f) < K (ve(f*) + exp(—N) sup vy, (f2)/?) . (3.106)

Proof. This follows from (3.105) and Lemma A.13.1. O

Proposition 3.2.10. If f = &2 or f = 162, we have

i)l < K (ut((Rl,z — ) 4w ((Rua— )7 + %) L (3.107)

Proof. The idea is that we reproduce the proof of (2.66), using Propo-
sition 3.2.1 instead of Proposition 2.2.3 and using Lemma 3.2.7 instead of
Lemma 2.3.1, Lemma 3.2.9 being an appropriate substitute for Lemma 2.3.4.
More specifically, computing v;(f) through Proposition 3.2.1, and denoting
by R a quantity such that |R| is bounded by the right-hand of (3.107) (with
possibly a different value of K), we will prove that

avy (3 (W?(S5,) +u"(S5.))f
vl f
avy(eeeet (S5 )0 (S f

vi(eeee f

=7o(elf) + R ; (3.108)
= vo(eff) +R;

=rvo(eer f) +R;
=woleer f)+R.

—_ — — ~—
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We will prove only (3.108), since the proof of the other relations is entirely
similar. Let ¢(v) = avy o, (eepu’ (S5)u/ (S5 ) f). Lemma 3.2.7 implies

p(1) = ¢(0)] = v (et (Shy U (S f) = rvo(eeee )] . (3.109)

On the other hand, (1) —¢(0)| < sup, [¢'(v)], and by (3.96) (used for ez f
rather than f) we obtain

' (v)] < K( > viw(leece fl|Reye, — pl)

0,<3

1
+ > vellecr fllRee —al) + _Vt7v(|5452’f)> - (3.110)

N
1<01<l2<4

Now since f = 165 or f = &2, using Holder’s inequality and then (3.100) we
get v ((eeee f)?) < vi4(e) < K. Using the Cauchy-Schwarz inequality we
then deduce from (3.109) and (3.110) that

lawi(eceeu! (Shy ) (Sie)f) = rvilecee )]

1/2 2 1
< Ksup (Vt,v((Rl,l -0)?) Gt Viw((Ri2 — q)?) ot N) :
We finally conclude with (3.106) and (3.104), used for f = Ry 2 —qor f =
R171. O

We know from Theorem 3.1.18 that v((R;2 — ¢)?)*/? < K/v/N and
v((R11—p)?)Y/? < K/V/N, so in the right-hand side of (3.107), we would like
to replace v; by v. Unfortunately, since oy is not bounded, it is unclear how
one could prove a differential inequality such as |vj(f)| < Ky (f) to relate
vy and v. The crucial observation to bypass this difficulty is that Theorem
3.1.18 holds uniformly over the functionals v; (with the same proof), so that,
if we set

g = vi(Ri2) 5 pr = i(Ra)

we have in particular

K K
Vt((Rl,l - Pt)4) < ek Vt((Rl,z - %)4) < T (3.111)

Therefore it is of interest to bound g — ¢; and p — p;.

Lemma 3.2.11. We have

(3.112)

2=

K
|Qt—Q‘§N§ lpr — p| <
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Proof. Since ¢ = ¢; it suffices to prove that ¢; = dg;/dt satisfies |¢;| < K/N
(and similarly for p). Since ¢; = v(R1.2), ¢; = v;(Ra1,2) is given by Proposition
3.2.1 for f = RLQ.

A key observation is that the five terms of this proposition cancel out
(as they should!) if f is a constant, i.e. is not random and does not depend
on o', ... Therefore to evaluate v;(R; ) we can in each of these terms
replace f = Ry 2 by Ri2 — ¢4, because the contributions of ¢; to the various
terms cancel out.

The point of doing this is that the quantity Rj 2 — ¢; is small (for vy)
as is shown by (3.112), and therefore each of the terms of Proposition 3.2.1
is at most K/v/N. This is seen by using that |v/| < D, |u”| < D, Holder’s
inequality, (3.112) (and (3.100) to take care of the terms epe).

This argument is enough to prove (3.112) with a bound K/v/N rather
than K /N. This is all what is required to prove Proposition 3.2.12 below.

The rest of this proof describes the extra work required to reach the
correct rate K/N (just for the beauty of it).

We proceed as in the proof of Proposition 3.2.10 (with now f = Ry 2—q)
but in the right-hand side of (3.110) we use Holder’s inequality as in

viw(leece F(Rey o — p))) < vw((ee2e)) 2010 (F) 010 (Rey oy — p))*

and, since f = R 2 — ¢4, we get

1/4
|qi| < sup <Vt,v((R1,2 —q)Y) /
v

- ( (Riz =) + v (Bia = p)") 4 %))

< \/% SUp (Vt,v((RLZ — ) v (Baa =) %> ’

using (3.111) in the second line. Using (3.106) and (3.104) we get

a2 < \/% (”t((Rlﬂ - q)4)1/4 + v (R — P)4)1/4 + ;) :

Using (3.111) and the triangle inequality we obtain

1/4 1/4 K
v ((Ri2—q)") < lg—q| +ve((Ri2 — q0)?) < lg — q| + —= (3.113)

VN

K
vel(Ria— )Y < p= pel +ve((Ria — p)) Y < |p—pel + =, (3.114
t(( 1,1 p) ) <lp—ptl t(( 1,1 pt) ) <lp—ptl JN ( )

and we reach that

141 < X (g —atl + 10— pil) +
qt—\/Nq qt P — Pt .

2=
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Similarly we get

< lg—al+ -+ X
S UN N

so that if ¥(t) = |¢ — ¢:| + |p — pt| the right derivative ¢’ (¢) satisfies

o<k (Y4 5) < Ko+ 3

Since ¥ (1) = 0, Lemma A.13.1 shows that ¢(t) < K/N. O

Using (3.113), (3.114) and (3.112) we get v;((R12 — ¢)*)'/* < K/N and
vi((Ry1 — p)H)Y/* < K/N, so that combining with (3.107) we have proved
that |v)(f)| < K/N for f = &% or f = £1e9, and therefore the following.

Proposition 3.2.12. We have

w(ed) — wo(e])] < LS i |v(e1g2) — o(e1e2)| < K (3.115)

VN VN

Combining with Proposition 3.2.4, this shows that (g, p) is a solution of the
system of replica-symmetric equations (3.69), (3.76) and (3.104) “with accu-
racy K/\/—”. Letting N — oo this proves in particular that this system does
have a solution, which did not seem obvious beforehand.

Let us consider the function

F(q,p) = aElog B¢ expu(2\/q +&vp — q)
2

1 ¢ 1
55 q Tl a) —rpt o (p—a),  (3116)

+2p 2

which is defined for 0 < ¢ < p. It is elementary (calculus and integration by
parts as in Lemma 2.4.4) to show that the conditions 0F/0p = 0 = 0F/0q
mean that (3.69), (3.76) and (3.104) are satisfied.

We would like to prove that for large N the quantity

%Elog / exp(—Hy rr.0(0))d(o) (3.117)

is nearly F'(q, p) +log(2em)/2. Unfortunately we see no way to do this unless
we know something about the uniqueness of the solutions of (3.69), (3.76),
(3.104).

Research Problem 3.2.13. (Level 2) Find general conditions under which
the equations (3.69), (3.76), (3.104) have a unique solution.

As we will show in the next section, Shcherbina and Tirozzi managed to
solve this problem in a very important case. Before we turn to this, we must
however address the taste of unfinished work left by Proposition 3.2.12. We
turn to the proof of the correct result.
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Theorem 3.2.14. We have

N
=

v(ed) —wo(el)] < = |v(erea) — vo(e1e2)| < — (3.118)

2
2

Consequently, (g, p) is a solution of the equations (3.69), (3.74) and (3.75)
“with accuracy K/N”. Of course improving (3.113) into (3.118) is really a
side story; but it is not very difficult, so we cannot resist the pleasure of doing
it.

Proof. The proof we give is complete but sketchy, and filling in all details
should be a nice exercise for the motivated reader. We will obtain the esti-
mates

K K
MEI < T 5 W) < 5

For this we will prove that when using Proposition 3.2.1 the cancellation of
the various terms occurs with accuracy K/N. Consider f = €% or f = £1¢e9,
and B, as in Lemma 3.2.8. To prove that in Proposition 3.2.1 this cancellation
of the various terms occurs with accuracy K/N we have to show that

i1 (B1f) —vio(Bof)| < % (3.119)

To prove this we replace the first order estimate

d
Vi1 (B1f) = vio(Bof)| € sup | =i (B )|
o<v<l1 dv

that we used in the proof of Proposition 3.2.10 by a second order estimate

ve1(Bif) —vio(Bof) —

Vt,v(

_ ‘ < sup Vew(By f)‘ . (3.120)

dv O<v<1‘d 2
Differentiating in v once creates terms that each contains a factor R,, — p
or Ry — g. Differentiating twice brings a second such factor in each term.
We know (3.111) (and a similar result for higher powers) and (3.112). Using
(3.106) shows that the right-hand side of (3.120) is < K/N. Thus to prove
(3.119) the issue is to prove that

K
<

LB <%

‘dv

v=0

Computation of this derivative shows that it is a sum of terms AE(f(R; ¢ —
q))t,~ or AE(f(Rse — p))t.~ (and of a lower order term due to the difference
between R} ,, and Ry (), where A is a quantity which does not depend on N.
Therefore it suffices to show that

ZIN

B (Ree — el < 20 5 [EG(Ree — a)en] < 5
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We have

e (Rear = @) = E(F (Ber — @] < 3

by proceeding as in (2.65) because, as expected, the extra factor R; ¢ — ¢

allows one to gain a factor 1/v/N (and similarly for Ry, — p). Therefore to
prove (3.119) it suffices to prove that

2=

W (Ree =) < 2 5 DT (Ree — )] <

In the same manner that we have proved the inequality |[v/(f)| < K/vN, we
show now that |v;(f(Ree —q))| < K/N and |v,(f(Ree—p))| < K/N (gaining
a factor 1/\/N because of the extra term Ry —q or Ry — p) so the issue is
to prove that

W(F(Ree — )] < % .

2=

w(f(Reer — )] <
By symmetry among sites, when f = ¢,

v(el(Ree —q)) = v(Ri1(Rep — q)) = v((Rig — p)(Reer — q))

since ¥(Ry ¢ — ¢q) = 0. Using Theorem 3.1.18 for £k = 1 and the Cauchy-
Schwarz inequality we then obtain that v(3(Ry e — q)) < K/N. The case of
f = e1e9 is similar. ]

3.3 Controlling the Solutions of the RS Equations
We recall the notation (3.59) (where the function u is implicit)

N = V(R12); pyov = v(R1g) -

In Section 3.2 these were denoted simply ¢ and p, but we now find it more
convenient to denote in this section by ¢ and p two “variables” with
0<qg<p.

As pointed out in Section 3.1, the case where expu(z) = 1{z>-y is of
special interest. In this case, we will prove that the system of equations (3.69),
(3.76) and (3.104) has a unique solution. The function (3.116) takes the form

I q
Flg,p) = oBlogPe(ava+&Vp =g 2 7) + 5~
1 h2
+5loglp—aq) —wp+ o (p—a) (3.121)

We observe that
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T — 24
Pe(2v/a+&vp—a=7) N(p_\/q_> :

where

N(z) =P >x).

We now fix once and for all 7 > 0.

Theorem 3.3.1. If « < 2 and F is given by (3.121) there is a unique solu-
tion qo = qo(c, K, h), po = pola, Kk, h) to the equations

OF OF
—-— =0=— . 3.122
g (0, po) ap (0, po) ( )
We define
T — 2v/q0
RSo(a) = aE o N(i)
o(e) & Po — 4o
1 qo 1 h2
- ~1 —q0) — —(po—qo) . (3.12
2 50 — 0 T3 0g(po — qo) — kpo + 2 (po — qo) - (3.123)

The reader will recognize that this is F'(qg, po), where F is defined in (3.121).
The value of x and h will be kept implicit. (We recall that 7 has been fixed
once and for all.) The main result of this chapter is as follows.

Theorem 3.3.2. Consider ag < 2, 0 < kg < K1, hg > 0, € > 0. Then we
can find € > 0 with the following property. Consider any concave function
u < 0, with the following properties:

x>7 = u(z)=0 (3.124)
expu(r —¢') <¢ (3.125)
u is four times differentiable and |u)| is bounded for1 < ¢ < 4. (3.126)

Then for N large enough, and if Hn pr denotes the Hamiltonian (3.1) we
have

E% log [ exp(—Hn,m(0o))do — <RSO <J\]\/‘;) + ;log(Qew))‘ <e (3.127)

whenever kg < k < k1, h < hg, M/N < ag.

In particular, we succeed in computing

1

li li E—1 —H do . 3.128

u~>11gl27—} Naoo,llwrn/N*»oz N Og/exp( N7M(U)) 7 ( )

In Volume IT we will prove the very interesting fact that the limits can be

interchanged, solving the problem of computing the “part of the sphere Sy
that belongs to the intersection of M random half-spaces”.

Besides Theorem 3.3.1, the proof of Theorem 3.3.2 requires the following.
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Proposition 3.3.3. Consider kg > 0, ag < 2 and hg > 0. Then we can find
a number C, depending only on kg,ay and hg, such that if K > Ko, a < g
and h < hg, then for any concave function u < 0 that satisfies (3.124), and
whenever q and p satisfy the system of equations (3.69), (3.76) and (3.104),

we have 1
¢p<C, —<C. (3.129)
pP—dq

We recall that the numbers gp and pg are given by (3.122).

Corollary 3.3.4. Given 0 < kg < K1, g < 2, hg > 0 and € > 0, we can
find a number ¢’ > 0 such that whenever the concave function u < 0 satisfy
(3.124) and (3.125), whenever ko < k < k1, h < hg and a < ag, given any
numbers 0 < g < p that satisfy the equations (3.69), (3.76) and (3.104) we
have

lg—qol <e; [p—pol <e.

It is here that Theorem 3.3.1 is really needed. Without it, it seems very
difficult to control ¢ and p.

Proof. This is a simple compactness argument now that we know (3.129).
We simply sketch the proof of this “soft” argument. Assume for contradiction
that we can find a sequence &, — 0, a sequence u,, of functions that satisfies
(3.124) and (3.125) for &}, rather than &', numbers kg < Kk, < K1, hyn < ho,
ay, < ap, numbers g, and p, that satisfy the corresponding equations (3.69),
(3.76) and (3.104), and are such that |¢, — go| > ¢ and |p, — po| > €. By
Proposition 3.3.3 we have g, pn, 1/(gn — prn) < C. This boudedness permits
us to take converging subsequences. So, without loss of generality we can
assume that the sequences k., hy,, ay, g, and p, have limits called &, h, «,
q and p respectively. Moreover 1/(qg — p) < C, so in particular p < ¢. Finally
we have |¢ — qo| > € and |p — po| > €. If one writes explicitly the equations
(3.122), it is obvious from the fact that (¢n, pn) is a solution to the equations
(3.69), (3.76) and (3.104) (for , and h,, rather than for k£ and h) that (g, p)
is a solution to these equations. But this is absurd, since by Theorem 3.3.1
one must then have ¢ = go and p = py. ]

Once this has been obtained the proof of Theorem 3.3.2 is easy following
the approach of the second proof of Theorem 2.4.2, so we complete it first.

We recall the bracket (-); . associated with the Hamiltonian (3.88). To
lighten notation we write (-)., rather than (-); ~.

Lemma 3.3.5. Assume that the function u satisfies (3.7). Writing g; =

gi, M, we have
Elog<e pu( ! ZQ >>
X — 104
\/N'LSN ~
= Elog E¢ expu(z\/qn,ar +Ev/PNv — anvom) + R



3.3 Controlling the Solutions of the RS Equations 227

where
K(Iio, ho, D)

vN
Now that we have proved Theorem 3.1.18 this is simply an occurrence of the
general principle explained in Section 1.5. We compare a quantity of the type

(1.140) with the corresponding quantity (1.141) when f(z) = expu(z) and
w(x) = logx, when p is Gibbs’ measure.

IR| <

Proof. We consider

Sv=1\/% Zngfz-f—vl—UZ\/QN + &V PN — aNm)

1<N

and
p(v) = Elog B¢ {expu(Sy))~
We differentiate and integrate by parts to obtain:
((IB11 = pv,m| + [ Ri2 — aw,m) exp(u(Sy) + u(S3)))~

(E¢({expu(Sy))~)?
= K(D)vy y(|R11 — pn,m| + [ Ri2 — an M) -

l'(v)] < K(D)E

We use (3.106) with ¢ =1 to get
l¢'(v)| < Kv(|Ri1 — pn | + | Ri2 — qv,m|) + K exp(—N)

and we conclude with Theorem 3.1.18. O

Lemma 3.3.6. We have

dRSg <7’ — z\/_)

a) =Elog N | —== ] = ElogP¢(z + —qo>T

da() g N gPe(2v/q0 +&Vpo —qo > 7) .
(3.130)
Proof. Obvious by (3.122). O

Proof of Theorem 3.3.2. Let us write
1

pym =E Nlog/exp(—HMM(a))dO' (3.131)

and let us first consider the case M = 0. In that case

/exp(—nua? +hzgz-ai>da (1) e i

i<N

and )
DN,.M = log (W) + Z—H
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When a = 0, we have r =7 = 0, so (3.76) and (3.77) yield pp — qo = 1/(2k),
qo = h?/(4x?%), and thus by straight forward algebra,

1 1 1 h»?
= — 1 —_— _— = PR
RS0(0) = 5 log (ZH) TR
so that (3.127) holds in that case. Next, we observe that

1 1
DPN.M — PN,M—1 = NElog <EXPU (\/—N Zgi,MO'z) >N .
3.

Informally, the rest of the proof goes as follows. By Lemma

1
Elog ( expu | — i,MOq
g< P (\/NZQ’M )>N
~ Elog E¢ exp u(2\/qn.ar + &/ PN M — g, M) -

Now by Propositions 3.2.4 and 3.2.12 the numbers gy s and py ar are near
solutions of the system of equations (3.69), (3.76) and (3.104).

As N — oo, (u being fixed) these quantities become close (uniformly on «)
to a true solution of these equations. Thus, by Corollary 3.3.4, and provided
u satisfies (3.124) and (3.125) and €’ is small enough, we have gy ~ qo (=
qo(M/N,k,h)) and py.ar =~ po (= po(M/N, k,h)) and thus

Elog E¢ expu(zy/qn,ar + &/ PN.M — AN,M)
=~ Elog Ecu(zv/q0 + §v/po — qo) = Elog Pe(24/q0 + &v/po — g0 > 7) ,
using again (3.124) and (3.125). Now (3.130) implies

3.5 we have

1 M/N- g
NElog Pe(zv/q0 +&vVpo —qo > 7) =~ /( —RSo(a)de

This chain of approximations yields

M M—-1
PN,M — PN, M—1 =~ RSq (F’H’h) — RSy <T,H7h) ,

where ~ means with error < ¢/N. Summation over M of these relations
together with the case M = 0 yields the desired result.

It is straightforward to write an “e-é proof” following the previous scheme,
so there seems to be no point in doing it here. O

Our next goal is the proof of Proposition 3.3.3, that will reveal how the
initial condition aig < 2 comes into play. Preparing for this proof, we consider

the function ,
Aw) =~ L rog Ny = (3.132)
T = V2 N(z) ‘

about which we collect simple facts.
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Lemma 3.3.7. We have

Av) > v (3.133)

A'(v) = A(v)? —vA(v) >0 (3.134)
vAW)A (v) < A(v)? (3.135)
vA() <1402 (3.136)

Proof. To prove (3.133) we can assume v > 0. Then

0 t2 e s} t2 2
v/v exp (§> dt < /v texp <5> dt = exp (%)
which is (3.133). The equality in (3.134) is straightforward, and the inequality
follows from (3.133) since A(v) > 0.
Now (3.134) implies
vAW)A' (v) = Av)* (vA(v) — v*) |

so that (3.135) is equivalent to (3.136). Integrating by parts,
e’} t2 'U2
/ t? exp <—§> dt = vexp (—7) + V27N (v)

e <] t2 U2
/v texp (—5) dt = exp (—?>

so that expanding the square and using the previous equalities we get

0< /:O(t _ )2 exp (-tz) dt = (1 + v*)V2mN (0) — vexp (_f> .

2 2
This proves (3.136). O
let us observe that (3.133) and (3.136) mean that when z > 0
T 1 x? 1 x?
T —— | <P>1r) < —— - 3.137
e (-5 ) sPezas e ().

which becomes quite accurate as x — oo.

Lemma 3.3.8. Consider numbers 0 < q < p and a concave function u < 0
with u(z) = 0 for x > 7. Consider independent standard Gaussian r.v.s z

and & and set 0 = z\/q+&/p—q and Y = (T — 2,/q)/\/p — q. Then

<E§§expu(9)>2<{Y2+L if Y>0

; 1
E¢ expu(6) L if Y <0, (3.138)

where L is a universal constant.
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Proof. We observe that, integrating by parts and since u’ > 0,

Ee Cexpu(f) = Ec/p — qu'(0) expu(d) > 0. (3.139)

Consider first the case where Y > 0. Let U = E¢(1{ccyy expu(f)). Then,
since u < 0,

Ee Sexpu(f) = Be(§1q¢<yy expu(0)) + Ee(§1ye>yy expu(0))

1 Y2
< YU + Ec(€1 —YU 4+ — —Z ). (3.140
<SYU +E¢(Ele>yy) +mexp< 2) ( )

Since u(#) = 0 for £ > Y, (3.137) implies

Ee(1 expu(f)) =Pe((>Y) > Y L e ( y2)
X = >¢ . ,
e\ {e>yy exXp e =127 ye e P

and thus
Ecexpu(f) = U + E¢(1qe>y) expu(f))

Y 1 Y2
> _ - . 141
*U+1—|—Y2 —QWGXP< 2) (3 )

Combining (3.140) and (3.141) we get
Y2
Ee € exp u(6) V27YU + exp (—7)
Ecexpu(d) — vorU + H-% exp (—32)

(3.142)

It is elementary that for numbers a,b > 0 we have
Y+ 1
by 1
a+ Wb Y
Combining with (3.142) yields
< Ec Eexpu(0) “v4 1 .
Ecexpu(f) — Y

Taking squares proves (3.138) when Y > 1. When ¥ < 1 (and Y is not
necessarily > 0) since u < 0 we have

0 < E¢lexpu(d) <E[¢| = \/g

™
and, since u(x) =0 for z > 7,

Ecexpu(0) =2 Pe(£=Y) 2 Pe(§ 2 1)
and this finishes the proof. ]

We bring forward the following trivial fact which seems to be at the root
of the condition “a < 27.



3.3 Controlling the Solutions of the RS Equations 231

Lemma 3.3.9. If z is a standard Gaussian r.v.,
1
i — 2 = —
lim B((2 — 0) 1) = 5 - (3.143)

The following is also straightforward, where we recall (3.67) and (3.68).

Lemma 3.3.10. Given p > q, consider the function

v(z) =logEcexpu(z +&vp—q) -

Then, recalling the definitions (3.67) and (3.68) of ¥ and ¥, we have v’ >0
and

(p,q) = aEV' (@) ; Tlp.a) — U(p,q) = aB0"(2/@) . (3.144)
Proof of Proposition 3.3.3. From (3.76) and (3.77) we have

1
—— =2k+r—T=2rk—aEV"(2\/q) , (3.145)
p—q

where the last equality uses that T —r = ¥(p,q) — ¥(p, ¢) and (3.144). Inte-
gration by parts yields

—Ev"(24/q) = —%Ezv’(z\/@) :

A direct computation proves that v > 0 since v/ > 0. Hence, using the
Cauchy-Schwarz inequality in the second line,

—Ez0'(2/q) < —Ezl{.<010" (21/q)
(EZ21{z§0})1/2(EU/(Z\/§)2)1/2

_L V(2 2\1/2
= S E VD

Thus, combining the previous relations we obtain

IN A

1
R SN

pP—q " V2,/q
On the other hand, (3.144) implies
r="(p,q) = aEv'(2/q)*

and from (3.75) and the first part of (3.145) we deduce

(Ev'(2y/9)%)"/2 . (3.146)

r+h? T 2 2F, 2
= > = — = — E .
1 2k+r—7)2 " (26+71—T)2 (p=a)°r =alp— 0B (z/)
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This inequality can be rewritten as

« a 1
—— (B (2 /)Y < | = ——,
B s\
and combining with (3.146) yields

1 a 1
—— <%ty 5 —,
P—=q 2p—q
so that (p — q)~! < 2ko(1 — \/ap/2)~t. The exact form of the right-hand
side is not relevant, but this shows that 1/(p — ¢) is bounded by a number
depending only on g and kq.

We now try to bound similarly p and ¢q. Since 7 < r, we have p — ¢ <
(26)71 < (2k0) 71, so the issue is to bound g. Using (3.104) and (3.145) again,
and since r > T,

T+ h? h?

1= rtr—7)2 : (2k0)? trip-a?. (3.147)

Recalling (3.67) and using Lemma 3.3.8 we get

a . (ngexpu(9)>2
p—q \ Ecexpu(0)

e
pP—4q

r=%(p,q) =

IN

(L+E(Y*1y>0y)) (3.148)

where
y_T=&e_ [ (Z _T )
pP—4q pP—q
so that Y satisfies

2
q T
E(Y*1(y>0)) = HE ((Z - %> 1{z§r/ﬁ}) :

Since ap < 2 we can find a > 1/2 with aag < 1. Then by (3.143) there is a
number ¢(7, a) satisfying

aq
p—q

2
.
¢2q(r,a) = E <<z— ﬁ) 1{29/@}) <a= B yzy) <

Thus, using (3.148) we get, using also that p — ¢ < 1/(2k¢) in the second
inequality,

al
¢ > q(r,a) = r(p—q)* < aL(p—q) +aaq < o= +aaq
0
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and combining with (3.147) yields

> q(ra) = q< ook
T, a < — +aaq
1=4 U= ko) T 2my 1M
so that 12
al
> = (1— <9 — .
q = q(T7 a’) ( a’a>q — (2&0)2 2/430
Since aa < aqg < 1, this proves that ¢ (and hence p) is bounded by a number
depending only on hg, kg and «p. ]

It remains to prove Theorem 3.3.1. The proof is unrelated to the methods
of this work. While it is not difficult to follow line by line, the author cannot
really explain why it works (or how Shcherbina and Tirozzi could ever find
it). The need for a more general and enlightening approach is rather keen
here.

We make the change of variable z = ¢/(p — ¢), so that ¢ = zp/(1 + z),
p—q=p/(1+x), and

T™V1+zx

F(q,p) = G(z,p) ;:aElogN( Z\/E>+ac

N 2

1 1 h2p

-1 — —log(1 — _— . 3.149
+ 5 logp— 5 log(l + ) Hp+2(1+x) (3.149)

Proposition 3.3.11. For z > 0 and p > 0 we have

0%G 0 (z+10G

— i — | ———=— 0. 3.150

op? <% ( x Bzv) ” ( )

Corollary 3.3.12. a) Given p > 0 there exists at most one value x1 such
that (0G/0x)(x1,p) = 0. If such a value exists, the function x — G(q,p)
attains its minimum at x7.

b) Given p > 0 there exists at most one value g1 such that (0F/9q)(q1, p) =
0. If such a value exists, the function ¢ — F(q, p) attains its minimum at q; .

Proof. a) By the second part of (3.150) we have 0G(z, p)/dz < 0 for z < 21
while G (z, p)/0x > 0 for x > z1.

b) Follows from a) since at given p the change of variable x = ¢/(p — q)
is monotonic. O

Proof of Theorem 3.3.1. Suppose that we have 9G/0x = 0 and G /dp =0
at the points (z1,p1) and (xg,p2). Then, since 9?°G/dp? < 0, we have
G(zo,p1) < G(xa,p2) unless po = p;. By the first part of Corollary
3.3.12 used for p = p; we have G(z1,p1) < G(x2,p1) unless 1 = x2. So
G(z1,p) < G(xa,p2) unless (z1,p1) = (z2,p2). Reversing the argument
shows that (21, p1) = (22, p2)- O

We write W = 7v1+2/\/p — 2/x.
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Lemma 3.3.13. Recalling the definition (3.132) of the function A(x), we

have

oG 1 h?

2—— =arV1+zp /% -2 151

o5 atV1+zp A(W)+p ls:—l—l_i_x (3.151)
and oc 2
z+1 a_ 9 P

2 — =——E 1l— ——. 152

< x > Ox x ANW) + z(1l + ) (3.152)

Proof. We differentiate (3.149) in p to obtain (3.151). To prove (3.152) we
differentiate (3.149) in x to obtain

oG z T
25 = (-2 * oras ) 4)
1 h2p
R el (3.153)
Now, by integration by parts and (3.134)
E (ﬁA(W)) =—-EUA'(W)) =EWAW)) —EAW)
_e( (it 4 _ 2
(5 ) e
and thus
z _TVl+tw _ 9
(1+=x)E (ﬁA(W)) = 7\/5 EA(W) — EAW) (3.154)
Plugging back this value in (3.153) yields (3.152). O

Proof of Proposition 3.3.11. We differentiate (3.151) in p to obtain

#G  3arVitaz itz\o 1

and this is < 0 since A’ > 0. We differentiate (3.152) in x to get

5 (05258) - {5 o)

« h2p h2p
—EAW)? + — — : 1
+ REAW) + — ESE (3.155)
Now, we observe the identity
2 w7
Vitzyp Vv x z/I+ayp’
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so that (3.155) yields

0 (1+=x arT
2— | —G | = ———E WHA' (W 1
() AT oy AT (3:156)
@ 2 _ / e (L1
+ 2 E(AW)> = WAW)A (W)) + hp <x2 it x)2>
and all the terms are > 0 by (3.135) and since x > 0. O

3.4 Notes and Comments

The results of this chapter are essentially proved in [133] and [134]. The way
Shcherbina and Tirozzi [133] obtain the replica-symmetric equations seems
genuinely different from what I do. It would be nice to make explicit the
rationale behind their approach, but as I am allergic to the style in which
their papers are written I find it much easier to discover my own proofs than
to decipher their work.

Instead of basing the approach on Theorem 3.1.4 one can also use the
Brascamp-Lieb inequalities [37]. In dimension 1, the inequality is stated in
(3.158) below. In more dimensions, it is convenient to use a simplified form of
these inequalities as follows. Consider a measure y on R™ as in Theorem 3.1.4.
Consider a function f on R¥ (that need not be Lipschitz). Then, if V f
denotes the gradient of f,

[ - ( / fdu>2 <= 1951 (3.157)

This inequality can be iterated. If f has a Lipschitz constant A as in (3.15)
then |V f|| < A. Using (3.157) for exp(Af/2) rather than f yields

/eprfdu— (/exp (%) du>2 < AZ:Q /exp)\fd,u

so that if A\242 < k&,

1 N

K

By iteration we get

2¢ ok
1 A
/exp Afdp < H <>\2A2> (/GXP <2;J:) dﬂ)
0<t<k L- r22¢

so that when A\2A? < k/2 this implies
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/exp)\fd,u <L (/exp (;—{) du)zk

Now the inequality |e” — z — 1| < z2e” shows that if [ fdu = 0, the right-
hand side goes to L as k — oo, so that if f has a Lipschitz constant A, we

have
/eXpA<f—/fdu>du§L

whenever |\ = /k/2A, a result that is not far from (3.16), at least for
our purposes here. The reader should consult [11] for more on the relations
between these different inequalities.

Inequality (3.157) follows from a nice general result, namely that in di-

mension 1,
2 2
/fzdu— (/fdu> g/ﬁdu. (3.158)

(The Brascamp-Lieb inequality in dimension 1.) For f(z) = x, —H(z) =
u(x) — 22 /2 this implies (3.72); the proof we give is just a simplified proof of
(3.158) in the special case we need.



4. The Hopfield Model

4.1 Introduction: The Curie-Weiss Model

We go back to the case where the spins take values in {—1,1}. The Curie-
Weiss model is the “canonical” model for mean-field (deterministic) ferro-
magnetic interaction, i.e. interaction where the spins tend to align with each
other. The simplest Hamiltonian that will achieve this will contain a term
o;0; for each pair of spins, so it will be (proportional to) Y ._.o;0;. Equiv-
alently, we consider the Hamiltonian

HN(U)%V($ZJi)2£V(Z ai)rz. (4.1)

i<N

i<j

This is a simple, almost trivial model, that can be studied in considerable
detail (see [54]). It is not our purpose to do this, but we will explain the basic
facts that are relevant to this chapter. The partition function is given by

Zexp —Hy(o Z Ap exp (—kz2> (4.2)
k[<N

where

Akcard{UGZ’N; Zaik}.

i<N

Consider the function
1
I(t) = 5((1 +t)log(1 +t) + (1 — t)log(1 — 1)) , (4.3)

which is defined for —1 < ¢ < 1, and can be defined for —1 <t < 1 by setting
Z(-1) =Z(1) = log 2. We recall (see (A.29)) that

Ay, <2V exp (—NI (%)) , (4.4)

so by (4.2) we have, bounding the sum in the right-hand side by the number
of terms (i.e. 2N + 1) times the largest term,
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2
Zn(B) < (2N 4+ 1)2V exp (N max (% - I(t))) . (4.5)
Also, by (A.30), when N + k is even we have
a2 <NI(k>) (4.6)
xp | — — , .
SN N

and thus

Zn(B) = max 2 exp (~NT (L)) ex ﬁkz
N " k+N even L\/N P N P 2N ’

Finally we get

1] Z =log?2 pt: I(t 1 4.7
o8 (D) =log2+ o (5 -7(0) o), @)

where o(1) is a quantity such that o(1) — 0 as N — oo. The function
[t?/2 — I(t) attains its maximum at a point ¢ such that

Bt =T'(t) = %log <g) (4.8)

or, equivalently,
1+t
1—+t = exp(2p1) ,

i.e.
_exp(2p6t) — 1
~ exp(26t) +1
If 8 < 1, the only root of (4.9) is t = 0. For 8 > 1, there is a unique root
m* > 0. That is, m* = m*(() satisfies

— thp3t . (4.9)

thom* =m”™ . (4.10)

Since the = x — 23/3 + 230(x), where o(z) — 0 as  — 0, (4.10) implies

ﬁm* o ﬁs,gl*s +ﬁ3m*30(ﬁm*) _ m* ,
so that
m*(B8) ~+3(6—-1) as G—1,. (4.11)
We define »
b = 5"21 — T(m*) (4.12)

so (4.7) reads
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%log Zn(B) =log2+b" +0(1) . (4.13)

When g > 1, as N — oo, Gibbs’ measure is essentially supported by the
set of configurations o for which N=1 3.\ 0; ~ £m*. This is because for
a subset U of R, -

ox({r: xS oet}) =20 Seo-avion,

where the summation is over all sequences for which N=1 " i<n 0i € U. Thus,

using (4.4), and bounding the sum in the second line by (2N + 1) times a
bound for the largest term,

GN<{0'; % > oic U}) = szl(ﬁ) > A expg (%)2 (4.14)

i<N k/NeU

IN

o+ e (o (- 70))

teU

2
Zn(B)
If we take

U={t; t£m*| >¢}

where ¢ is given (does not depend on N) then

sup (%2 —I(t)) < max (%2 —I(t)) ,

teU t€[0,1]

so (4.7) shows that the right-hand side of (4.14) goes to zero as N — oo.

Thus, (when weighted with Gibbs’ measure), the set of configurations is
made of two different pieces: the configurations for which N=' 3", _ v oy ~ m*
and those for which N=!' 3.\ 0; ~ —m*. The global invariance of Gibbs’
measure by the transformation o +— —o shows that these two pieces have
the same weight. The system “spontaneously breaks down in two states”.

This situation changes drastically if one adds an external field, i.e. one
considers the Hamiltonian

2
— Hy(o) = g(%;&) +h;vai, (4.15)

where h > 0. To see where Gibbs’ measure lies, one should now maximize

ft) = §t2 —Z(t)+th.

This maximum is attained at a point 0 < t < 1 because f(t) > f(—t) for
t > 0; this point ¢ must satisfy 5t + h = Z'(t), i.e.

t=th(Bt +h) (4.16)
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and we will see that there is a unique positive root to this equation. The
external field “breaks the symmetry between the two states”.

Consider now a random sequence (7;)i<n, 7; = =£1, and the random
Hamiltonian
3 2
i<N

The randomness is not intrinsic, and can be removed by setting o} = n;0;.
We can describe the Hamiltonian (4.17) by saying that it tends to align the
spins (0;)i<n with the sequence (7;);<n or the sequence (—n;)i<n rather
than with the sequences (1,...,1) or (—1,...,—1).

The situation is much more interesting if we put in the Hamiltonian sev-
eral terms that “pull in different directions”. Consider numbers (9; k)i<N k<M
M,k = =1, and the Hamiltonian

2

k<M i<N

We will always write

1
my =my(o) = N Z 7 k0 - (4.19)
i<N

When 8 > 1, the effect of the term 3Nm3 /2 of (4.18) is to tend to align
the sequence o with the sequence (7; 1)<y or the sequence (—n; x)i<n. If
the sequences (7;,1)i<n are really different as k varies, this creates conflict.
For this reason the case 8 > 1 seems the most interesting.

The Hopfield model is the system with random Hamiltonian (4.18), when
the numbers 7); ;, are independent Bernoulli r.v.s, that is are such that P(n; , =
+1) = 1/2. Tt simplifies notation to observe that, equivalently, one can assume

{nm =1 V1 § N ; the numbers (ni,k)igNﬁgkgM (4 20)

are independent r.v.s with P(n; , = £1) =1/2.

This assumption is made throughout this chapter and Chapter 10. The
Hopfield model is already of interest if we fix M and let N — oco. We shall
however focus on the more challenging case where N — oo, M — co, M/N —
a,a > 0.

The Hopfield model (with Hamiltonian (4.18), that is, without external
field) has a “high -temperature phase” somewhat similar to the phase § < 1,
h = 0 of the SK model. This phase occurs in the region

B+ Va) <1 (4.21)

and it is quite interesting to see how this condition occurs. We will refer the
reader to Section 2 of [142] for this, because this study does not use the cavity
method and is somewhat distinct from the main theme we pursue here.
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Another topic of interest is the “zero-temperature” problem, i.e. the study
of the (random) function
o— —Hy(o)

on Yy. We will not study this topic either because we feel that the current
results in this direction are too far from their optimal form. We refer the
reader to [112], [97], [56] for increasingly more sophisticated results.

Compared with the SK model, the Hopfield model brings two kinds of
new features. One is the ferromagnetic interaction (4.1). For 8 > 1 and S
close to one, this interaction creates difficulties that arise from the fact that
the root of the equation m* = thgm™* is “not so stable”, in the sense that the
slope of the tangent to the function ¢ — thgt at ¢ = m™ gets close to 1 as
[ — 1. This simple fact creates many of the technical difficulties inherent to
the Hopfield model. Another difference between the Hopfield model and the
SK model is that the nature of the disorder is not exactly the same.

It would be more pedagogical, before attacking the Hopfield model, to
study a disordered system that presents the difficulties due to the ferromag-
netic interaction, but with a familiar disorder. Such a model exists. It is the
SK model with ferromagnetic interaction. The Hamiltonian is

BN (1 P D

i<j i<N

Space (and energy!) limitations do not allow the study of this model here.

Research Problem 4.1.1. (Level 1) Extend the results of Chapter 1 to the
Hamiltonian (4.22).

What is really interesting is not to study this model for 57, G2 small, but,
given 3 (possibly large) to study the system for (5 as large as possible. The
“replica-symmetric” equations for this model are

1= Eth(Bozy/q + Bip+ h) (4.23)

q = Eth?*(Baz/q+ i+ h) . (4.24)

Throughout the chapter we will consider the Hopfield model with external
field, so that the Hamiltonian is

2
—Hyum(o) = NTﬁ Z (% Z ni,kai) +hz gi

k<M i<N i<N
N
= TH > mi+ Nhm; . (4.25)
k<M

It is of course important that we have chosen n;; = 1, so that the external
field “pulls in the same direction as m1”. Among the values of k, when h # 0
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we can expect the value k = 1 to play a special role. Without loss of generality
we can and do assume h > 0.

We observe that the function f(z) = th(Bz + h) is concave for x > 0. If
h > 0 we have f(0) > 0.If h=0 and 8 > 1 we have f(0) =0 and f'(0) > 1.
Thus if 8 > 1 there is a unique positive solution to (4.16). Throughout the
chapter, we denote by m* = m*(8, h) this solution, i.e.

m* = th(Bm* +h) . (4.26)

We set

b* =logch(Bm* + h) — gm*Q . (4.27)

The expression of b* given here is appropriate for the proof of Lemma 4.1.2
below. It is not obvious that this is the same as the value (4.12), which, in
the presence of the external field, is

Bm*Q
2
To prove the equality of (4.27) and (4.28), we observe that (A.26) implies

+m*h —I(m*) . (4.28)

I(x) = mAax()\:v —log ch)\)

and that the maximum is obtained for thA = x, so that, if x = m* =
th(m*B+h), X is m*B+h and hence Z(m*) = m*?8+m*h—logch(m*B+h),

so that the quantities (4.27) and (4.28) coincide.
Lemma 4.1.2. If 8 > 1 we have

[log Zn1 — N(b" +1og2)| < K(B,h) .

Of course Zn pr = Zn m (B, h) denotes the partition function of the Hamil-
tonian (4.25). Thus Zy 1 is the partition function of the Curie-Weiss model
with external field. The proof serves as an introduction to the method of
Section 4.3. It is much more effective and accurate than the more natural
method leading to (4.13). The result is also true for § < 1 if we define m* by
(4.26) for h > 0 and m* = 0 for h = 0. This is left as an exercise.

Proof. We start with the identity (see (A.6))
a2

Eexpag = exp el

whenever g is standard Gaussian r.v., so that

N1 = Z Eexp(\/NBgmi + Nhm,) .
o

Now, since my = N~' Y. 0; we have, using (1.30) in the second equality,
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za:exp(\/N—ﬁgml + Nhmy) = zﬂ:eXp(Z o (\/gg + h))

i<N

N
= 2Nch<q/£g+h> ,
N
Zn1= 2NEch<\/%g+h> .

1 Jé] 12
Inq =2N— Nlogch( /= - —
N1 271_/Rexp< ogc ( Nt—i—h) 2)dt
2
=N ljgfﬁ/expN<logch(ﬂz+h)—6;>dZ
T Jr

with the change of variable ¢t = \/N(z. The function z +— logch(8z + h) —
(2%/2 attains its maximum at the point z such that th(3z + h) = z, i.e.
z =m”*, and this maximum is b*. Thus

and therefore

Thus

Zn1 =2 exp(Nb*)An (4.29)
where
AN =/ NG / exp Ny (z)dz ,
2T R
for
B2

¥(z) =logch(Bz+ h) — E b .

To finish the proof we will show that there is a number K such that
(z—m*)?. (4.30)

Making the change of variable z = m* + z/v/N then implies easily that
log Ay stays bounded as N — oo, and (4.29) concludes the proof.

The proof of (4.30) is elementary and tedious. We observe that the func-
tion ¢ satisfies ¥ (m*) = ¢'(m*) = 0. Also, the function

U'(2) = B(th(Bz + h) — 2)

is strictly concave for z > 0 and is > 0 for z < m*, so that its derivative
at z = m* must be < 0, i.e. ¥”(m*) < 0. This proves that (4.30) holds for
z close to m*. Next, we observe that t(z) < 0 if z # m™*. For z > 0 this
follows from the fact that ¢'(z) > 0 for 0 < z < m* while ¢/(z) < 0 for
z > m*, and for z < 0 this follows from the fact that (z) < ¥(—z) < 0.
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Since (2) < —B(z —m*)?/4 for large z, it follows that (4.30) holds for all
values of 2. O

The Hopfield model has a kind of singularity for § = 1. In that case,
some understanding has been gained only when M/N — 0, see [154] and
the references therein to earlier work. These results again do not rely on the
cavity method and are not reproduced here. Because of that singularity, we
study the Hopfield model only for 8 # 1. Our efforts in the next sections
concentrate on the most interesting case, i.e. § > 1. We will explain why
the case § < 1 is several orders of magnitude easier than the case § > 1.
It is still however not trivial. This is because the special methods that allow
the control of the Hopfield model without external field under the condition
(4.21) break down in the presence of an external field.

When studying the Hopfield model, we will think of N and M as large
but fixed. Throughout the chapter we write

The model then depends on the parameters (N, «, 3, h).

Exercise 4.1.3. Prove that there exists a large enough universal constant L
such that one can control the Hopfield model with external field in a region
of the type < 1,a < (1 — )?/L.

Of course this exercise should be completed only after reading some of the
present chapter, and in particular Theorem 4.2.4 below. On the other hand,
even if § < 1, when h # 0, reaching the largest possible value of a for which
there is “high-temperature” behavior is likely to be a level 3 problem.

4.2 Local Convexity and the Hubbard-Stratonovitch
Transform

We recall the Hamiltonian (4.25):

— Hy (o Nﬁ > mi(e) + Nhma(o) . (4.31)
k<M

Since it is defined entirely as a function of the quantities (my(o))k<a (defined
n (4.19)), these should be important objects.
Consider the image G’ of the Gibbs measure G under the random map

o—m(o) = (mg(o))k<m - (4.32)

This is a random probability measure on RM .
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As an auxiliary tool, we consider the probability measure v on R of
density W exp(—BN||z||2/2) with respect to Lebesgue measure on RM | where
|lz|| is the Euclidean norm of z and W is the normalizing factor

W = (NG/2r)M/? (4.33)

(This notation W will be used throughout the present chapter.) It will be
useful to replace G’ by its convolution G = G’ % v with ~. This method is
called the Hubbard-Stratonovitch transform. It is an elaboration of the trick
used in Lemma 4.1.2.

It is useful to think of G as a small perturbation of G’, an idea that we
will make precise later. The reason why G is more convenient than G’ is that
it has a simple density with respect to Lebesgue measure. To see this, we
consider the vector

i = (i) k<M

of RM | and the (random) function ¢ on RM given by
Np
¥(z) = ——-llz[* + ) logeh(Gn; -z +h) (4.34)
i<N

where of course ||z[|> = Y7, -5, 2¢ and i -z = Y, ;7 k 2k This function 1
is a multidimensional generalization of the function logch(Bz + h) — 3222 /2
used in the proof of Lemma 4.1.2.

Lemma 4.2.1. The probability G has a density
WQNZIQ}M exp 1 (z)

with respect to Lebesgue’s measure, where Zy s is the partition function,

INM = ZGXP(—HN,M(O')) .

o

Proof. If we consider the positive measure § consisting of a mass a at a point
x, the density of § xy at a point z is given by

aW exp(—ﬁTN|z - x2) .

Since for each o the probability measure G’ gives mass

Jo o=y (@) = 51— o mio)| + N (@) )

to the point m(o) = (my(0))k<m, the density at z of G’ * v is

1 N N
m ; W exp (26||m(0')||2 + Nhmy(o) — TﬂHz — m(a)||2> )
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This is

I exp (—%ﬂﬂzp) zg:exp(Nﬂz -m(o) + Nhmy(o)) .

Now

Npz-m(o)+ Nhmy(o) =0 Z zk(z m,koi) +hZcri

k<M NN i<N
=Y 0B mmik+hy o
<N k<M i<N
=Y oi(Bni-z+h),
i<N

and therefore

Z exp(N Bz - m(o) + Nhm, (o)) = 2V H ch(fn; -z +h)
o i<N

=2Nexp Z logch(fBn; -z +h) ,
i<N

which finishes the proof. O

In the present chapter we largely follow an approach invented by Bovier
and Gayrard. The basic idea is to use the tools of Section 3.1 to control the
overlaps. This approach is made possible by the following convexity property,
that was also discovered by Bovier and Gayrard. We denote by (ey)r<nm the
canonical basis of RM.

Let us recall that everywhere in this chapter we write « = M/N.

Theorem 4.2.2. There exists a number L with the following property. Given
B > 1, there exists a number k > 0 with the following property. Assume
that « < m**/LB3. Then there exists a number K such that with probability
> 1 — Kexp(—N/K), the function z — 1 (z) + kN|z||? is concave in the

region
*

. m
{z i 1z —mTeq| < 7 Jrlogﬂ)} . (4.35)

Here, and everywhere in this chapter, K denotes a number that does not
depend on N or M (so that K never depends on o = M/N). In the present
case, K depends only on 8 and h. As usual the letter L denotes a univer-
sal constant, that certainly need not be the same at each occurrence. We
will very often omit the sentence “There exists a number L with the follow-
ing property” and the sentence “There exists a number K” in subsequent
statements.
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The point of Theorem 4.2.2 is that the function ||z|? is convex, so that
the meaning of this theorem is that in the region (4.35) the function 1 is
sufficiently concave that it will satisfy (3.21), opening the way to the use
of Theorem 3.1.4. The conditions o < m**/L3 and (4.35) are by no means
intuitive, but are the result of a careful analysis.

Even though Theorem 4.2.2 will not be used before Section 4.5 we will
present the proof now, since it is such a crucial result for the present approach
(or the other hand, when we return to the study of the Hopfield model in
Chapter 10 this result will no longer be needed). We must not hide the fact
that this proof uses ideas from probability theory, which, while elementary,
have been pushed quite far. This is also the case of the results of Section 4.3.
These proofs contain no “spin glasses ideas”. Therefore the reader who finds
these proofs difficult should simply skip them all. In Section 4.4 page 272,
matters become quite easier.

Throughout the book we will use the letter {2 to denote an event (so we
do not follow the standard probability notation, which is to denote by {2 the
entire underlying probability space).

Definition 4.2.3. We say that an event {2 occurs with overwhelming prob-
ability if P(2) > 1 — Kexp(—N/K) where K does not depend on N or
M.

Of course the event {2 = {2y ) depends on N and M, so it would be
more formal to say that “a family of events {2 3/ occurs with overwhelming
probability”, but it seems better to be a bit informal than pedantic.

Using Definition 4.2.3, the second sentence of Theorem 4.2.2 reformu-
lates as “With overwhelming probability the function z — 1(z) + kN ||z||? is
concave in the region (4.35).”

Maybe it will help to mention that one of our goals is, given § and h, to
control the Hopfield model uniformly over all the values of M and N with
a = M/N < aop(f8,h) for a certain number «o(f3,h) (as large as we can
achieve). This will be technically important in Section 10.8, and is one of the
reasons why we insist that K does not depend on N or M.

As a warm-up, and in order to make the point that things are so much
simpler when 3 < 1 we shall prove the following.

Theorem 4.2.4. Given 3 < 1, there exists a number k > 0 with the follow-
ing property. Assume that o < (3 — 1)2/L. Then with overwhelming proba-
bility the function 1 (z) + kN ||z||? is concave.

Again, we have omitted the sentence “There exists a number L such that
the following holds”. In Theorem 4.2.4 the constant K implicit in the words
“with overwhelming probability” depends only on (.

To prove that a function ¢ is concave in a convex domain, we prove
that at each point w of this domain the second differential D2, of ¢ satisfies
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D2 (v,v) < 0 for each vector v. If differentials are not familiar to you, the
quantity D2, (v,v) is simply the second derivative at ¢ = 0 of the function
t— o(w+tv).

Proof of Theorem 4.2.4. Let us set z = m*e; + w, and denote by D2,
the second differential of ¢ at the point z, so that, for v.€ R (and since
n;1 = 1 for each 7),

1

Dy (v, v) = =BN|vI"+ 5 iSZNCh2(6m*+h+ﬂ"7i'w) )
< B(=NIVIP+5 3 v)?) e
i<N

It follows from Corollary A.9.4 that (there exists a number L such that) if
M < (1 - 3)2N/L, with overwhelming probability one has

Vv, Y (i v)P <N+ (1=0)v]?,

i<N

and therefore D2 (v,v) < —B(1 — B)2N||v||?, so that if x = 3(1 — 3)2, the
function v(z) + kN||z||? is concave. O

To continue the study of the case 8 < 1 and complete Exercise 4.1.3, the
reader can go directly to Section 4.5. Through the rest of this chapter, we
assume that g > 1.

Before the real work starts, we need some simple facts about the behavior
of m*. These facts are needed to get a qualitatively correct dependence of a
on 3, but are otherwise not fundamental.

Lemma 4.2.5. The quantity m*(3, h) increases as 3 or h increases. More-
over we have

82>2= B(1—m?) < Lexp(—G/L) (4.37)
”722 <a*:=1-p1-m"?)<m*. (4.38)

Proof. We observe that if z > 0 then
z <th(fz+ h) <= 2z <m*(8,h) . (4.39)
Now if 3’ > B and h’' > h we have
m* (B, h) = th(Bm™ (8, h) + h) < th(B'm™(8,h) + 1) ,

and therefore m*(8, h) < m*(5’, k') by (4.39), so that the quantity m*(8, h)
increases as [ or h increases. To prove (4.37) we observe that m* =
m*(8,h) > m*(2,0) and hence

m* = th(8m* + h) > th(Bm*(2,0))
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and consequently,

B B
<oy <0 (1)

The right-hand side inequality of (4.38) holds since 1 — 8(1 — m*?) < 1 —
(1 —m*?) = m*2. To prove the left-hand side inequality of (4.38), we observe
that, since this inequality is equivalent to 8 —1 < (3 — 1/L)m*?, and since
m*(0, h) increases with h, we can assume h = 0. We then observe that for
x > 0 we have

ﬁ(l _ m*2)

x 2x sh(2z) — 2z < 1 22

l———=1- = —
thazch?a sh(2x) sh(2z)  — L1+a2’

as is seen by studying the behavior at x — 0 and = — oo. Taking x = Gm*
where m* = m*(3,0), we get, since m* = thfm*,

1—6(1—m*2)=1—2izl—67”;:1—5$2
ch”Bm* m*ch®Bm* thBm*ch”fm*
2 2, 2
_1_ a?2 Zl x2_lﬂm2 _lm*27
thzch®z — L1+a L(1+p?%) L
using that 1 + 22 < 1+ 52 O

Theorem 4.2.2 asserts that with overwhelming probability we control the
Hessian (= the second differential) of ¢ over the entire region (4.35). Con-
trolling the Hessian at a given point with overwhelming probability is easy,
but controlling at the same time every point of a region is distinctly more
difficult, and it is not surprising that this should require significant work. The
key to our approach is the following.

Proposition 4.2.6. We can find numbers L and L, with the following prop-
erty. Consider 0 < a < 1 and b > Li+/log(2/a). Assume that o < a?.
Then the following event occurs with probability > 1 — Lexp(—Na?): for each
w,w € RM we have

S (mi-v) < LNa?|v]? (4.40)
ieJ(w)
where
Jw) ={i < N |ni-w| = bfwl[}. (4.41)
To understand this statement, we note that E(n; - z)? = ||z||?, so that

E>icn(mi-v)? = N|v|>. Also when b > 1, and since E(n; - w)? = ||w||?,
it is rare that |n; - w| > b||w||, so the set J(w) has a tendency to be a rather
small subset of {1,..., N}, and it is much easier to control in (4.40) the sum
over J(w) rather than the sum over {1,..., N}. The difficulty of course is to
find a statement that holds for all v and w.
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Proof of Theorem 4.2.2. As in the proof of Theorem 4.2.4 we set z =
m*e; +w, we denote by D2 the second differential of ¢ at the point z, and
we recall (4.36):

1

. 2
ch®(Bm* + h+ fn; - w) (mi-v)®. (4.42)

D3, (v,v) = =BN||v|[* + 5

i<N

In contrast with the case 0 < 1 we must now take advantage of the fact
that the denominators have a tendency to be > 1, or even > 1 for large (.
The difficulty is that some of the terms gm* + h + n; - w might be close
to 0, in which case ch? (Bm* + h + Bn; - w) is not large. We have to show
somehow that these terms do not contribute too much. The strategy is easier
to understand when [ is not close to 1. In that case, the only terms that can
be troublesome are those for which Sm™* + h+ n; - w might be close to 0 (for
otherwise ch?(8m*+h+3n;-w) > 1) and these are such that n;-w < —m*/2
and in particular |n; - w| > m* /2. Proposition 4.2.6 is perfectly appropriate
to control these terms (as it should, since this is why it was designed).

We first consider the case 8 > 2. In that case (following the argument of
(4.37)), since m* > m*(2,0), we have

2L B
A ch®(Bm* /2 + h) < LeXp( L> ’
and thus
D) < <N+ Lewp () S

+ 62 Limiwlzme /21 (i v)? (4.43)
i<N

To control the second term in the right-hand side, we note that by Corol-
lary A.9.4, with overwhelming probability we have (whenever M < N)

Vv, Y (mi-v)? < L. (4.44)
i<N

Next, denoting by Lo the constant of (4.40), we set Ly = 2Ly, so that if we
define a by a® = 1/Lsf3, the right-hand side of (4.40) is

Lo N|v|?
LoV V| = Z5NIvIE = S5

Moreover since 3 > 2 there exists a universal constant L3 such that

Lz+/log 8 > L1+/log(2/a) .

Thus we can use Proposition 4.2.6 with a as above and b = L3+/log 3. We
observe that
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* *

m m
Iwil < 2 and [ni - wl

= [ni-w| = blwl| .

It then follows from Proposition 4.2.6 that if M < Na? = N/Lf (i.e. a <
1/Lp), then with overwhelming probability, the following occurs:

Vw, |w| <m*/2b=m*/L\/logf =

N
D Linowizme /2y (0 v)* < S5 IvIP,
i<N

and (4.36) yields

D2 (v,v) < N (§ ~ Lexp (ﬁ)) V2.

Therefore, when [ is large enough, say 8 > 3y, we have shown that if o <
1/Lg3, with overwhelming probability we have

m* Nﬂo

<— = Di(v,v)<——2

Il < 7 = Dalvv) € =
We now turn to the case 1 < 3 < y. We will as before consider separately
the terms for which |n; - w| > em™ where 0 < ¢ < 1 is a parameter 0 < ¢ <
1/26p (< 1) to be determined later. We first prove the inequality

|v* . (4.45)

1 1
< +2m*2 B + m* 211> em=
ch?(B(m* + ) +h) — ch2(Bm* + h) p {le|>em=}
=1- m*2 + 2m*256+m*21{|r|2cm*} . (446)

This is obvious if || > em* because then the right-hand side is > 1. This
is also obvious if * > 0 because this is true for x+ = 0 and the function
f(z) = ch™(B(m* + x) + h) decreases. Now,

_2Bth(B(m” + ) + h)
ch?(B(m* + z) + h)

f(z) =
so that for —m™* < x < 0 we have
|f'(2)] < 2Bth(B(m* +x) + h) < 28th(Bm” + h) = 28m",
and thus for —em* <z < 0 we get
f(z) < £(0) +26m*2c=1—m*? 4+ 26m*%c.

Therefore (4.46) also holds for || < em*, and is proved in every case.
We define
d=1-—m"?+26m*c,
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and we note that since ¢ < 1/28y and 8 < 5y we have
d<1.

Now (4.46) implies

1

<d4+m2 1 wisemed
b (B(m* +n, - w) + h) mewlzeny

and we deduce from (4.42) that
D2 (v,v) <T+1I
where

I=—BN||v|*+8%d Y (n:-v)?

i<N

I = 3°m*? Z L{in,wizem+} (1i - v)?
i<N

(4.47)

(4.48)

Consider a parameter p > 0, to be fixed later. It follows from Corollary

A.9.4 that if o < p?/L, with overwhelming probability we have

v, > (i v)?2 < N1+ p)|v?,
i<N

and consequently
I < —BN|v[*(1 = Bd(1 +p)) -

(4.49)

By (4.38), we have 1 — 3(1 — m*?) > m*?/L, so that, recalling the definition

of d, that d <1, and that 8 < Gy,

L= Bd(1+p) > 1~ Bd— Pop
=1-6(1—-m"?) —2682m*%c— fop
>1—B(1—m*?) —282m*2c — Bop

m*2
> 92m™2e — Bup .
Lo
We make the choices
m*? 1

p= ;e= :
4830 Lo 862 Lo

so that 1 — Bd(1 + p) > m*?/2Ly and we see that provided that
*4

L’

2
p
< — =
=7

with overwhelming probability we have
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m*2

2L

1< —BN|v|? (4.50)
To take care of the term II we use Proposition 4.2.6 again. We choose
a = 1/L4, where Ly = 28yLo. We can then apply Proposition 4.2.6 for
b= Li1+/log(2/a) (= Ls). Then, since Ly is the constant in (4.40), the right-
hand side of this inequality is N||v||?/433Lo. Since when |n - w| > em*
and |[|[w| < m*¢/b = m*/L then |n - w| > b||w||, this proves that if
M < a?N = N/L? then with overwhelming probability 1T < N||v||?m*?/4L,
whenever |w|| < m*c/b = m*/L. Consequently, combining with (4.50) we
have shown that if 3 < By and o < m**/L’, then with overwhelming proba-
bility

* m*2

4L,

Combining with (4.45) we have completed the proof, because if the constant
L in (4.35) is large enough, the region this condition defines is included into
the region we have controlled. This is obvious by distinguishing the cases

B> B and 3 < fo. 0

Proof of Proposition 4.2.6. Consider the largest integer Ny < N with
Nolog(eN/Ny) < Na?. In Proposition A.9.5 it is shown that the following
event occurs with probability > 1 — Lexp(—Na?):

m

Wil < = = Dw(v,v) < ~fN|v|

VJ C{l,---,N}, cardJ < Ny, VYw e RM

> (i - w)? < [|w]*(No + Lmax(Na?, v/NNoa)) . (4.51)
=
This statement is of similar nature as (4.51), except that we have a cardi-
nality restriction on the index set J instead of specifying that it is of the type
J(w) as defined by (4.41). The core of the proof is to show that when (4.51)
holds, then for each w we have cardJ(w) < Ny, after which a straightforward
use of (4.51) will imply (4.40).
To control the cardinality of J(w) suppose, if possible, that there exists
J C J(w) with cardJ = Ny. Then since |n; - w| > b||w|| for i € J we have

> (i w)? = B2 No|[w|?
ieJ
and, comparing with (4.51), we see that

b>Ny < Ny + Lmax(Na?, /N Nya) ,

and therefore
(b* = 1)Ng < Lmax(Na?, /N Noya) . (4.52)

The idea of the proof is to show that this bound on Ny contradicts the
definition of Ny, by forcing Ny to be too small. It is clear that, given a,
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this is the case if b is large enough, but to get values of b of the right order
one has to work a bit. Assuming without loss of generality b > 2, we have
b2 —1 > b%/2, so that (4.52) implies

b> Ny < Lmax(Na?, \/NNoa) .

Thus we have either Ny < LNa?/b? or else b2Ny < Lv/N Nya, i.e.

2 2

No <LNb—4 <LNb—2.

Therefore we always have Ny < LgNa?/b?. We show now that we can choose
the constant L, large enough so that

eb? 1
b > Liy/1og(2/a) = b2 % Jog Tod? < 3 (4.53)

To see that such a number L; exists we can assume Lg > e and we observe
that log(eb?/Lea?) < 2logb + 21og(2/a). We moreover take L; large enough
such that we also have Lga?/b® < Lg/b* < 1.

Since the function z — xlog(eN/z) increases for x < N, and since Ny <
LeNa?/b* < N, when b > le/log(2/a) we deduce from (4.53) that

eN eb? Na?
Ny L — | <L N 1 < —
0 Og<No> 6V 2 0g (L6a2) =5

and therefore since Ny + 1 < 2Ny we have

< Na?.

eN
No+1)1
(0+)0gN0+1

But this contradicts the definition of Nj.
Thus we have shown that cardJ(w) < Ng. Then, by (4.51), and since
Ny < Na? we get
S (i v)? < LNa?|v|%. 0
ieJ(w)

4.3 The Bovier-Gayrard Localization Theorem

Theorem 4.2.2 can be really useful only if the region (4.35) is actually relevant
for the computation of G’. This is what we shall prove in this section.

Before we state the main result, we introduce some terminology, that
matches the spirit of Definition 4.2.3.

Definition 4.3.1. We say that a set A of RM is negligible if
y N
EG'(A) < Kexp e (4.54)

where K does not depend on N, M. We say that G’ is essentially supported
by A if A =RM\ A is negligible.
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Of course the set A also depends on M and N, so it would be more
formal to say that “a family Awx s of sets is negligible if EG(An ) <
K exp(—N/K), where K does not depend on M or N”.

In a similar manner, we will say that a subset A of X'y is negligible if
EG(A) < Kexp(—N/K), where K does not depend on N or M.

Theorem 4.3.2. (The Bowvier-Gayrard localization theorem.) Consider 3 >
1, h >0 and pg <m*/2. If « < m*2p3 /L, then G’ is essentially supported by
the union of the 2M balls in RM of radius py centered at the points +m*ey,
k<M.

It is useful to note that the balls of this theorem are disjoint since py <
m* /2.
To reformulate Theorem 4.3.2, if we consider the set

A={zecRM ; Vk <M, K Vr==1, ||z—7mm* | > po},

then when o < m*?pZ /L we have EG’(A) < K exp(—K/N) where K depends
only on 8, h and py but certainly not on a or N.

It is intuitive that something of the type of Theorem 4.3.2 should hap-
pen when h = 0. (The case h > 0 is discussed in Section 4.4.) Each of the
terms my (o) in the Hamiltonian attempts to create a Curie-Weiss model
“in the direction of (1;x)i;<n”; and in such a model my(o) ~ £m*. What
Theorem 4.3.2 says is that if there are not too many such terms, for (nearly)
each configuration, one of these terms wins over the others. For one k (de-
pending on the configuration) we have |mg (o) £ m*| < po, and for k' # k,
|mys (o) < po is smaller. What is not intuitive is how large a can be taken.
It is a separate problem to know whether the same k “wins” independently
of the configuration.

The Bovier-Gayrard localization theorem is a deep fact, that will require
significant work. The methods are of interest, but they are not related to the
main theme of the book (the cavity method) and will be used only in this
section. Therefore the reader mostly interested in following the main story
should skip this material.

We recall the probability + introduced page 245. That is, v has density
W exp(—(N||z||?/2) with respect to Lebesgue measure on RM | where W is
given by (4.33).

We first elaborate on the idea that G = G’ x ~ is a small perturbation
of G'. One reason is that if a < (§p?/4, then 7 is essentially supported by
the ball centered at the origin, of radius p. To see this, we observe that, by
change of variable,

N N
oo (PR ) = w [ o (<217 aa

N
= 2M/2W/ exp (—ﬁ—||z||2> dz = 2M/2
RM 2
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Thus,
NG aN
AllalP = hep () <242 < exp ()

and, since o < 3p?/4, we get

N
4

V{2l > 7)) < exp (

(Bp* — 2a)) < exp (— Nﬁ’fﬂ) :

g (4.55)

This inequality shows in particular by taking p = 24/a/f that if

B= {z Iz < 2\/5} (4.56)

then v(B) > 1/L (observe that N = M > 1, so that NB3p?/8 = M/2 > 1/2).
Thus, given any subset A of RM, we have

GA+B)=Gov({(x,y); x+y € A+ B}) > G (A)(B),

and hence -
G'(A) < LG(A+ B) . (4.57)

To prove that a set A is negligible for G’ it therefore suffices to prove
that A + B is negligible for G. Consequently if G is essentially supported
by a set C, then G’ is essentially supported by C + B. This is because the
complement A of C'+ B is such that A+ B is contained in the complement of
C so that it is negligible for G and hence A is negligible for G’. In particular
when G is essentially supported by the union C of the balls of radius py/2
centered at the points +m*ex, then G’ is essentially supported by C + B.
When o < m*2p3/16, we have 24/a/3 < po/2 and hence C' + B is contained
in the union of the balls of radius pg centered at the points +m*er. Thus it
suffices to prove Theorem 4.3.2 for G rather than for G.

As a consequence of Lemma 4.2.1, for a subset A of R, the identity

_ W [, expy(z)dz

GA) 2°NZn M

(4.58)

holds, and the strategy to prove that A is negligible is simply to prove that
typically the numerator in (4.58) is much smaller than the denominator. For
this it certainly helps to bound the denominator from below. As is often the
case in this chapter, we need different arguments when [ is close to 1 and
when 3 is away from 1. Of course the choice of the number 2 below is very
much arbitrary.

Proposition 4.3.3. If1 < 8 <2 and o < m**, we have

M/2
—N / *
2 ZN,M > —La* exp Nb (459)
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where
b* =logch(Bm* +h) — pm*?/2 , a* =1 - B(1 —m*?).

This bound is true for any realization of the randomness. It somewhat
resembles Lemma 4.1.2.

Before we start the proof, we mention the following elementary fact. The
function &(z) = log chx satisfies

h
(o) = thas €'(0) = s €"(0) =23 (€9 <4, (160)

Proof of Proposition 4.3.3. Since G is a probability, Lemma 4.2.1 shows
that

27 NZnw = W/exp Y(z)dz ,
so that if we set ¥~ (v) = ¢»(m*e; + v) then
27 NZnwr = W/exp P~ (v)dv . (4.61)
Now, since we assume 7; 1 = 1, we have
n;-(mer+v)=m"+n; v,
so that, setting b = fm™* + h, we get,

P (v) = ¢(mTer +v)

N
- _Tﬁllm*el + V[ + Y logeh(Bmi - (mer +v) + h)
i<N

N
- _TBHW*el + [P+ D logeh(b+ Bni - v) . (4.62)
<N

We make an order 4 Taylor expansion of logch around b (= Sm* + h). This
yields

v ) = =S = S = Nty en

2
+ Nlogchb—i—ﬁtthm-v—&- ﬁ— Z(m 'V)2

2
=~ 2ch”b =~
33 thb ok
“Tam e Y RMme )t (463)
o N i<N

where |R;(v)] < 1.
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The idea of the proof is to simplify (4.63) by averaging over rotations.
If U denotes a rotation of RM, the invariance of Lebesgue’s measure by U
shows from (4.61) that

2 NI =W / exp ™ (U(v))dv (4.64)
so that, if dU denotes Haar measure on the group of rotations, we have

2 NZnw = W/expz/)N(U(V))dUdv

> W/exp (/ z/}N(U(v))dU> dv (4.65)
by Jensen’s inequality.

Given a vector x of RM, we have for a certain constant cp that

/(X UW)PAU = o [|x]P[|v ]| (4.66)

because the left-hand side depends only on ||x|| and ||v]|.

To compute the quantity c,, we consider a vector g = (gx)k<m where
(gx) are independent standard Gaussian r.v.s. We apply (4.66) to x = g and
we take expectation. We observe that g - U(v) is a Gaussian r.v. of variance
|U(v)||? so that

E((g-UW))?) = UW)["Eg" = [IVI*EG" ,

where g is a standard Gaussian r.v. Thus we obtain

Cp = .
" Elsl
In particular, ¢, = 0 when p is odd, co = 1/M, and, since
Ellgl* > (Ellgl*)? = M®

and Eg* = 3 we get ¢y < 3/M?.
We observe that ||n;||? = M, so that using (4.66) for x = n;, (4.63) implies

*2
/1/) NAU > N ( 57’; )
_NB B4
(1= o ) M= S o)
Since b = fm* + h, we have thb = m* and thus

__B
ch?b

=1-8(1—th*)=1-73(1-m*?) =a",
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so that from (4.65), and since b* = log chb — 3m*? /2,
N, NB*
2_NZN,M > (expr*)W/eXp (—TBCL*HVHQ - Tﬁ||v4) dv

M2
= <1) (expr*)W/exp (]\;6|V||2 - Nﬂ4v”4> dv

a* 2a*2

by change of variable. Therefore, the definition of v implies

M/2 4 4
1 N v
2_NZN)M > (a_*> (exp Nb*¥) /exp (— Qﬁ %) dy(v) .

Recalling also that B of (4.56), we get

Nﬁ4 vi4 Nﬁ4 4
/exp (_ - Ha*l )d’y(v) > v(B) exp (— 57 (2 %) )
LNpB?a?
()

1

Te

1 LM B«
()

a*Q

vV

Recalling that m** < La*2 by (4.38), and since we assume that § < 2 we
have

M/2
a<m < La*? = 2_NZN’M > (L_a*) exp Nb* . (4.68)

O

When § > 2, we will use a different bound. We will use the vector 8 =
(0k)k<m given by

*

6="" (mi—e)), (4.69)

1<i<N

so that 6, = 0, whereas for 2 < k < M we have

m*
Or = N Z ik -
1<i<N

Proposition 4.3.4. We have

N
27NZN7JW > exp (Nb* + 76|0||2> . (470)
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This bound is true for any realization of the disorder and every value of 3, M
and N. Since [|0]|? is about am* /N this is much worse when 3 < 2 than the
bound (4.59) when La* < 1.

Proof. The convexity of the function logch, and the fact that since b =
Bm* + h, we have thb = m* imply that logch(b + z) > logchb + m*x.
Therefore (4.62) implies

N
VY (v) > fTBHm*el + v||* + Nlogchb + m* Z On;-v

i<N

N

o = 21 4 g (- en) )
i<N

N

:Nb*—7ﬁ||v||2+N50.v
« NB Np

= Nb +7||9||2_7||V_0”2~

Thus
W/expd}N(v)dv > exp (Nb* + N7ﬁ|0||2> W/exp <—¥Hv - 0||2> dv

N
= exp (Nb* + 7/6|0||2> ,

and the result follows from (4.61). O

We have the following convenient consequence of Propositions 4.3.3 and

4.3.4: whenever o < m*4,

M/2
2 NZn > (H) expb*N . (4.71)
Indeed, if 5 < 2 this follows from Proposition 4.3.3, while if § > 2, by Propo-
sition 4.3.4 we have 2_NZM’N > expb*N, and, since a* remains bounded
away from 0 as 0 > 2, we simply take L large enough that then La* > 1.
The bound (4.71) does not however capture (4.70).

We turn to the task of finding upper bounds for the numerator of (4.58).
For this we will have to find an upper bound for ). We will use two rather
distinct bounds, the first of which will rely on the following elementary fact.

Lemma 4.3.5. The function
¢(x) = logch(Bvz + h) (4.72)

is concave. Moreover, if x < 2 then

(4.73)

o'(x) <5
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Proof. Setting y = 3/x + h, computation shows that

o(z) = L <ﬁﬁ—thy>< p (y —thy>

423/2 \ ch?y = 4x3/2 \ ch?y
_ 3 sh2y — 2y <0.
]3/2 ch2y =

Moreover, distinguishing the cases y < 1 and y > 1, we obtain
: 3y o 1. 3/2
min(1,y”) > Zmln(l,x ).

The result follows.
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O

Before we prove our first localization result, let us make a simple observa-
tion that we will use many times: to prove that a set A is negligible, it suffices
to show that with overwhelming probability we have G(A) < K exp(—N/K).

This is because for any set A and any € > 0, we have
EG(A) <P(G(A) >¢) +¢

since G(A) < 1.

Proposition 4.3.6. If a < m**/L, the set
A={zeRM; 2] > 2m"}

is negligible for G, that is

EG(A) < K exp (—%) ,

where K depends only on 3 and h.

Proof. We write

S logch(Bm: -2+ h) < 3 (i 2)?) < Nso(}v S (i z>2) (4.74)

i<N i<N i<N
by concavity of .
Using Corollary A.9.4 we see that provided
< a*2
e
- L
then the event
vaeRM, T3 (mioz< (14 “—*)HZHQ
N - 8

i<N

(4.75)

(4.76)
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occurs with overwhelming probability (that is, the probability of failure is at

most K exp(—N/K), where K depends on 3, h only). When the event (4.76)
occurs, (4.74) implies

¥(2)

el N S 2

i<N
N
<= ll? + N ((1+ ) Il (4.77)

Let us consider the function f(t) = logch(Bt + h) — B3t?/2, so that o(x) =
F (/) + Bx/2 and (4.77) means

w@>_]wh

ol + 57 (y/1+ S lal ) (4.78)

The second derivative of f is f”(t) = 32ch™2(Bt + h) — 3, which decreases as
t increases from 0. Moreover

£ (m) = ﬂ( W:w)ﬂa*,

where a* = 1 — 3(1 — m*?). For t > m*, we have f’(t) < f”(m*) = —Ba*.
Since f(m*) =b*, f'(m*) =0, for t > m* we get

flt) <ov* — ga*(t —m*)?.

Thus for t > 2m*, and since then t — m* > ¢/2 and thus (t — m*)? > ¢2/4,
we have .
Ba 2

8 )

f) <b" -

and therefore

) oy B . pa
Py ) <o B (14 5 Yl < - B al?.

It then follows from (4.78) that ¢(z) < Nb* — NBa*|z|?/16 for |z|| > 2m*.
Thus, under (4.75), with overwhelming probability we have

/ Y(z)dz < exp Nb*/ exp (Nﬁa*|z|2) dz (4.79)
A A 8

*,0 %2
< exp (N (b* - ﬁain >> /Aexp <—]¥—65a*||z||2> z

because ||z||? > 4m*? on A. Now, by change of variable,
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N 8\ M/? N
/exp (—l—ga*HzHQ) dz = <a_*) /exp (—Tﬁ||z||2> dz
M/2
(2 ! w1
a* ’

*, %2
/ P(z)dz < exp (N (b* _ paim ))
A 8
*4 M/2
< exp <N (b* _ fm )) (£> wt
L a*
4
that with overwhelming probability it holds

*4 *4 x4
G(A) < LM exp (—Nﬁnz > <expN <aL7 — ﬂ? > < exp <—Nﬂm ) ,
7

provided o < m**/2L2. This completes the proof. O

so that

This preliminary result is interesting in itself, and will be very helpful
since from now on we need to be concerned only with the values of z such
that |z] < 2m*.

Our further results will be based on the following upper bound for v; it
is this bound that is the crucial fact.

Lemma 4.3.7. We have

o) < N0+ 5 (-2 - NIl
- % Z min(1, ((n; - z)* — m*?)?) . (4.80)

i<N

The last term in (4.80) has a crucial influence. There are two main steps
to use this term. First, we will learn to control it from below uniformly on
large balls. This control will be achieved by proving that with overwhelming
probability at every point of the ball this term is not too much smaller than its
expectation. In a second but separate step, we will show that this expectation
cannot be small unless z is close to one of the points +m*e;. Therefore with
overwhelming probability this last term can be small only if z is close to one
of the points +m*e;, and this explains why Gibbs’ measure concentrates near
these points.

There is some simple geometry behind the behavior of the expectation of
the last term of (4.80). If we forget the minimum and consider simply the
average
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1

5 D (=)

i<N
its expectation is precisely
(l2]> = m*2)* + " 277 -
k£l
As a warm-up before the real proof, the reader should convince herself that

this quantity can be small only if one of the z;’s is approximately £m* and
the rest are nearly zero.

Proof of Lemma 4.3.7. We recall the function ¢ of Lemma 4.3.5. Assuming
for definiteness that « > m*?2, this lemma implies

() = p(m™) + ¢/ (m™?)(x — m*™) + / (z — )" (t)dt

*2

min(z,2)
< (™) + ¢ ()~ m?) - & (z — t)dt
< p(m*?) + o' (m*?)(x — m*?) — %min(l, (x —m*)?) . (4.81)
Now,
/ *2 6 * ﬁ
= h = —
#(m™) = 5 th(om* + 1) = 2
and
o(m*?) — gm*Q = logch(Bm* + h) — gm*Q =b",
so that (4.81) implies
p(x) <b* + ga: — %min(l, (z —m*?)?) .

Using this for = (n;-z)?, summing over i < N and using the first inequality
in (4.74) yields the result. O

To perform the program outlined after the statement of Lemma 4.3.7, it
helps to introduce a kind of truncation. Given a parameter d < 1, we write

Ry(z) = Emin(d, ((n; - 2)* — m*?)?) , (4.82)

a quantity which is of course does not depend on 1.
Proposition 4.3.8. Consider a ball B of RM, of radius p, and assume that
Bc{z; ||z|| <2m*}. (4.83)

Then, for each € > 0, with overwhelming probability, we have
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Vz € B, Z min(d, ((n; - z)* — m*?)?)
i<N

> % (Rd(z) —4alog (1 + g) - Lsm*\/a) . (4.84)

This is the first part of our program, showing that the last term of (4.80) is
not too much below its expectation. The strange logarithm in the right-hand
side will turn to be harmless, because we will always choose p and ¢ of the
same order.

The proof of Proposition 4.3.8 itself has two steps. In the first we will
show that the left-hand side of (4.84) can be controlled uniformly over many
points. In the second we will show that this implies uniform control over B.

Lemma 4.3.9. Consider a finite subset A of RM and C > 1. Then, with
probability at least 1 —1/C we have

e[ =

Vz e A, me ((m;-z)?—m*?)?) >

<N

Ri(z)—logcardA—log C . (4.85)

Proof. Let
Ay ={z€eA; —Rd( ) > log cardA + log C} .

To prove (4.85), it suffices to achieve control over z € A;. Let us fix z in A;.
The r.v.s
X; = min(d, ((n; - 2)* —m*?)?)

are i.i.d., 0 < X; <1, EX; = R4(z). We prove an elementary exponential
inequality about these variables. Since exp(—z) < 1 — z/2 < exp(—z/2) for
r < 1, we have

Eexp(—X;) < Efi S ex (_E;(l) o (_RdT(Z)>

and thus NRy(z)
d\Z
_ ) < _ e\

Eexp< E X1> < exp( 5 > ,

i<N

(0 ) 2840) o )

i<N

P(ZXZ' = NRZ(Z)) = e (NRZ(Z)> = C’calrdA

i<N

so that

and

since z € Ay. Thus, with probability at least 1 — 1/C', we have
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NR
Vz e Ay, E min(d7 ((n; - z)2 - m*2)2) > a(2) . O
: 4
i<N
Next, we relate what happens for two points close to each other.
Lemma 4.3.10. We have
|Ra(z1) — Ra(z2)| < LVd||z1 — 25 ||(|z1 ] + || 22]]) - (4.86)

Moreover, with overwhelming probability it is true that for any z, and zs in
RM we have

Z mm ((m; - zl) —m* Z mln ((m; - 22)2 - m*2)2)

i<N i<N

< NLVd|z — 2| (|21 + || 2e]]) - (4.87)

Proof. We start with the observation that, since d < 1,

| min(d, %) — min(d, y?)|
= |min(Vd, |z[)* — min(vVd, |y)?|
= | min(Vd, [2[) — min(vd, |y])|(min(Vd, |z]) +min(Vd, |y|))
< 2Vd|min(Vd, |z]) — min(Vd, |z|)| < 2Vd|z —y| , (4.88)

and thus the left-hand side of (4.87) is bounded by

2N (i) — (i 22)°)

< 2\/3:21;: M+ (21 — 22)[(|ns - 21| + M - 22])
< 2\/3<§V(m (21— Z2))2)1/2
x Kg(m.zg?)w + (g(m.zﬁ)m} . (4.89)

Taking expectation and using the Cauchy-Schwarz inequality proves (4.86)
since the expectation of the left-hand side of (4.87) is N|Rq(z1) — Ra(z2)|.
Moreover, with overwhelming probability (4.44) holds, and then (4.87) is a
simple consequence of (4.89). O

Proof of Proposition 4.3.8. It is shown in Proposition A.8.1 that we can
find a subset A of B such that

cardA < (1 + g)M
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and such that each point of B is within distance 2¢ of A. We apply
Lemma 4.3.9 with C' = exp(Nem*v/d). We observe that given z, in B, there
exists z1 in A with ||z2 — 21| < 2¢, and ||z4|], [|z2|| < 2m*. We then apply
(4.87) and (4.86) to obtain the result. The choice of C is no magic, the ex-
ponent is simply small enough that log C' is about the error term LNem*v/d
produced by Lemma 4.3.10. O

To use efficiently (4.84), we need to understand the geometric nature of
R4(z). We will show that this quantity is small only when z is close to a point
+m*ey.

Lemma 4.3.11. Consider a number 0 < & < 1. Assume that

Vk< M, |z+m"e|>Em*. (4.90)
Then if
d=&m™, (4.91)
we have
62
Ry(z) > fm*4 : (4.92)

The proof relies on the following probabilistic estimate.

Lemma 4.3.12. We have
1
R4(z) > 7 min (d, (|z]|2 = m*?)? + Z zzzg) . (4.93)
k£L

Proof of Lemma 4.3.11. Using (4.93), it is enough to prove that if

2m*4
(ol —m2)? + 3" 2e < &2 (4.9
[,
then we can find £ < M and 7 = %1 such that
|z — Tm¥eg|| < Em™ . (4.95)
First, we observe from (4.94) that
*2
el = 2] < S (4.96)
o o) —m2) _ €
z||* — m* m*
z|| — m* 4.97
el - m) = el =] < &2 (1.97)

Next, (4.94) implies
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fzm*4 2,2 4 4
6 = szzz = ||z[|* - Z 2y

k£0 <M
N 4 2 Z 2
> |2l - (maxF) > 2
<M
2 2 2
= — . 4.98
=]l (2" — max 27) (4.98)

Consider k such that 27 = maxy<ps 27. Then, since ||z||? > 3m*?/4 by (4.96),
we have from (4.98) that

2,,%4 2,,%2
2<£m §*m

2 J— —_—
I2]1" = 2 < 16]z]2 = 12

Now |[|z[|? — 27 = Dotk 22 = ||z — zxex||?, so that

*

|z — zkex < (4.99)

and consequently

gm*
[zl = |zl <

(4.100)
Moreover, if 7 = signzy, we have
|lzrer — Tm eg|| = |z — Tm*| = ||2x] — m*|

< llall = [+ sl ~ sl < (5 + 3 ) m - (a10m)

using (4.97) and (4.100). Combining with (4.99) proves (4.95). O
Proof of Lemma 4.3.12. We consider the r.v.s
X = (s -2 — ™) (4.102)

so the Paley-Zygmund inequality (A.80) implies

1 1 (EX)?
> — > — .
P (X 2EX) ZIE(XY) (4.103)
and thus
E min(d, X) > min (d, %) P (X > %)
. EX\ (EX)
> - 4.104
_mln(d, 5 )4E(X2) (4.104)
We have

X =(U+a)?, (4.105)
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2

H2_m* ,

where a = ||z

U= Z i kMi 02620
o2t

so that EU = 0, EU? = 37, , 2327 and thus
EX = Z 2227 +a. (4.106)
k£0
It can be checked simply by force (expansion) that
EU* < L(EU?)?, (4.107)

but there are much nicer arguments to do this [14]. From (4.105) it follows
that

EX? = EU*+44EU® + 60’ EU? + 4a°EU + a*
< EU* + 4a(EU*)** + 64°EU? + a*
< L(EU?)? + a(EU?)*/? + ®’EU? + a*)
using (4.107). Using that ab < a* 4 b*/3 for b = (EU?)%/?, we get EX? <
L(EU? +a?)? = L(E X)? and (4.104) implies

1 EX
E min(d, X) > —min (d, — | . a
min(d, )_Lmln( T )
We now put together the different pieces, and we state our main tool for

the proof of Theorem 4.3.2.

Proposition 4.3.13. Assume that « < m**/L. Consider a ball B of RM of
radius p, and assume that

B cA{llzl; 2] <2m™} .
Consider a subset A of B and assume that for some number £ < 1,
zeEA=VE<S M, ||z m"e;] > &m™.
Then, with overwhelming probability, we have

G(a) < (L) 2w | exp(é(Z(m 2" = Nlal?)

i<N

Nﬁ 2 %4 Lp
_ T(g m —Lalog(l+ §m*>>>dz' (4.108)
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Proof. We take d = £2m**. We recall (4.80) and we consider Proposition 4.3.8
and Lemma 4.3.11 to see that, given € > 0, with overwhelming probability
we have

vaed, vl < N0+ 5 (X (ne-a - NP
i<N
- NTﬁ <§2m*4 — Lalog (1 + g) - L76£m*3> :

We choose € = {ém*/2L7 and the result then follows from (4.58) and (4.71).
O

Proof of Theorem 4.3.2. First we consider the case where

B ={z; [lz] <2m}

1
A= {z; lz| < 2m*, Yk <M, |z+m e > Qm*} . (4.109)

Thus, we can use (4.108) with p = 2m* and & = 1/2. Consider a number
0 < ¢ < 1, to be determined later. Using Corollary A.9.4 we see that if
a < ¢?/L, with overwhelming probability we have

o x4

G(A) < (La*)M/QW/ exp N3 (cLs;ZI2 - nz
A

+ Lsa) dz. (4.110)
8

It appears that a good choice for ¢ is ¢ = m*? /16 L2, so that

H2 m*4 - m*4

< —cL 2
T < —op el

|z|) < 2m* = cLs||z

and thus (4.110) yields that if o < m**/4L2, with overwhelming probability
we have

G < (oo w esp (<2510 fonp (<22 )

La* M/2 N x4
g(m‘;) exp<— ﬂ;" ) (4.111)

Since a* < Lm*? by (4.38) we get

La*\ M/?
( *2> < LM = 12N <expLaN ,
m
so that for @ < m*/L with overwhelming probability we have G(A) <
exp(—Npm**/L). This implies that A is negligible.

At this stage, we know that G is essentially supported by the sets ||z &
m*eg| < m*/2. To go beyond this, the difficulty in using (4.108) is to control
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the term >, (n; - z)? — N||z||%. A simple idea is that it is easier to control
this term when we know that z is not too far from a point &m*ey.

Given an integer ¢ > 1, given 7 = +1, given k < M, we want to apply
(4.108) to the sets

B={z; |lz—Tmeyl <2 m"},
A=Ay, ={z; 27 lmr < |z — Tm ek < Q_Zm*} . (4.112)

Thus, we can use (4.108) with £ =271 p =27 m*. We set v = z—7m*ey,
so that

S (i 2) = Nzl = 3 (i v)* = N|lv|/? (1.113)

i<N i<N
+ 2rm* (Z(m -v)(n;-ey) — Nv- ek> )
i<N

where we have used that |n;-ex| = 1. Consider now a parameter ¢ to be chosen
later (depending only on ¢, 3, h). Corollary A.9.4 implies that if o < ¢?/L,
with overwhelming probability the quantity (4.113) is at most

Ne(|[v|* +m*|v])
and (4.108) implies

G(A) < (La*)M/2 W exp N C(v)dv | (4.114)
{Ivll<2=tm=} 2
where o0
" m**27
Cv) = c(lv|* +m*v]) - —F— + La.
Since a < ¢? and ||v| < 27 m*, we get
*42—2@
C(v) < Loe(274m*?) — mT + Loc? .
9

It is a good idea to take ¢ = 27¢m*?/4L2 because then, for ||v|| < 27¢m*,
m*42—2€ < m*42—2€ m*2

9Ly = 4Ly 4L,
and, since a* < Lm*?, (4.114) gives

E(A) < (La*)M/QWeXp <W> /exp <Nﬂm*2 ||V|2) dv

Cv)< —

VI

L L
B La* 1\4/2e _Nﬁm*42—2€
 \m*2? P L
*4o—20
1 ()

N *42—25 N
= exp <ML10 — ﬁmT) < K exp (_E> (4.115)
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provided a < 272/m*4/2L2,. Thus, if

Ap = A = {z: Ik < M7= £1, 277 'm* < [z — rm*ey| < 27‘m"}
k,T

we have G(A;) < KMexp(—N/K) < K'exp(—N/2K) since M < N.
Summarizing, if @ < m*?p3/L, the set A} is negligible whenever ¢ > 0
and m*2~¢ > py. Combining with Proposition 4.3.6, we have proved The-
orem 4.3.2. O

4.4 Selecting a State with an External Field

We recall the notation m(o) = (my(o))r<m of (4.32). A consequence of
Theorem 4.3.2 is as follows. Consider, for k& < M, the set

Cr = {o-; |lm(o) £ m¥ei| < n;i } . (4.116)
Then, if a < m**/L, Gibbs’ measure is essentially supported by the union of
the sets C, as k < M.

Conjecture 4.4.1. (Level 2) Assume that h = 0. If M is large, prove that, for
the typical disorder, there is a k < M such that G(Cy) is nearly 1.

The paper [30] contains some results relevant to this conjecture.

Research Problem 4.4.2. (Level 2) More generally, when h = 0, under-
stand precisely the properties of the random sequence (G(Ck))k<n-

Our goal in the present section is to prove the following.

Theorem 4.4.3. If 3> 1, h > 0, then for o < m**/L, the set

A={o: mio) - el = | (4.117)

is negligible.

This means of course that EG(A) < Kexp(—N/K) where K depends
only on 3, h.

The content of Theorem 4.4.3 is as follows. We know from Theorem 4.3.2
that Gibbs’ measure is essentially supported by the union of 2M balls cen-
tered at +m*ey with a certain radius. When h # 0, however small, only the
ball centered at m*e; matters. A precise consequence is as follows.
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Theorem 4.4.4. Consider 3> 1, h > 0 and pg < m*/2. If « < m*?p3/L,
then G is essentially supported by the ball in RM of radius py centered at the
point m*ey. FEquivalently, the set

{o; [lm(e) —m™eir| > po} (4.118)
is negligible.
Proof. By Theorem 4.3.2 the set
{o: Wk < M, |m(o) £ m*ec] > po}

is negligible. The union of this set and the set (4.117) is the set (4.118), which
is therefore negligible. a

For k < M and 7 = £1 we consider the sets

B = {o: Imio) —rmren] < 2} (a.119)
3m*
Cir =140 ; Tmy(o) > 1 . (4.120)
Let us denote by HY; ;,(o) the Hamiltonian (4.18), which corresponds to

the case h = 0. We define

S(k,7) = Z exp(—HY y(0)) . (4.121)

ocCl, +
The crucial property is as follows.

Lemma 4.4.5. There exists a number a such that for each k < M, each
T = =41, we have

1 Nu?
0<u<l=P NlogS(k,T)fa >u | < Kexp %) (4.122)

It suffices to prove this for k = 7 = 1, because the r.v.s S(k,7) all have
the same distribution. This inequality relies on a “concentration of measure”
principle that is somewhat similar to Theorem 1.3.4. This principle, which
has received numerous applications, is explained in great detail in Section 6 of
[140], and Lemma 4.4.5 is proved exactly as Theorem 6.8 there. The author
believes that learning properly this principle is well worth the effort, and
that this is better done by reading [140] than by reading only the proof of
Lemma 4.4.5. Thus, Lemma 4.4.5 will be one of the few exceptions to our
policy of giving complete self-contained proofs.

Proof of Theorem 4.4.3. We have
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1
G(Cra)=—— > exp(—Hyu(0)).

A
N,.M ocCy 1

For o in Cy 1, we have hin, (o) > 3hm* /4, so that —Hy r(0) > —HY; (o)
+3Nhm* /4, and

S(1,1)
Znm

1> G(Cy1) > exp (%th*) (4.123)

If (k,7) # (1,1), we have hmy (o) < hm*/4 for o in By, so that

> exp(-Hyi(o) < oxp (N1 ) Y expl-H (o)

UEB]CY.,- O'EBk,-r
1
< exp (4th*> S(k,T)

and thus
S(k,7)

ZN.m

G(By,r) < exp <£11th*> (4.124)

Taking v = min(1, hm*/8) in Lemma 4.4.5 shows that with overwhelming
probability we have

1
S(1,1) > exp (Na - gth*>

1
Vk,7, S(k,7)<exp (Na + gth*>

and thus )
Vk, 7, S(k,7)<exp <4th*> S(1,1) .

Combining with (4.123) and (4.124) yields that, with overwhelming proba-
bility,

(k,7) # (1,1) = G(Bp,) < exp (—ith*)

so that By, , is negligible. Combining with Theorem 4.3.2 finishes the proof.
O

4.5 Controlling the Overlaps

From now on we assume h > 0, and we recall Theorem 4.4.4: given pg < m™* /2,
if « <m*?p?/Ls, then G’ is essentially supported by the set

By ={z; [[z—m"e1| < po} .
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Moreover (assuming without loss of generality that Lg > 4) if follows from
(4.55) that v is essentially supported by the set

By = {25 |2l < po} -
Therefore G = G’ * v is essentially supported by
B=B1+By={z; ||z— m"e1| <2po}.

Using this for pg = m*/L+/B proves that if a < m**/L3, then G is essentially
supported by the set

*
B=1z:|z—mel| < -2 } 4.12

{a:la-mre < (4.125)
Combining with Theorem 4.2.2 yields that moreover there exists x > 0 such
that, with overwhelming probability, the function z + (z) + xkN|z|? is
concave on B (so that ¢ satisfies (3.21)). This will permit us to control the
model in the region where o < m**/L3. (In Chapter 10 we will be able to
control a larger region using a different approach.)

Consider the random probability measure G* on B which has a density
proportional to exp 1(z) with respect to Lebesgue’s measure on B. Then we
should be able to study G* using the tools of Section 3.1. Moreover, we can
expect that G and G* are “exponentially close”, so we should be able to
transfer our understanding of G* to G, and then to G’. We will address this
technical point later, and we start the study of G*. As usual, one can expect
the overlaps to play a decisive part. The coordinate z; plays a special réle, so
we exclude it from the following definition of the overlap of two configurations

Upo = Up, o zt Z Z zkzk, . (4.126)
9<kh<M

There is no factor 1/N because we are here in a different normalization than
in the previous chapter. We will also write

U1’1 = U1’1(Z) = Z (Zk)2 .

2<k<M
As a first goal, we would like to show that for k > 1,
E((U1,1 — E(U1,1)")%)" (4.127)

is small, and we explain the beautiful argument of Bovier and Gayrard which
proves this. For A > 0, consider the probability G, on B that has a density
proportional to exp(¢(z) + ANUj 1(z)) with respect to Lebesgue’s measure

on B; and denote by (-)} an average for this probability, so that (-)* = (-){.
The function
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K K K
2o @) - Slal? = -5t - ¥ (522

is concave for A < k/2. Therefore, for every A < k/2, the function
K
z — (z) + ANU1 1(z) + §NHZH2 (4.128)

is concave whenever the function z +— 1(z) + xN||z||? is concave, and this
occurs with overwhelming probability. Also, since ||z|| < 2 for z € B,

Vx,y € B, |Ur1(x) = U1(y)| <A4x -yl .

When the function (4.128) is concave, we can use (3.17) (with Nk /2 instead
of k) to get

k
VE>1, ((Ug = (U11)3)*), < (%) ; (4.129)

where K depends on k only, and hence on (3 only.
The next step is to control the fluctuations of (U7 1)*. For this we consider
the random function

- o / exp(1h(z) + ANU 1 (2))dz (4.130)

so that it is straightforward to obtain that
YN = (UL ¢\ =N{(U1 — (U11)3)%)] - (4.131)

Thus ¢ is convex since ¢” > 0. Taking k =1 in (4.129) yields

A< g = ¢"(\) < K with overwhelming probability. (4.132)

Also, since on B we have |Uy 1| < L, relation (4.131) implies that ¢"(A\) < LN
and (4.132) that

A< g = Eo"(\) <K . (4.133)

We will deduce the fact that ¢’(0) has small fluctuations from (4.132) and
the fact that ¢(\) has small fluctuations. We write

and we show first that ¢ has small fluctuations.

Lemma 4.5.1. We have

VE > 1, E(p(\) —B(\)* < (ﬁy : (4.134)
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This is really another occurrence of the principle behind Lemma 4.4.5. We
give enough details so that the reader interested in the abstract principle of
[120], Section 6, should find its application to the present situation immediate.
Consider (x;);<n, x; € RM and define

1 NGB,
= —log | exp| — —|z]|* + logch(Bx;-z+ h
oz | ( 7l + 3 e )

F(x1,...,xn)

+ ANULl(Z)> dZ .

This function has the following two remarkable properties: first, given any
number b, the set {F < b} is a convex set in RV*M_ This follows from the
convexity of the function log ch and Holder’s inequality. Second, its Lipschitz
constant is < K/ V/N. Indeed,

oF  f _
Boin = N(zkth(ﬁxl z+h)),

where the meaning of the average (-) should be obvious. Thus

OF \* @,
< 2
<8xi7k> < ezl

and since for z € B we have Zk<M z,% < L this yields

( OF )2 L3
E < —,
(r“)iti’}C N

i<N,k<M

i.e. the gradient of F' has a norm < K/\/N The abstract principle of [120]
implies then that

N 2
>0, P(p() —al > u) < exp (——“) ,

K
where a is the median of ()\). Therefore by (A.35) we have E(¢(\) —a)?F <
(Kk/N)* for k > 1, and (4.134) follows by the symmetrization argument
(3.22). O

The following gives an elementary method to control the fluctuations of
the derivative of a random convex function when we control the fluctuations
of the function and the size of its second derivative.

Lemma 4.5.2. Consider A > 0. Consider a random convex function ¢ :
[0, \0] — R that satisfies the following conditions, where §,Cy,Cq,Co are
numbers, where k > 1 is a given integer and where p = Ep:



278 4. The Hopfield Model

¥’ < Co (4.135)
7 <Cy (4.136)
" < Cy with probability >1—¢ (4.137)
E(p(A) —p(N)* < C5 . (4.138)
Then when Coy < )\3012 we have
E(¢'(0) — %/(0))* < L*(6C3F + Chey'?) . (4.139)

Proof. Since ¢ is convex we have ¢” > 0 so when ¢” < C; we have
l¢"| < C1, and for & > 0 we have |¢'(z) — ¢’(0)| < Cyz. Integration of this
inequality for 0 < z < A (where A < )\g) yields

o) —el0) €3

— PN —2(0)] _ CiA
(0) — 3 ‘ < —
and therefore
, _ le(\) —B(N)] | 1#(0) —2(0)]
#(0) ~%(0)] < Coa 4 B O ZPON

so that

S EICURE O (4.140)

Recalling that (4.140) might fail with probability §, taking expectation
and using (4.135) and (4.138) we obtain that for A < Ag

E(#/(0) - 70 < 2 (563 + (€0 + 1320% )

Choosing now A = 021/4Cf1/2, this yields that whenever A < \g, we have
E(#(0) — (0)™" < L*(6C3" + Cf ™). O
Corollary 4.5.3. For k > 1 we have

k/2
Kk) . (4.141)

B0 - B < (5
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Comment. We expect that (4.141) holds with the better bound (Kk/N)k. It
does not seem to be possible to prove this by the arguments of this section,
that create an irretrievable loss of information.

Proof. We are going to apply Lemma 4.5.2 to the function (4.130) with
Ao = k/2. Since |Uy 1| < L on B the first part of (4.131) implies that |¢’| < L
so that (4.135) holds for Cy = L. We see from (4.132) and (4.133) that (4.136)
and (4.137) hold for C; = K and § = K exp(—N/K), and from Lemma 4.5.1
that (4.138) holds with Cy = K'k/N. We conclude from (4.139) that, provided
Oy < )\3012, and in particular whenever Kk/N < k*K1, we have

- (o (-20) + (52))

This implies that (4.141) holds whenever exp(—N/K3) < (Kk/N)*/2. This
occurs provided k < N/Kj3. To handle the case k > N/Kj3, we simply write
that

LAKSk\ F/?
E((U1)* — E(U11)*)?* < L% < ( N3 > . O
Proposition 4.5.4. For k > 1 we have
Kk\"?
E((Ur1 — E(U11)")?F) < (W) ) (4.142)

Proof. Inequality (4.129) might fail with probability < K exp(—K/N), but
since |Uq,1| < L, taking expectation in this inequality we get

k
E<(U1,1 - <U1,1>*)2k> < <I](;[k> + L**K exp(—-N/K) ,

and we show as in Corollary 4.5.3 that this implies in fact that

E((Ur1 — (U11)")*) < (%)k .

Combining with (4.141) completes the proof. O

Proposition 4.5.5. For k > 1, we have

/
Vi< M, E(( — E(5))) < (%)k L wam)

Proof. Identical to that of Proposition 4.5.4, using now the Gibbs measure
with density proportional to exp(i(z) + ANz;). The proof can be copied
verbatim replacing U; 1 by z;. O
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Proposition 4.5.6. For k > 1, we have

(4.144)

K\ k2

E{(U12 — E(U12)")%*)" < (

Proof. We consider the Gibbs measure on B x B with density proportional
to

exp(y(z1) + ¥ (22) + ANU12) . (4.145)
We observe that for A < k the function

K
(2,2%) = AUy = S (12" ” + [12%])
is concave. This is because at every point its second differential D? satisfies
D((v',v), (VI V) =20 DY wpog — sV VPP <0,
2<k<M

using that 2viv? < (vi)? + (v)% The proof is then identical to that of
Proposition 4.5.4. O

We now turn to the task of transferring our results from G* to G and then
to G'. One expects that these measures are very close to each other; still we
must check that the exponentially small set B¢ does not create trouble. Such
lackluster technicalities occupy the rest of this section. Let us denote by ()~
an average for G. By definition of (-)*, for a function f on RM we have

(1f)~ = G(B){f)*, so that
()" =QAf)"+ A f)” =GB){f)* + (s f)" .

Taking expectation and using the Cauchy-Schwarz inequality in the last term
shows that when f > 0 it holds

E(f)” SE(f)" + (EG(B))V2(E(f*) )2,

and, in particular, since G is essentially supported by B,
- * N 2\—\1/2
B(f)™ BN+ Kexp( -2 | (B(/H)7)Y? (4.146)

To use (4.146) constructively it suffices to show that E{f?)~ is not extremely
large. Of course one never doubts that this is the case for the functions we
are interested in, but this has to be checked nonetheless. Inequality (4.151)
below will take care of this.

Lemma 4.5.7. The quantity

T = max Z m?(a') (4.147)
7 j<m
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k
vk, ETF< L’“(l + (%) ) , (4.148)

VE<N, ET*<LF. (4.149)

satisfies

and therefore

This means that for all practical purposes, one can think of 7" as being
bounded. This quantity occurs in many situations.

Proof. We have

NT N )
exp — = < ZeXpZ Z mj(o)
o J<M
and therefore
NT N ,
EeXpT < ;Eexpz Z m; (o)

j<M

=> ]I Eexp gm?(a) < oN+M (4.150)

o j<M

using independence and (A.24) to see that Eexp(Nm?(O')/él) < 2. We use
Lemma 3.1.8 with X = NT'/4 to get, since M < N, that

EX® <2F(kF 4 (LN)F) < (LN)* 4 (Lk)" . O

Corollary 4.5.8. For any number C' that does not depend on N we have
EexpCT < K(C).

Proof. We can either use (4.150) and Hélder’s inequality or expand the
exponential as a power series and use (4.148). O

Lemma 4.5.9. We have
Vk <N, E(||z|**)” <L*. (4.151)

Proof. Since G is the convolution of G’ and v, we have

(el / Ix + y[I2*dG (x)dy (y)

<2 ([Ixaceo + [Ivi*arw) . s

/ exp(BN]ly[|?/4)dx(y) = W / exp(— BN ly[|?/4)dy = 24/2 |

Since
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and since exp 2 > z2¥ /k!, taking k = N implies

4NN| /H 1PNy (y) < 2M7?

so that [ [ly[|*¥dy(y) < L%, and in particular [ |ly||**dvy(y) < L* for k < N
by Holder’s inequality.

By definition G’ is the image of G under that map o¢ — m(o) =
(mg(o))k<m, so that

G'{xeRM; |x|*>T}) =0, (4.153)

and hence [ [x|?*dG’(x) < T*. The result then follows from (4.149). O

Proposition 4.5.10. For k < N we have

k/2

E((Ui1 —E(U11)7)*")” < (%) (4.154)
k/2

Vi <M, E((zj —E(z;)7)*)” < (ﬁ) (4.155)
k/2

E((U12 — E(Ui2)7)*)" < (Kk) . (4.156)

Proof. Condition (4.151) implies that for k¥ < N we have
E((Ura — E(U11)")*)” < L,

so that (4.142) and (4.146) imply

- (KE\"? K K'k\ "2
_ *\ 2k < [ 22 el Lk <
E(UL1 —BOL)™) < ( N) * eXp( N) = ( N )

for £ < N. This yields in particular

|EU11)” = E(U11)"| <

and (4.154). The proof of (4.155) is similar, and only a small adaptation of
(4.146) to the case of 2 replicas is required to prove (4.156) using the same
scheme. O

The measure G itself is a technical tool. What we are really looking for
is information about G’, and we are ready to prove it. We denote by (-) an
average for G'.
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Proposition 4.5.11. For k < N we have

k/2

E((U11 — E(U11))*") < (%) (4.157)
k/2

Vi <M, E((z; —E{z))?*) < (%) (4.158)
k/2

E<(U1,2 — E<U1,2>/)2k>/ < (KWk) . (4.159)

Proof. The basic reason this follows from Proposition 4.5.10 is that “con-
volution spreads out the measure”, so that statements of Proposition 4.5.10
are stronger than corresponding statements of Proposition 4.5.11. For x,y in

RM | let us write
xy)= > wy;,
2<j<M

so that Uy 1(z) = (2,2). Then, since for all x we have [(x,y)dy(y) =0, and
since G is the convolution of G’ and ~,

W) = [t yox+ )46 s (y) = [ (x4 ) + C
- <U1,1>/ + C )
where C = [(y,y)dy(y) is non-random. Thus, using (4.154),
k/2
E((U11)” — E(U11) ") = E((U1,1) — E(U11)")?* < (%) . (4.160)

Next,
{((Ur1 — U2,2)2k>7 =
Jlot oty = 2 2+ 37) PG )G () (v ) )
> (et xt) = (%) PHa6 ()G ) (1161)
by using Jensen’s inequality to integrate in  inside the power ()2’“ rather

than outside, and using again the fact that [(x,y)dy(y) = 0. Thus, applying
Jensen’s inequality in the second inequality below, we get

(U1 — U22)?*)” > (U1 — U2,2)2k>/ > (U1 — <U1,1>/)2k>/ .

Since (Uy 1 — Uz 2)?* < 22%((Ur,1 — E(U1 1)) + (Uz,2 — E(U1,1) 7)), using
(4.154) yields

E((Ur1 — (U11))*) < (%)m :
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Combining with (4.160) proves (4.157); the rest is similar. a
The following improves on (4.158) when j > 2.
Proposition 4.5.12. For2 < j < M and k < N we have

k/2
K k) . (4.162)

() < (

Proof. Using (4.158) it suffices to see that |E(z;)'| < K/v/N. Using symme-
try between sites,

(E(z))? < E(z2) = Ml_ 1E< > zj2> .

2<j<M

It follows from (A.56) (used for a = 1) that with overwhelming probability
T = max, Z]<Mm (o) < LM/N. Using (4.149) and the Cauchy-Schwarz
inequality to control the expectation of T on the rare event where this fails, we
obtain that ET' < LM/N. Since (35« < s 27)" < T by (4.153), this concludes
the proof. O

4.6 Approximate Integration by Parts and the
Replica-Symmetric Equations

We denote by (-} an average for the Gibbs measure with Hamiltonian (4.25),
and we write v(f) = E(f).

Since G’ is the image of the Gibbs measure under the map o — m(a) =
(mi (o)) k<, for a function f on RM we have (f) = (f(m1(o),. Mm(0))),
and similar formulas hold for replicas.

We define the following quantities

w=rv(mi(o)) =E(z) (4.163)

p= u< Z mi(a)) =E(U1,) (4.164)
2<k<M

r= 1/( > mk(al)mk(UQ)) = E(U2) (4.165)
2<k<M

q=v(R32). (4.166)

As in (3.59) these quantities depend on (8, h) and M, N, although this is
not indicated by the notation. The purpose of this section is to show that these
fundamental quantities attached to the system nearly satisfy the following
system of (exact) equations:
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= Eth(Bzv/r + Bu + h) ;q = Eth® (827 + Bu+ h) ;7(1 — B(1 — ¢))* = ag
(4.167)
and

(p=r)(1-p(1—-4q) =all—-q), (4.168)

where as usual « = M/N and z is a standard Gaussian r.v. The equations
(4.167) are called the replica-symmetric equations. To pursue the study of
the Hopfield model it seems then required to show that the system of replica-
symmetric equations determine the values of p,r and ¢. This task is in prin-
ciple elementary, but it is quite tedious and is deferred to Volume II. For the
time being, our study of the Hopfield model will culminate with the proof
that the quantities (4.163) to (4.165) nearly satisfy the replica-symmetric
equations (4.167). The correct result is that the replica-symmetric equations
are satisfied “with accuracy K/N”. The methods of this chapter do not seem
to be able to reach better than a rate K/\/ﬁ, for the reasons stated after
Proposition 4.5.4. Even reaching that rate requires significant work. We have
made the choice to prove in this section that the replica-symmetric equations
hold with rate K/N'/4, even though the proof that the equations “just hold
in the limit” (without a rate) is simpler. Besides the fact that this choice
is coherent with the use of the quantitative methods that form the core of
this work, it is really a pretense to learn the fundamental technique of ap-
proximate integration by parts that we will use a great many times later.

Before we start the proof we observe that we can reformulate Propositions
4.5.11 and 4.5.12 as follows.

Proposition 4.6.1. For k < N, we have

2k KR\ F/2
. 2 _ i .
(( > mie) p) )s <N>  (4169)
2<j<M
2k k/2
Kk
(ol A2 — < [ 22 .
1/(( Z m;(o)m;(o”) r) > < (N) ; (4.170)
2<j<M
Kk\"?
for all 2<j <M, v(m;(e)**) < (T) . (4.171)
Given o = (01,...,0n), we write p = (01,...,0n-1) € XN_1, and
1
ng = nk(a) = nk(p) = N ' Z Ni,k0q - (4172)
i<N-—-1
We note that o
my(o) = ng(o) + = (4.173)

N )
where for simplicity we write 1, rather than ny .
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Lemma 4.6.2. We have

5= viow); (4.174)
g = v(okod) (4.175)
M -1
=Xt ii(on B mmie)) (4.176)
2<k<M
M -1
r=—5 q—&—u(a}v Z nknk(a2)>. (4.177)
2<k<M

Proof. Using (4.173) and symmetry among sites yields

1
v(mj, (o)) = v(imonmi(o)) = = +vlonmne(o)) ,
from which (4.176) follows by summation over 2 < k < M. Relation (4.177)
is similar and the rest is obvious. O

To use these formulas, we make the dependence of the Hamiltonian on
on explicit. We define

N
Hy 1 5 S w2 (p) + Nhna(p) -
1<k<M

(Despite the notation, this is not exactly the Hamiltonian of an (N — 1)-spin
system; more specifically, this is the Hamiltonian of an (N — 1)-spin system
where ( has been replaced by SN/(N — 1).) Using (4.173) in the definition
of Hy,m and expending the squares shows that

— Hym(o) = —Hx_1m(p) + Bon Y menk(p) +onh,  (4.178)
1<k<M

ignoring the constant SM/(2N) that plays no role. The strategy we will follow
should come as no surprise. We will express the averages (-) in Lemma 4.6.2
using the Hamiltonian (4.178). We will bet that the quantities

> menk(p) (4.179)

2<k<M

have a Gaussian behavior, and to bring this out we will interpolate them with
suitable Gaussian r.v.s. The reader may observe that in (4.179) the sum is
over 2 < k < M. The quantity n1(p) requires a special treatment. The idea is
that for k > 2 the quantity ng(p) should be very small, allowing the quantity
(4.179) to have a Gaussian behavior. On the other hand, one should think of
the quantity n1(p) as n1(p) ~ p # 0.

Given replicas, pl,..., p", we write n, = ng(p*), and given a parameter
t we define
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gi =Vt Y mnp VItV +EVe—1), (4.180)

2<k<M

where 2, &%, ¢ > 1 are independent standard Gaussian r.v.s. Denoting by (-)_
an average for the Gibbs measure with Hamiltonian Hy_1 5/, and given a
function f = f(o!,...,0™), that might be random, we define

<AV€1,...,6"::|:1f£t>_

1% =E , 4.181
+(f) EclAve, o181 (4.181)

where €y = crﬁ,, E¢ denotes as usual expectation in &',...,€", and where
E=expy eo(Bgf +tnf + (1 —t)u)+h) . (4.182)

<n

As already pointed out, the quantity n; receives special treatment compared
to the quantities ng, 2 < k < M, and the previous interpolation implements
the idea that nf{ ~ pu.

Given a function f = f(o?!,..., 0™, x1,...,7,) We write

ft:f(o'l,...,an,gtl,...,gf). (4.183)

We shall show that for the four choices of f occurring in Lemma 4.6.2 we
have vo(fo) =~ v1(f1), where ~ means that the error is < K N—/4. This will
provide the desired equations for u, p,r,q. The computation of vy(fp) is fun,
so we do it first. We write

Y =pB2/r+8u+h.

Lemma 4.6.3. a) If f(o') = o, then

vo(fo) = EthY . (4.184)
b) If f(o',0?) = onof then
vo(fo) = Eth’Y . (4.185)
¢) If f(o,21) = okay then
vo(fo) = Br(1 — Eth*Y) 4+ B(p—7) . (4.186)
d) If f(o!, z1,x9) = o\ @y then
w(fo) = Blp—r)g+ Br(l — Eth’Y) . (4.187)
Proof. Let Y’ =Y + 3y/p —r¢. Then
EeshY’ = exp Blo=1) gy

2
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and similarly for EcchY”. Since

voloh) = E shY’  _ EgshY’
VN = EEechY” T T Eechy”

this makes (4.184) obvious, and (4.185) is similar. So we prove (4.186). Now

(2/F + £/p—T)shY”
EfChY’ ’

vo(fo) =E e

and by integration by parts
Ec&v/p — rshY’ = B(p — r)EcchY” .

Thus, integrating by parts in the second equality,

1
vo(fo) = B(p — ) + E2/rthY = B(p — ) + BrE T
and the conclusion follows since 1 — th?Y = 1/ch2Y. The proof of (4.187) is
similar. -

In the reminder of the chapter we shall prove that v(f1) = v1(f1) =~ vo(fo)
for the functions of Lemma 4.6.3. Before doing this, we explain why this
implies that (u,q,r) is nearly a solution of the system of equations (4.167).
Combining the relation v(f1) = v1(f1) =~ vo(fo) with Lemma 4.6.2 proves
that the relations

p~EthY ;q~ Eth’Y (4.188)
p=a+pr(l—q) +pB(p—r); (4.189)
r~aq+B(p—r)g+pBr(l—q) (4.190)

hold. Subtraction of the last two relations gives
(p=r)1=p1-q))=al-q). (4.191)

We rewrite (4.190) as
r(1=BQ1-q))~aq+B(p—r1)q,
and we multiply by 1 — 3(1 — q) to get
r(1=p(1—q)* ~aq(l1 - B(1—q)) + Be(p —r)(1 - B(1 —q)) .
Using (4.191) in the second term in the right-hand side then yields
r(1-B(1—q)*~aq. (4.192)

This shows as promised that (u,q,r) is nearly a solution of the system of
equations (4.167).
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We turn to the comparison of v(f1) and vo(fo), with the goal of proving
that for the functions of Lemma 4.6.3 these two quantiles are nearly equal.
As expected this will be done by controlling the derivative of the function
t — v(ft). We define

e S ) e
2<k<M

Lemma 4.6.4. We have

where

1= u <gf'§—£z> (4.195)

<n

Il = B(Z vi(eog! 1) — ni(enprgl™ 1’ft)) (4.196)

<n

I = 52”15(52(”(1 — 1) f) = (e (Pt — ) fi) - (4.197)

<n

Here of course g = o, and

ofe of 4

n 1 n
= g .,...,0 .
81‘8 855@ 9 9 7gta 7gt)

Proof. This looks complicated, but this is straightforward differentiation.
There are 3 separate reasons why v;(f;) depends on ¢. First, f; depends on ¢
through gf, and this creates the term I. Second, v;(f:) depends on ¢ because
in (4.181) the term & depends on t through gf, and this creates the term
II. Finally, v+(f;) depends on ¢ because in (4.181) the term &; depends on
t through the quantity (1 — ¢)u, and this creates the term III. Let us also
mention that for clarity we have stated this result for general n but that the
case n = 2 suffices. |

We would like to integrate by parts in the terms I and II using (4.193).
Unfortunately the r.v. g is not Gaussian, it is a random sign. We now de-
scribe the technique, called “approximate integration by parts”, that is a
substitute of integration by parts for such variables.

The basic fact is that if v is a three times differentiable function on R,
then

1

v(1) —v(=1) =2'(1) +'(=1) + % [1(x2 — 10" (z)dx . (4.198)

This is proved by integrating the last term by parts,
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=1 1
—/ 0" (x)dz

1 w1 1
/ 2" (x)dz = 20’ (x) 1—/ v'(z)dx
1 T=— 1

=v'(1) +0'(=1) = (v(1) = v(-1)) .
If 7 is a r.v. such that P(n = £1) = 1/2, then (4.198) implies

1 1

Env(n) = Ev'(n) + 1 / (2 — 1" (x)dx . (4.199)
-1

We will call Ev’(n) the main term and the last term the error term. This term

will have a tendency to be small because v will depend little on 1. Typically

every occurrence of 7 in v is multiplied by a small factor (e.g. 1/v/N). We

will always bound the error term through the crude inequality

< sup |v""(z)] . (4.200)
jal<1

‘Z / ' - ) (@) de

-1

The contribution of the main term is what we would get if the r.v. n had
been Gaussian.

We start to apply approximate integration by parts to (4.194). We take
care of the main terms first. These terms are the same as if we were integrating
by parts for Gaussian r.v.s, and we have learned how to make this calculation
in Chapter 3. Let us set

§ : e, 0
ngz/ = NNy

2<k<M

so that (being careful to distinguish between g and gf/, where the position
of the / is not the same) the relations

(A0 =Eglgd =Sy —r

Egi'gf = See—p
hold and integration by parts brings out factors Se, — r and Sy, — p. The

dependence on g is through the Hamiltonian and f;. It then should be clear
that the contribution of the main terms to the integration by parts in II is

bounded by
e
¢

IV:K( > yt((|ft|+%
>|SN - p|)> . (4.201)

CA0<n+2

0
+ Z Vt<(|ft|+ ‘8—:{2

<n+1
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Here, as well as in the rest of the section the quantity K is permitted to
depend on n. In this bound we would like to have v rather than v;. Since | fy]
depends on ¢!, £ < n, we cannot readily use differential inequalities to relate
v and ;. The next page or so will take care of that technical problem. We
will then show how to control the error terms in the approximate integration
by parts, which is not trivial.

Sophistication is not needed to prove that we can replace v; by v in
(4.201), but the details are tedious.

Lemma 4.6.5. Consider a function f* > 0 of n replicas p',...,p", n <3,
that might also depend on ny., z,£° for £ <n and k < M. Then
v(f*) < Kv((Eof**)"?exp KT7) (4.202)
where
T =sup »  nilp), (4.203)
P oo<k<M

and where Ey denotes expectation in the r.v.s g, z and &°. Moreover
ve(f*) < Kv((Eof**)"?) + exp(—N)v(Eo f**)"/2 . (4.204)
The restriction n < 3 is simply so that K does not depend on n.
Proof. We write the definition of v¢(f*) as in (4.181). Let
Yie=plgi +tni+ (1 —t)p) +h

so that Av., .. & = HKn chY; , > 1. Since f* is a function of pl, e P
equality (4.181) implies

" <f* Hzgn ChYML "
) = B i) S E(s [ ehvir)

<n

Taking first expectation Ej inside the bracket and using the Cauchy-Schwarz
inequality we get

n(f*) < E<(Eof*2)1/2(Eo I1 Ch2Yt75>1/2>_ . (4.205)

<n

We claim that
Eo [ ch®Yey < Kexp KT~ . (4.206)

<n

Using that n < 3 and Holder’s inequality, it suffices to show that

EochGYM < Kexp KT .
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First we observe that ch®z < L(exp 6z+exp(—6x)). As in the proof of (A.21),
for numbers a;, we have

Eexp Z NeOr = H chay = exp Z log cha < exp Z ai/27

k<M k<M k<M k<M

and recalling the definition (4.180) of gf, using (A.6) and independence, we
see that indeed
Eoexp(£6Y; ) < Kexp KT~ .

Combining (4.206) and (4.205) we get

v(f*) < KE(((Eof*®)Y?)_exp K1T7) . (4.207)

n

For a function f~ > 0 that depends only on p!,..., p",

<f~ Hzgn ChY1,€>_
<H€§n ChY17€>—

N 1
S

> (f7) - exp(=KoT7)

Eo(f™) = Eo

using that Eo(1/X) > 1/E¢X for X = (chY; )", and using (4.206) for
t = 1. We write this inequality for f~ = (Eqf*?)'/2? (that depends only
on pl,..., p"), we multiply by exp((K; + K2)T~) and we take expectation
to get

E(((Eof**)"*)_exp K1T™) < v((Eof**)2exp KT7) .

Combining with (4.207) this proves (4.202). The point of (4.204) is that T~
is not bounded, so we write

V((ng*2)1/2 eXpKTf) < eprLV((Eof*Q)l/z)
+ V(].{T—ZL}(EOf*Q)l/2 eXpKTf) .

The last term is
E(1gp->ry exp KT~ ((Eof*?)Y/?))
and using Holder’s inequality we bound it by

P(T™ > L)1/4(EeXP4KT_)1/4V(EOf*2)1/2 .

Using Corollary 4.5.8 for N — 1 rather than NV yields that Eexp4KT~ < K.
Using (4.150) for for N — 1 rather than N we then obtain that if L is large
enough we have P(T~ > L) < exp(—4N). O
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Corollary 4.6.6. If f is one of the functions of Lemma 4.6.3 then the term
(4.201) satisfies

N
IV < Kv(|S1,2 = 7|+ [S11 = pl) + K exp <—?> :

Proof. First we note that Eqf? < K and Eo(0f;/0x,)? < K. Let

0
7= (11 [ g2 | Yiswer =1,
so that
Eof*? < K|S — 1] . (4.208)
Now, the Cauchy-Schwarz inequality implies | > o, <1y mu(0)mi(a?)| < T,
so that recalling (4.164) and (4.149) we have |[r| < ET < K. In a similar
manner we get v(S7,) < K. Thus (4.208) proves that v(Eof*?) < K, and

(4.204) proves that
v (f*) < Kv(|See —r|) + Kexp(—N) .

Proceeding in the same manner for the other terms of (4.201) completes the
proof. ]

Next we deduce from Proposition 4.6.1 that the term IV is < KN-1/4,
Using obvious notation,

1,2 1,2 1,2
S1,2— E mpmy, = E ngny — Mmpmi,

2<k<M 2<k<M
= Z ((ng — mp)mi. + my(nj; — mi))
2<k<M
+ > (g —mp)(nf —m})
2<k<M

and using that |nf —m%| < 1/N, the Cauchy-Schwarz inequality and (4.149)

yields
K
S1o — E mim < —.
(12 kk)\ﬁ

2<k<M
Using (4.170) for k = 1 we then obtain that v/(|S; 2 —r|) < KN~/4. We then
proceed similarly for the other terms.

In this manner we can control the main terms produced by approximate
integration by parts in the term II of (4.196). The case of the term I of
(4.196) is entirely similar, and the term IIT of (4.197) is immediate to control
as in Corollary 4.6.6. We turn to the control of the error terms produced
by approximate integration by parts. Let us fix 2 < k < M, and consider
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approximate integration by parts in 7 using (4.199). Consider e.g. the case
of the term

vi(mknieef) ,
on n < 3 replicas. We have to consider the case of the four functions of

Lemma 4.6.3. We consider only the case where f(o1,21) = ok x1. The other
cases are completely similar. In this case the term Vt(n;mﬁfsg ft) is simply

vi(menieieegt) - (4.209)

Let us define gfﬁz as gf in (4.180) except that we replace the term v/tn;nt,
by Vtrnk. Recalling (4.182) let us define & , as & but using gf,z instead of
gs, so that &t .o does not depend on 7. For a possible random function f* of
t,x,o1,--+,0, let us define

(e = B AVer ez [T Ea)
* E§<AV€1,-A.,En,=ilgt,x>— '

We consider the function

v(z) = E(nge1e2gi )t -

In words, in the definition of the term (4.209), we replace every occurrence
of n by x. We note that Engv(ny) is the quantity (4.209), and that Ev'(ny)
is the “main term” in the approximate integration by parts, that we have
already taken into account.

Since there is a factor nf, in front of the occurrence of x in gfﬁz, differen-
tiation of v(x) in z brings out such a factor in each term. It should then be
obvious using the inequality |zizox324] < >, , x} that

Dee

We then reproduce the argument of Lemma 4.6.5 to find that this quantity
is bounded by

o (@) < KE( D7 (nf)*(1+ gt
£<n+3

Kv((ng)*) + Kexp(—N/K) . (4.210)

The bound (4.200) implies that the error term created by the approximate
integration by parts in the quantity ut(ngnisg ft) is bounded by the quantity
(4.210). The sum over all values of k of these errors is bounded by

N
1/( Z (nk)4) + Kexp <—?> :
2<k<M
Writing 2* = - 2% and using the Cauchy-Schwarz inequality yields

> owis( % <nk>2)m( ) <nk>6)m,

2<k<M 2<k<M 2<k<M
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and using the Cauchy-Schwarz inequality for v we get

()= ((Z0) (L)

Now we use (4.171) for k = 3 to see that v((ng)%) < KN~3/2 and thus

V( Z (nk)6> < Nll(/2 .

2<k<M

Finally, recalling (4.203) we have >, _, - ,,(nk)? < T, so that, using (4.149)
for N — 1 rather than N, we get V(Z2§k§M(nk)2) < ET~ < L. Therefore

(X ) = 5hs

2<k<M

This completes the proof that the equations (4.188) and (4.192) are satisfied
with error terms < K N—1/4,

4.7 Notes and Comments

The Hopfield model was introduced in [118], but became popular only after
Hopfield [79], [80] put it forward as a model of memory. For this aspect
as a model of memory, it is the energy landscape, i.e. the function o +—
> k< Mi (o) that matters. There are some rigorous results, [112], [97], [142],
[132], [56] but they are based on ad hoc methods, none of which deserves to
appear in a book. A detailed study of the model from the physicists’ point
of view appears in [3].

The first attempt at justifying the replica-symmetric equations can be
found in [121]. The authors try to duplicate the results of [120] for the Hopfield
model, i.e. to establish the replica-symmetric equations under the assump-
tion that a certain quantity does not fluctuate with the disorder. This paper
contains many interesting ideas, but one could of course wonder, among other
things, how one could prove anything at all without addressing the question
of uniqueness of the solutions of these equations. See also [122].

My notation differs from the traditional one as I call r what is traditionally
called ra. Thus, the replica-symmetric equations usually read

q = Eth*(Bzv/ra + Bu+ h)

u = Eth(Bz/ra+ Bu+ h)
q
(1-pB(1-q)*"
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This might be natural when one derives these equations from the “replica
trick”. The reason for not following this tradition is that the entire approach
starts with studying the sequence (my(o))r<nr, and its global behavior (as in
the Bovier-Gayrard localization theorem). Thus it is natural to incorporate
the data about the length of this sequence (i.e. «) in the parameter r. (Maybe
it is not such a good idea after all, but it is too late to change it anyway!)

The Bovier-Gayrard localization theorem is the culmination of a series of
papers of these authors, sometimes with P. Picco. I am unsure as to whether
the alternate approach I give here is better than the original one, but at least
it is different. Bovier and Gayrard put forward the law of (my(o)) under
Gibbs’ measure as the central object. This greatly influenced the paper [142]
where I first proved the validity of the replica-symmetric solution, using the
cavity method. Very soon after seeing the paper [142], Bovier and Gayrard
gave a simpler proof [28], based on convexity properties of the function ¢ of
(4.34) (which they proved) and on the Brascamp-Lieb inequalities. It is quite
interesting that the convexity of ¢ does not seem to hold in the whole region
where there is replica-symmetry (the physicists’ way to say that Ry 2 =~ ¢).
Despite this the Bovier-Gayrard approach is of interest, as will become even
clearer in Section 6.7. I have largely followed it here, rewriting of course some
of the technicalities in the spirit of the rest of the book. In Volume II I
will present my own approach, which is not really that much more difficult,
although it yields much more accurate results.

In her paper [128], Shcherbina claims that her methods allow her to prove
that the replica-symmetric solution holds on a large region. It would indeed be
very nice to have a proof of the validity of the replica-symmetric solution that
does not require to prove first something like the Bovier-Gayrard localization
theorem. It is sad to see how some authors apparently do not care whether
their ideas will be transmitted to the community or will be lost. More likely
than not, in the present case they will be lost.

The paper [17] should not be missed. The interesting paper [20] is also
related to the present chapter.



5. The V-statistics Model

5.1 Introduction

The model presented in this chapter was invented in an effort to discover
natural Hamiltonians of mathematical interest. It illustrates well the power
of the methods we have developed so far. It presents genuinely new features
compared with the previous models, and these new features are the main
motivations for studying it. The discovery of this model raises the question
as to whether the models presented in this book represent well the main
types of possible features of mean-field models, or whether genuinely new
types remain to be discovered.

The model of the present chapter is related to the Perceptron model of
Chapter 2 at the technical level, so we advise the reader to be comfortable
with that chapter before reading the details of the proofs here. We consider
independent standard normal r.v.s (g; )i x>1 and for o € Yy we define as
usual

S = Su(o) = \/—% S gk - (5.1)

i<N

We consider a function u : R? — R. We assume that it is symmetric,

u(z,y) = u(y, ) (5.2)
and, given an integer M, we consider the Hamiltonian

_HN,M(O') - % Z U(Sklaskz) . (53)
1<ki <ka<M

The name of the model is motivated by the fact that the right-hand side of
(5.3) resembles an estimator known as a V-statistics. However no knowledge
about these seems relevant for the present chapter. The case of interest is
when M is a proportion of N. Then Hpy pr is of order N. As in Chapter
2, we will be interested only in the “algebraic” structure connected with
the Hamiltonian (5.3), so we will decrease technicalities by making a strong
assumption on u. We assume that for a certain number D,

w and all its partial derivatives of order < 6 are bounded by D.  (5.4)
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How, and to which extent, this condition can be relaxed is an open problem,
although one could expect that techniques similar to those presented later in
Chapter 9 should bear on this question. We assume

D>1. (5.5)

Let us first try to describe what happens at a global level. In the high-
temperature regime, we expect to have the usual relation

RLQ ~q (56)

where Ry o = N~!'Y._yolo?, and where the number ¢ depends on the
system. B
Throughout the chapter we use the notation

_ Ou

=—. 5.7
w= o (5.7)
Thus the symmetry condition (5.2) implies
wliny) = Geloy) = 5o 5.9
The relation (5.6) has to be complemented by the relation
1
e > w(Sh, Sk)w(SE,, SE) =T, (5.9)

k1,k2,ks<M

where as usual Sy = Si(0f). The new and unexpected feature is that the
computation of r seems to require the use of an auxiliary function ~(z).
Intuitively this function ~ satisfies

() ~ E<% Z u(x75k)> = %E(u(m,SM» ,

k<M

where of course the bracket denotes an average for the Gibbs measure with
Hamiltonian (5.3). The reason behind the occurrence of this function is the
“cavity in M” argument. Going from M — 1 to M we add the term

% > u(Sk, Smr)

k<M

to the Hamiltonian, and we will prove that in fact this term acts somewhat as
v(Sar). The function v will be determined through a self-consistency equation
and will in turn allow the computation of r. In the present model, the “replica
symmetric equations” are a system of there equations with three unknowns,
one of which is the function ~.
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5.2 The Smart Path

We use the same interpolation as in Chapter 2. We consider independent
standard Gaussian r.v.s (&)r<nm and, as in (2.15), we consider

1 t 1—1¢
Skt = TN Z;Vgi,km +4/ NIN KON +4/ Tfk ; (5.10)

and the Hamiltonian

1
—Hy e = N E w(Sky £y Skat) FONVI—1Y (5.11)
1<ki1<ko <M

where Y is a Gaussian r.v. independent of any other randomness, and where
r=EY? (5.12)

will be determined later.
Consider independent copies & of & = (£ )r<nar. We recall that as usual,
E¢ denotes expectation in all the r.v.s ff;. For a function

f:f(o-l""’o'n’€17"'7£n)
we define (f); by the formula (2.19), i.e.

<n

1
<f>t:ﬁE§ Z f'(o.l,...’o,n7£1’.”’£n)exp<_ZHté> ) (513)
t ol,...,on
where Z; = E¢ > _ exp(—H,(0)) and Hf = H; v a(of, £"). We write
and, as usual, ¢y = Uf\,. We also recall that v = v;.

This interpolation is designed to decouple the last spin. The following is
proved as Lemma 1.6.2.

Lemma 5.2.1. For a function f~ on X% _,, and a subset I of {1,...,n} we
have
v (f Hw) — E(hY)= () = g (H se)mf) .
el el

Throughout this chapter, we write a = M/N. We recall that r = EY?, and

that w = Ou/Oz. As usual we use the notation g, = o¥;.
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Proposition 5.2.2. For a function f on X}, we have
v(f) =T1+1I, (5.14)

where, defining

1 / ’
A = N3 Z Vt (Eégé’w(slgl,tv Sléz,t)w(slgl,m Skg,t)f) (5.15)
for a summation over ki, ko, ks < M, ko # k1, ks # k1, we have
nin+1
I= Z Agp — nZAg o )An+17n+2 (5.16)
1<0<0'<n <n
and

II= —r< Z vi(ewep f) — nz vi(eeentr f) + Myt(€n+1€n+2f)> .

1<e<t’'<n <n 2
(5.17)

Proof. Let us write
0 1 1
0 ¢ 0
=S5, =— ey — ———&; .
Rt gkt 2\/tNgN’k ¢ 2/(1 - t)ka

The reader should carefully distinguish between Sf/, and Sf, (the position
of the / is not the same). From (5.8), we get

ou
a_y(‘ra y) - w(y,x) )

and the relations (5.10) and (5.11) imply

d 1
— (= Hy, Mt( g)) N Z (Skl tw(SIl;l,t’ S,ﬁ% )+ S/c2 tw(sﬁg,t’ S£17t))

a 1<ki<ko<M

! €

2\/1 —i
1
- N Z Sk] tW Skl,taSIl;Q,t) - m&‘gY .

k1¢k2

Therefore, differentiation of the formula (5.13) yields
vi(f) =TI +1V (5.18)

where

=" vy(Def) — ny(Dna f)

<n
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for

0 ¢
E Sk1 W Skl,tvskz,t)
k1¢k2

and where

IV =— Z vi(eeY f) — nvi(enta1Y f)

(S )

It remains of course to integrate by parts. The integration by parts in Y in
the term IV has been done many times and IV = II. Concerning the term
III, we have explained in great detail a similar case in Chapter 2. We think
of the r.v.s SY/,, Sg , as £ and k vary as a jointly Gaussian family of r.v.s. The
relations

ESy Sk, =0

imply that, when integrating by parts in the r.v.s Sf;’ ;» only the dependence
of the Hamiltonian on the randomness creates terms (but not the randomness
of w(Sy, t S,€2 ;). For ¢’ # {, the relations

1 ,
—eep; ESY S, =0 if k' #k

ESf}:tSk},t = 2N

hold and (with the usual abuse of notation)

oOH 1
% = N(Z wW(Sk,t, Skayt) + Z w(Sk,t;Skl,t)>

k<ko k1<k

~ Z (Sk,t» Sk t)

k;ék

Then the result follows by carrying out the computation as in Chapter 2,
following the method outlined in Exercise 2.3.3. O

We recall that o = M/N.

Corollary 5.2.3. Assume that D*a® < 1 and |r| < 1. Then for any function
f>0o0n Xy we have

v(f) <L u(f) . (5.19)

Of course the conditions D?a® < 1 and |r] < 1 are simply convenient
choices and do not have any intrinsic meaning.

Proof. It follows from (5.14) that |v(f)| < 2n%v,(f), and we integrate. O
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5.3 Cavity in M

We would like, with the appropriate choice of r (i.e. if (5.9) holds), that the
terms I and II of (5.14) nearly cancel out. So we need to make sense of the
term Ap . To lighten notation we assume £ =1, ¢/ = 2.

In the summation (5.15) there are at most M? terms for which ky = k3.
Defining

1
w2 wleew(Sh . Sk (St St 00
k1,k2,ks all different

I
A1,2 =

(and keeping the dependence on ¢ implicit) we get

KM

[Ar2 = Ao < - nllf]) = —a ne(|f) < %W(UD (5.20)

where K is a number depending only on D and «. Each triplet (k1, k2, k3)
brings the same contribution to Aj ,, so that

MM —-1)(M -2
A/1,2 = ( N)g( )Vt(€1€2w(S]1V[,t7Sll\/[—l,t)w(S?\/I,uSJQ\/l—Z,t)f) .

Therefore, defining

Cra = vi(e16aw(Shy e, Shu—1,)w(Sir s Sir—2.)f) 5 (5.21)
we have MM —1)(M - 2)
A/LQ - N3 01,2 )
so that ®
|A/172 — CY30172| S N .
Combining with (5.20) we reach that
K
A1~ 0®Cral < () (5.22)

To estimate C 2 it seems a good idea to make explicit the dependence of the
Hamiltonian on Sas¢, Spr—1,¢ and Syr—g ;. Defining

1
— Hyns4 = v Z u(Sk, t, Skyt) + V1 —tonY | (5.23)
1<ky<ka<M—3

it holds that
—Hyn vy =—Hnyp—34—H (5.24)

where
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1
B H - N Z u(Skl,t7 Skg,t) . (525)

1<ks <ka <M, ko>M—2
When in this formula we replace o by o and € by &° we denote the result
by —H*, and when we do the same for Hp -3, we denote the result by
H]<7,Jv173,t'
Let us denote by (-); ~ an average for the Hamiltonian Hy ar—3 ¢, in the
sense of (5.13). That is, for a function f = f(o!,..., o™ &, ... &") we define
(f)t,~ by the formula

<f>t,~=WEg Z flo!,... o™ € .. &) eXp( ZHN]\/I 3t>7

<n
(5.26)
where Z; . is the normalization factor, Z; . = E; >_ exp(—Hn,m—3,(0))
and where Eg denotes expectation in the r.v.s §£ for > 1and k£ < M — 3.

Let us then define
£ =exp (Z —Hf> : (5.27)

<n
Then for a function h of &',..., o™ and of Sﬁf_j’t for j =0,1,2 and £ < n,
the identity
Ec(hE)i ~
h)yy = —=———"— 5.28
< >t E§<E>t7~ ( )

holds, where, as usual, E¢ denotes expectation in all the r.v.s “labeled £”. Here
(hE)t.~ and ()~ depend only on the r.v.s & for k= M — 1, M —2, M — 3.

Exercise 5.3.1. Rather than (5.26), let us define

E¢ Z flel,..., o™ & ... &) exp( ZHNM 3t>,

<n
(5.29)
where E¢ denotes expectation in all the r.v.s ff;. Show that then that rather
than (5.27) we have

(£~

(hE):.-
(€t~
Of course, (5.28) and (5.30) are simply two different manners to write the
same identity.

(h)e = (5.30)

The convention used in (5.29) (i.e. that E; stands for expectation in all the
r.v.s. £) was used in Chapter 2. It is somewhat more natural than the conven-
tion used in (5.28). As in Chapter 3 we shall not use it here, to avoid having
to constantly remind the reader of it.

Our best guess is that the quantities Sﬁ,w L<n,k=MM-1,M-2
will have a jointly Gaussian behavior when seen as functions on the system
with Hamiltonian (5.23). For different values of k they will be independent,
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and for the same value of k their pairwise correlation will be a new parameter
g. So we fix 0 < ¢ < 1 (which will be determined later) and for j = 0,1, 2,
£ < n, we consider independent standard Gaussian r.v.s z; and f][ (that are
independent of all the other sources of randomness) and we set

0f =2z a+&\/1—q.
For 0 < v <1 we define
S5 o = VS + V1=, (5.31)

keeping the dependence of Sf)v on t implicit. (The reader will observe that,
despite the similarity of notation, it is in practice impossible to confuse the
quantity Sy ; with the quantity S; .. Here again we choose a bit of informality

over heavy notation.) Let us denote by

&, the quantity (5.27) when one replaces each occurrence of
Shr_j by S5, for £ <mnand j=0,1,2. (5.32)

For any function h of &', ..., o™ and of Sf,v for 7 =0,1,2 and ¢ < n, we
define (h);,~. by (5.26) and

(h&u) i~

Vt,’U(h) = EE£<gv>t,~ )

(5.33)

where (following our usual convention) E; now denotes expectation in the

variables 5,‘; and the r.v.s éf Therefore, if h depends on ol,..., " only,
taking expectation in (5.28) yields

v 1(h) = (h) . (5.34)
Lemma 5.3.2. Consider a function f depending on o',...,0™ only. Then
we have

V2 ) - (5.39)

d
’th,v(f)’ < Ln2042D2Vt,v(f2)1/2Vt,v ((R1,2 - Q)z)

Moreover, if aD <1 and
BU = w(Sé,v’ Sll,v)w(sg,v’ S22,v) ? (536)

we have

B < D D2 (2 P (R =07+ a1 - (630
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Proof. It is as in Lemma 2.3.2. We compute the derivatives of the function
v = v (f) (vesp. v — vy (B, f)) and we integrate by parts. Defining S¥, =
de‘f’v /dw, we observe the relations (where the reader will carefully distinguish

o o
Sl from S5 )

ESY S =0 if j# 4

7,05 v
ESY, S5, =0
E é’ ESZ/ SZ _ 1 i A i VA i _ _1 Rt _
7é = 7,0 _/v_2 Nzgiai +NUNUN q _2( 0,0 q)

i<N

So, integration by parts “creates a factor R} o — q in each term”. There
are 3M — 6 < 3M terms in the expression (5.25). Each has a factor 1/N.
Before integration by parts, the expression for the derivative of the function
v — v, (f) contains < LnM terms. Each of these terms uses n + 1 replicas,
and its integration by parts creates < LnM terms. All told, there are at most
Ln?M? terms in the expression for du; ,,(f)/dv, and each of them is bounded

by a term of the type
2

D
N2 ~2 Yt v(|f\|Re o —al)

for certain values of £ and ¢, ¢ # ¢'. So the bound (5.35) simply follows from
the Cauchy-Schwarz inequality. We proceed similarly in the case of (5.36).
The reason why we cannot get a factor « in (5.37) is that when computing
dvy,o(By f)/dv we find the term v, (S5, w v '(8,05 S1.,))w(S3.,,55.,) f) where

w'(z,y) = ow(x,y)/0z = O*u(x, y)/é)x When integrating by parts, this
creates a term

Vt,v((Rgﬂ - q)wl(S(%,vﬂ Sll,v))wl(sg,'w Sg,v)f) )
and the best we can do is to bound this term by D?vy (| f||R} 5 — ). O

The factor o2 in (5.35) is not really needed for the rest of the proof. There
is a lot of room in the arguments. However it occurs so effortlessly that we
see no reason to omit it. This might puzzle the reader.

Lemma 5.3.3. If aD <1, we have
vew(Ih]) < L"ve(|R]) 5 E(|Al)e~ < L 0(|R]) - (5.38)

Proof. The quantity —H of (5.25) satisfies | — H| < 3aD < 3 (bounding
each term u(Sk, ¢, Sk,¢) by D) so that the quantity &, of (5.36) satisfies
L= < &, < L™ Thus (5.33) (used for |h| rather than h) implies v ,(|h]) <
L"E(|hEy|)t,~ < L*E(|h])t,~. Using again (5.33) in the case v = 1 we get
E(|h])t.~ < L™ve1(h|) = L™ve(]h]), using (5.34) in the equality. O

Exercise 5.3.4. Prove the first part of (5.38) using a differential inequality.
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5.4 The New Equation

The purpose of the interpolation of the previous section is that we expect
that vy, 0(Bof) will be easier to understand than vy 1 (B f) = v¢(By f). This is
the case, but the (un)pleasant surprise is that it will still require significant
work to understand 14 o(Bof). Let us consider the random function

OEESD ST IR

k<M-3

where the dependence on t is kept implicit in the left-hand side. Then, for
v = 0, the quantity &, of (5.32) is equal to

E=EE" (5.39)
for

& =exp Z Z ’yg(ﬁf) (5.40)

<n j=0,1,2

1
€" = exp = S (u(6,05) +u(0h,0) + (6, 05) . (5.41)

<n

This is seen by separating in the sum (5.25) the terms for which k1 = M — 2
or k1 = M — 1 (these create £").

Of course the influence of £” will be very small; but to understand the
influence of &', we must understand the function ~,. We explain first the
heuristics.

We hope that the quantities (S£7t) k<M—3 behave roughly like independent
r.v.s under the averages (-); ~, so that by the law of large numbers, we should
have that for each ¢,

M -3
N

This shows that (in the limit N — o00) 7, does not depend on ¢ and is not
random. We denote by ~ this non-random function, and we now look for the
relation it should satisfy. It seems very plausible that

E(u(S1t, )t~ = ve(u(S1, @) = ve(u(Sag, ) (5.43)

Yeo(x) ~ E(u(S1,t,2)) e~ = aE(u(S1,4, %))t~ - (5.42)

by symmetry. We expect that (5.37) still holds, with a similar proof, if we
define now B, = u(Sy, ). Assuming that as expected R; 2 ~ ¢, we should
have v4(B1) ~ v:0(Bp) i.e. (with obvious notation: since there is only one
replica, we no longer need replica indices)

v (u(Sare, x)) =~ vio(u(fo, x))

u(fo, ) exp Zogjgz v(0;)
Ecexp ZO§j§2 v(6;)

(5.44)
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Now, using independence

Ecu(6o, ) exp Z ~(6;) = Ecu(bo, x) exp y(6o) H Ec expy(6;)
0<5<2 =12
Ecexp » v(6;)) = [] Ecexpr(6))

0<j<2 j=0,1,2

so that from (5.44) we get

ve(u(Sare, 7)) =~ E“(QE“; Zis’jz;)()a‘)) . (5.45)

Exercise 5.4.1. Find a more economical interpolation to reach (5.45). (Hint:
in (5.25) replace M —2 by M.)

Let us now write
0= \/52"" V 1- qf 9

where z and ¢ are independent standard Gaussian r.v.s, and repeat that E.
denotes expectation in £ only. Combining the previous chain of equations
(5.42) to (5.45) we reach that the non-random function « should satisfy the
relation

v(z) = aE% . (5.46)

The first task is to prove that this functional equation has a solution.

Lemma 5.4.2. If LDa < 1, given any value of q then there exists a unique
function v = yq,q from R to [0, 1] that satisfies (5.46). Moreover, given any
other function v, from R to [0,1] we have

u(6, y) exp«(0)

Ec exp 7. (0) (547)

sup [y(z) — 7«(x)| < 2sup |7(y) — o
x Yy
We remind the reader that throughout the book a statement such as “If

LDa < 1...7 is a short-hand for “There exists a universal constant L with
the following property. If LDa < 1...”

Proof. This is of course a “contraction argument”. Consider the supremum
norm | - ||ec on the space C of functions from R to [—1,1]. Consider the
operator U that associates to a function ¢ € C the function U () given by

u(f, z) exp ¥ (0)
Ecexpe(0)
Since 1/e < exp(0) < e and |u(f,z)| < D we have |U(¢)(z)| < aDée?, so if

aDe? < 1 we have U(¢)) € C. Consider 91,5 € C and ¢(t) = Uty + (1 —
t)iha) € C, so that, writing & = exp(t1)1(0) + (1 — t)12(6)), we get

U@)(z) = ok



308 5. The V-statistics Model
g0, 2)(1(0) — ¥2(0))&
«
EcE,

u(0, x)gtEg(%(e) — 2(0))E
(Ee&r)? ’

¢'(t) =

— aFE

and since |[tY)1 + (1 — t)h2|leo < 1, we have 1/e < & < e and ||¢'(t)]|oo <
LoaD||1)1 — 2]|ce. Therefore ||p(1) — ¢(0)]|oo < LoaD||th1 — P2 oo, i€

1U(W1) = U(¥2)|loo < LoaD|Y1 — 12||oo - (5.48)

Thus for 2LoaD < 1, the map U is a contraction of C and thus it has a
unique fixed point ~.

We turn to the proof of (5.47). We write that, since v = U(v), for any
function v* € C, we have, when 2LoaD < 1, and using (5.48),

s = Yoo < Ml =U(r)lloo + 1T (1) = U)o
< e = U)o + e = 7lo -
Therefore 1
Sl =llee < IU(R) = UMl
which is (5.47). O

Theorem 5.4.3. Consider any value of 0 < q¢ < 1, and v as provided by
Lemma 5.4.2. Then assuming

LaD <1 (5.49)
we have

\m,E<<}V > u(Sk,t,x>w<x>>> < L{@DE{(Ry 20}t e -

k<M-3 tm

(5.50)

Proof. Let us define

AW =5 Y W) —A@): A= 1 3 ulSinn) ),
k<M-—3 k<M—4
(5.51)
so that %
A) ~ Au(a)| < 3¢ (552)

=

Using symmetry between the values of k i
second line yields

the first line and (5.52) in the
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M—-3
(M utsumanie) - o)) )

= % + E((au(Sar—3,0,2) = 7(@)) Au(@))en . (5.53)

E(A(2)*)en

tye

We are again in a “cavity in M” situation. We need to make explicit the influ-
ence of the term Sys_3; in the Hamiltonian. So we introduce the Hamiltonian
Hy pr—a¢ as in (5.23) and we denote by (-). an average for this Hamiltonian,
keeping the dependence on ¢ implicit. Thus, for a function h of o and of the
quantities Sy ¢, kK < M — 3, the formula

(h&.)+
E(h); . =E 5.54
(W = EE o7 (5.54)
holds, where
1
E. = exp > ulSk, Suosi) (5.55)

k<M-—4

and where E¢ denotes expectation in the variables ff;. Again, we must devise a
cavity argument with the underlying belief that Sy;_3; will have a Gaussian

behavior. So, considering independent standard Gaussian r.v.s z and é , and

defining A
0=z2/q+&/1—q,
for 0 <v <1 weset S, =+vSy_3:+ 1 —vl. We consider the function
{(au(Sy, ) — v(2))As(z) exp + > r<nr—a WSk e, Su)),

=E , 5.56
ve) E€<exp % Zkngzl u( Skt Sv)>* ( )

where E¢ denotes expectation in the r.v.s ££ and é . This is exactly the same
procedure we used in (5.33). Thus the relations (5.54) and (5.55) imply

¥(1) = E{(au(Sy -3, 2) = 7(2)) A (2))1,~ - (5.57)

We will bound [¢'(v)| (as in Lemma 5.3.2) but let us first look at ¢(0).

Defining
B(z) = 1 3 ) = Ada) (). (5.59)

we have

((au(d, x) — y(x))As(x) exp B(0)).
E¢(exp B(0))
Since we are following the pattern of Section 5.3, it should not come as a

surprise that the value of 1(0) is not completely trivial to estimate; but a
last interpolation will suffice. For 0 < s < 1 we consider

$(0) =E
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((au(8, z) — y(@))As(z) exp(sB(0) + (1 - 5)7(9))),
Ec(exp(sB(0) + (1 = 5)7(0)))«

Thus 9. (1) = ¢(0). Using independence and recalling (5.46) yields

((au(8,x) —y(x))As(x) expy(0)),

¥.(s) =E (5.59)

¢*(0) =E Eg <6pry(9)>*
e S

We compute 9 (s) in a straightforward manner, observing that

%(83(9) + (L =8)v(0)) = B(0) = 7(0) = A.(6) -

_ pllau(t, z) — y(2)) A (2)E5) B¢ (AL (0)Es ) «
(E¢(€s)4)? '

To bound |, (s)], believe it or not, no integration by parts is required! First
we observe that since |B(z)|, |y(z)| < LaD, we have 1/L < & < L. Also,

law(8, z) — ()] < LaD . (5.60)

Using the Cauchy-Schwarz inequality it is then straightforward to get the
bound
[W,(s)] < LaDE(A.(2)?) 2 *E(A.(6))"* . (5.61)

Since 1,(0) = 0 it follows that
(1) = 9(0) < LaDE(A.(2)*)}*E(A.(0)%)) . (5.62)

To bound |¢)'(v)| we proceed as in Lemma 5.3.2. We compute ¢’(v) through
differentiation and integration by parts, and this integration by parts “creates
a factor RE’ , in each term”. Using the Cauchy-Schwarz inequality and (5.60)
we then get

K

[/ (0)] < LaDE(AL(2)*)*E((Rio = 0)*)2* + 57

so that

(1) < LaDE(A, ()% *E(A.(6)*)}°

K
+ LaDE(A,(2)2)Y?E((Ry 5 — q))t% + 5 (5.63)
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For L'aD < 1 we have
LaDE(A.()")2E(A.(0)) Y < T E(AL@)P). +

and the inequality ab < a?/t + tb? for t = LaD implies

—E(4.(0)%).,

LaDE(AL(2)%)*E{(Rr -0/ Y? < LE(AL(2))s + L(aD)E((Rr 2~0)?).

Combining with (5.63) we get
1

K 1
B(1) < T+ SEA@P) + TE(AL (0. + L@DPE((Riz — 0)?).

Combining with (5.53) and (5.57) we then obtain

E(A@) ) < 3o + B + oA 0)7),

+ L(aD)?E{(R12 — q)%)« . (5.64)
Now since |A(z) — A (x)| < K/N we have A,(r)? < A(z)? + K/N and thus

K
E(AL(0)). < EQA(B). + 1
In the quantity E(A(6)?)., the r.v.  is independent of the randomness of
(-Y«. So, denoting by E. expectation in the randomness of this bracket only,
we have

E.(A(6)%). < sp E.(A(y)?). = sp E(A(y)*).

and thus, taking expectation,

E(A(0)%). < sup E(A(y)?). - (5.65)

Moreover, as in Lemma 5.3.3, if LaD < 1 we have E(|h|). < 2E(|A|)¢ ~.
Combining these relations we then get from (5.64) that for any x,
K 1 1
E(A(2)*)e~ < - + 7E(A(@) ) + 7 SUDE(A(Y)*)en
N1 1%
+ L((XD)2E<(R1,2 - q)2>t7w

and thus

=~ =

% sup E(A(gc)2>t,~ <

K
sup E(A(y)2>t,N + N + L(aD)QE((RLg — q)2>t’~ )
y
Therefore we get

sup E(A(2)*)¢,~ < L(aD)*E((R12 — q)*)t,n + K

i (5.66)

and recalling the definition (5.51) of A(x) this is exactly (5.50). O
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5.5 The Replica-Symmetric Solution

Now that we have proved Theorem 5.4.3, we can go back to the study of
the quantity v o(Bof) of Section 5.3. Given 0 < ¢ < 1, and the function ~y
provided by Lemma 5.4.2, we define

Ecy' (6 0\’

r*=E <WW> . (5.67)
E¢ exp ()

Differentiating in = the relation (5.46) yields

7 (z) = aE% , (5.68)

and thus |y/(z)] < LaD so that |r*| < L when aD < 1.

Proposition 5.5.1. Assume LaD < 1. Then with the notation of Lemma
5.8.2, we have

[0 ()= {Fe~l < L"aD<E<f2>t,~>1/2<E<<R1,2—q)2>t,~>1/2+%<E<f2>t.,~)1/2.
(5.69)
When B, is given by (5.36) we have

|0éth,0(Bof) —r* <f>t,~|

< LMaDE() ) P E((Rrs — )+

N EFe) L (5.70)

Proof. We prove (5.70). For 0 < s < 1 we define, recalling the notation
(5.32),

e =ewi-o( X 20))

§=0,1,2, £<n
_ exp< S Y Y (v X skt -a0)
j=0,1,2,¢<n £<n j=0,1,2 k<M-—3
gy S0 40+ .0 ) 1)
<n
and we consider y o (BofE())en
)=« EE£<5(—3)>t,~ . (5.72)

The fundamental formula (5.33) shows that (1) = a4 o(Bof). As expected
we will compute 1(0) and bound v/(s). Using that By = w(6§,0%)w (03, 03)
we get, by independence of 9§ and of the randomness (-); ~
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w(6}, 0 w(62,62) ex _ ¢
»(0) — J%E (65, 01)w(65, 05) PZ],o,LQ;gn’Y( j)E<f>t7~- (5.73)
Ecexp Zj:o,l,z,egn “Y(ej)

Using independence between the r.v.s ff we obtain

E¢exp Z 7(9?) = H E¢ exp 7(%)

§=0,1,2, 6<n j=0,1,2,6<n

and

Ecw(65,01)w(63,035)exp > (6%

§j=0,1,2,6<n
= Ecw(0,01) exp(v(65) + 7(01))Ecw(65, 03) exp(v(65) + 7(63))
xEgexpy(03)Ecexpr(67) [[ [ Eeexpr(65).
3<0<n j=0,1,2
Therefore
¥(0) = EULUE(f)s.~ , (5.74)

where

U — Ecw (05, 01) exp(y(05) +~(01))
=« T 1
Ec expy(6p)Ee exp(0;)
Ecw (63, 05) exp(y(05) +~(63))
E¢ expy(65)Ee exp(63)

UQZOL

Let us now recall that 9; = 2j\/q + éfx/l — g, where the Gaussian r.v.s
25, §f are all independent of each other. Let us denote by E; expectation in

z; only, and E; ; expectation in éf only. Then
EU,U; = E(E1Uq)(E2Uz)
and
E10E11w(6},01) expy(63) expy(03)

E1,0expy(0§)E1,1 exp(67)
expy(65) w(é’é,@%)exm(@%))
—oF,(E E
( "B gexpy(0) 1 Ergexp(6])
expy(65) w(%ﬁ%)exm(@%))
— aF o [ P70 g g
1’O(El,oexm(@é) PR L expr(6))

E1U1 S aE1

Now, using (5.68)

w(fg, 01) exp(61)
E1,1 GXP’Y(Q%)

aEEq =(6}) ,
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so that ) )
_ E1,07'(65) expy(6p)
ElUl = 1 .
E1,0expy(6p)
In a similar manner,
_ E5,07/(63) exp(67)
ExUsz = 5 )
E2,0 expy(65)
so that Ecr'(0) ®)
EU; = EoU, — =51 \7)XPY ) 7
1U1 2Us2 E¢ oxp(0)

and thus EU;U; = E(E U;)? = r* by (5.67). Thus we have shown that

Y(0) =1"E(f)t,~
To bound v’ (s), we proceed very much as in the proof of (5.61). We define

1

A= Y S ).
E<M-3
Comparing with (5.51) yields
E(A(0))*)1.~ = ECA(0)):~ - (5.75)

We observe the relation

E'(s) = (Z > Af(9§)+c>5(s),

<n j=0,1,2

where C'= N=1Y", (u(6§,05) + w(6,07) + u(6f,65)), so that |C| < K/N.

We observe that exp(—Ln) < £(s) < exp(Ln), since aD < 1. We differentiate
the formula (5.72), we use the Cauchy-Schwarz inequality and that o?|By| < 1
(since |Bg| < D and aD < 1) to obtain, using (5.75):

W] < LM ) 2 EAD)) ) 4 RE( e (576

The random variable 6 is independent of the randomness of (-); ~, and there-
fore as in (5.65) we have

E(A(0)2),. < sup E(A(y)*)t.~ -

Combining with (5.76) and (5.66) we get
K
[/ ()] < L"aD(E(f),) 2 (E((Ruz = 0)*)e.)? 4+ 5 (E(f2)e0) /2
and this proves (5.70). The proof of (5.69) is similar but much simpler. O

We are finally ready to control the terms (5.15) in Proposition 5.2.2. We
consider only the case n = 2 for simplicity.
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Proposition 5.5.2. Assume that LaD < 1. Then we have

K
|[A1 2 — ary(ereaf)] < LaQDut(fz)l/Qut((Rl,g — q)2) 1/2 + Nut(fQ)l/Q )

(5.77)

Proof. From (5.69) and (5.70) we get that, using Lemma 5.3.3 in the second
inequality,

|a®ve0(Bof) — r*veo(f)] < LaD(E(f*)s)2(E((R1,2 — q)%)e,~) "2
K

+ NE<f2>?,N
S LO&DVt(f2>1/2Vt((R172 _ q)2)1/2
K
- Nut(fQ)l/Q . (5.78)
It follows from (5.37) and Lemma 5.3.3 again that
K
[av0(Bof) —a(Bif)| < La®D?ui(f2)! 2wy (Ry2—)?) >+ 0 ()12

Moreover from (5.35) we see that the quantity v*|ve 0(f) —v4(f)| satisfies the
same bound. Combining with (5.78) we obtain

12 K

l0®1(B1f) = r*wa(£)] < LaDu(f2)m((Ri2 = 0)*) "+ ()12
Replacing f by e1e2f, and since v(Bie1eaf) = Ci2 by (5.21), the result
follows from (5.22). 0

Corollary 5.5.3. If f is a function on X%, if LaD <1, and if

r=ar’ (5.79)

we have
V)| < La?Du(f) P (Ras — ) + 5n(PY2 . (5.80)
Proof. We combine (5.14) and (5.77). O

Theorem 5.5.4. If LaD <1, a < 1, writing as usual § = z,/q + &/1 —q,
the system of three equations (5.46),

_ oF [Eer(9) expr(6) ?
r=et (CE o) o5
¢ = Eth22yr (5.82)

with unknown (q,7,7) has a unique solution and

K

v((Ri2 —q)?) < ¥ (5.83)
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Proof. First we will show that (5.46) and (5.81) define r as a continuous
function 7(q) of ¢. Thinking of « as fixed once and for all, we denote by v, the
solution of (5.46). We will first show that the map g — ~, € C is continuous
when C is provided with the topology induced by the supremum norm || - ||.
Let us write 8 = 6, to make explicit the dependence on g. Let us fix ¢op and
let us consider the function ¢ — v (q) € C given by

— u(aq,y)exp'yqo(ﬁq)
0(a)(s) = oG In)

It is straightforward to show that the function ¢ is continuous, and by (5.81)
we have ¥(go) = 7vq,- It then follows from (5.47) used for v = v, and v, = 74,
that

Vg = Yaoll < 2[l7g — %(q0)ll ,

and this shows that the function ¢ — =, is continuous at ¢ = go, and hence
everywhere. It follows from (5.68) that the map ¢ ~ <, is continuous, and
this shows that r is a continuous function of q.

Therefore the map g — Eth?z4/r(q) is continuous from [0, 1] to itself and
has a fixed point. This proves the existence of a solution to these equations,
and this solution is unique by (5.83). The rest of the proof follows from (5.80)
through our standard scheme of proof. Namely, we write

v((Ri2 —q)°) = v((e1e2 — q)(R12 — q))

2
< N +v((e1e2 —q)f) , (5.84)
where f = Ry, —¢. By Lemma 5.2.1 and since ¢ = Eth2zﬁ = Eth’Y we
have
vo((e182 — @) f) = (Eth®Y — q)wo(f) =0,
and using (5.80) for (169 — q)f we obtain

y((&‘ng — q)f) < % + LaQDV(f2)1/2y((R172 — q)2)1/2

< % + LOZ2DI/((R172 — q)2) R

so comparing with (5.84) yields

2=

V((RLQ - q)2) S + LO[QDV((RLQ - q)g) , (585)

and this finishes the proof. ]

The last result of this chapter deals with the computation of

1
PN,M = NEloggexp(—HMM(a)) .
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We will follow the method of the first proof of Theorem 2.4.2. We consider ¢
and r as in Theorem 5.5.4. We consider independent standard Gaussian r.v.s
2, (2r)k<nr, (2)i<nv, (Ek)k<ar, We write

0, = Zk\/a—‘rﬁk\/ 1—gq; Sk:,s = \/ESk + V1 — s, (5.86)

and we consider the following interpolating Hamiltonian for 0 < s < 1:

1
—Hyars = > Sk e Skas) — Z o1 —s2\/r.  (5.87)
1<k <ko<M i<N
We define .
DN, M,s = NElog Ee zo: exp(—Hp,n,s) -

An in the case of Theorem 2.4.2; this interpolation is designed to preserve the
replica-symmetric equations along the interpolation. The interesting twist is
that the computation of px ar,0 is no longer trivial. It should be obvious that

pn,a,0 = log 2 + Elogch(zv/r) 4+ pyas (5.88)
where . .
Py = 3ElogEe eXp(N > u(0k1,9k2)) : (5.89)
1<k <ko<M

but how should one compute pjy ,,?

Research Problem 5.5.5. (Level unknown) Consider ¢, > 0, and the
function w. Recall that zj, &, denote independent standard Gaussian r.v.s,
that 0, = z,/q + &/1 — ¢, and that E¢ denotes expectation in the r.v.s &
only. Recalling (5.89), compute

lim DN A -
N—oo ,M/N—a N.M

We do not assume in Problem 5.5.5 that « is small. When we write (5.89),
we think of the quantities &, as “spins”, so there is no telling how difficult
this problem might be (although it could well be an exercise for an expert in
large deviation theory). In the present case however, we are concerned only
with the case LaD < 1, and the result in this case is described as follows.

Proposition 5.5.6. There is a number L with the following property. As-
sume that D > 1. For o« < 1/LD and q € [0,1], denote by 7q,q the function
obtained by solving (5.46), and define

W(a,q) = / Elog E¢ exp vy, odz (5.90)
0
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where as usual 0 = z2,/q+&+/1 —q, z and § are independent standard Gaus-
sian r.v.s, and E¢ denotes expectation in £ only. Then if LDM < N and
0<qg<1 we have

M

The function W satisfies W(0,q) =0 and

ow
%(a,q) = Elog E¢ expya,q(0) - (5.92)
Moreover oW (e,q)
_ rlag
34 (@q) = == (5.93)

where r(a, q) is given by (5.79) and (5.67) for v = 4.4

The following question is called an exercise rather than a Research Prob-
lem, because the solution might not be publishable; but the author does not
know this solution.

Exercise 5.5.7. Consider the function W defined by (5.90). Find a direct
proof that W satisfies (5.93).

The obstacle here is that it is not clear how to use condition (5.46).
Comparing (5.92) and (5.93) we get the relation

0 0 r(a, q)
—(ElogE wq@)==— |- . 5.94
g ElogEeexpra0) = 51 (-5 (5.94)
A direct proof of this mysterious relation would provide a solution to the
exercise. The difficulty is of course that 7,,, depends on ¢ and a.

Proof of Proposition 5.5.6. From now on until the end of the chapter,
the arguments will be complete but sketchy, as they will rely on simplified
versions of techniques we have already used in this chapter. We define the
function W(a, q) by W(0,q) = 0 and (5.92).

Since the very definition of p} 5, involves thinking of the variables &, as
spins, we will approach the problem by the methods we have developed to
study spin systems. We write the identity

> ulbr, 9M+1)> (5.95)

* " 1
N(pN,M+1 - pN7M) = Elog E5<exp N

1<k<M
where, for a function h(61,...,0y) we define
1
(h) = Echesp(~Hiy ) (5.96)

where Z = E¢ exp(—H} ;) and where
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1
—Hyur = N > wBh,Ok,) - (5.97)

1<k <ko<M
The next step is to prove that (recalling that o = M/N),
1 \ K
E < (N 1SkZ§M u(Og, ) — Wa,q(x)) > < N (5.98)

The argument is as in Theorem 5.4.3 but much simpler. We define

A =5 X ullon) @) s Ae) = 5 DD )~ yag(e)
1<k<M 1<k<M
so that as in (5.53) we have
E(A(2)?) < E{(au(Oar, ) — Ya,q(2))As(@)) + % : (5.99)

Let us denote by (-).. an average as in (5.96) but for the Hamiltonian Hj; 5, ;.

Let
1

B(I) = N Z u(ekveM) = A*(l‘) +7a,q(x) )
1<k<M

so that

((au(0rr, ) — Ya,q(%)) As(z) exp B(O))«
Ee(exp B(0wm))~ '

Let us then define . (s) by the formula (5.59). Proceeding as in (5.62) we
obtain

((au(nr, 2) = Ya,q(2)) Ax(z)) =

1. (1) < LaDE(A, (x)?)) *E(A.(0)%))?
and combining with (5.99) we get

K
E(A(z)?) < LaDE(A, (2)%)Y?E(A,(0)2)Y? + .
Also, we have E(h), < L(h) when h is a positive function, so that

K
E{A(x)?) < LoDE(A.(r))/E(AL (002 +
after which we conclude the proof of (5.98) as in the few lines of the proof of
Theorem 5.4.3 that follow (5.64).

Combining (5.98) and (5.95) yields

IN (PN, m+1 — Pnv) — Elog B¢ expva,4(0)] < (5.100)

=
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The right-hand side of (5.92) is a function f(«) of « (since v is a function of
«), and (5.92) implies

a+1/N

W(a+1/N,q) — W(a,q) = / Elog E¢ exp vy, 4(0)dz
so that
1 K
W(a+1/N,q) = W(a,q) = ElogEcexpya,(9)| < < -
ie.

M+1 M K
— - _ < =
‘N(W( ~ ,q) W(N,q)> ElogEEexp'ya’q(G)‘ N

Comparing with (5.100) and summing over M yields (5.91).
It remains only to prove the elusive relation (5.93). For this we compute

9] 1
e S WD DR R URUSEAZRRCSOS Y

1<k <ka<M

where
o 1 1

= Zk: —_
FogTh 2y

and where the bracket (-) is as in (5.96). Thus

&k

o . |
a_qu,M = FE< Z 9;61w<9k176k2)>
k1#k2
_ LE Zk175k2 %lw(ekla‘gkz)e){p(*H}V,M) .
N2 Ecexp(—Hly )

We then need to integrate by parts in the r.v.s 0;1 i.e. to compute

w(gk'l ) 0k2) exp(_HEV,M)
E¢ eXp(_H]/V,M)

E0,,

The straightforward method is to replace 9;1 by its value and to integrate
by parts in the r.v.s z; and &;. One can also obtain the formula by using
the heuristic principle (2.58), although of course to really prove the formula
one has to perform the calculations again. Here (2.58) means that we can
pretend to perform the computation that the denominator is a function of
the quantities 0 = \/qz, + /1 — ¢&;’, where & are independent copies of
the r.v.s &. Since EO) 0y, = 0 and EO; 07 =0if k # ky and = 1/2if k = ky,
one then gets that the only terms occurring are created by the denominator,
and this gives
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w('gkuakz)exp(*H]/\/',M) - —LE
Ec exp(—Hy 5/) 2N

EOy, > w(Bry, Ok, )w (B, 9k3)> ;

so that finally
o . 1
a_qu’M = _WE Z wW(Oky Oy )w(Oky, Oks) ) - (5.101)
k1#k2,k1#ks

Symmetry between the values of k yields

o . a?
B NM + —E(w(Orr, 0pr—1)w(Onr, Onr—2))

IA
2=

2

Using the familiar “cavity in M argument” of (5.100) for M — 3 rather than
M and reproducing the computation following (5.73) we then get

K

3} r(a, q) ‘
—pN v+ < —. 5.102
‘aqu,M 2 \/N ( )
For ¢ = 1, we have 6 = z;, and (5.89) yields
pN,M‘q:1 = WEU(%Z) ) (5.103)
and combining with (5.103) gives
a? 1/t K
—Eu(z,z) — pj +—/Ta,a:dx§—.
Comparison with (5.91) yields (taking N — oo and M/N — «)
a? 1!
W(ag) = SEulz2) + 5 [ rlaays
2 2 J,
and this proves that
oW r(a, q)
— = — . O
94 (a, q) 5

Theorem 5.5.8. Recalling the function W of Proposition 5.5.6 let

r

RS(a) = W(a,q) 2(1 —q) + Elogch(z\/q) +1log2,

where v, q¢ and r are as in Theorem 5.5.4. Then, if LaD <1 snd « = M/N,
we have

Ipn.m — RS(a)| < (5.104)

£l
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Proof. Since

1
DN,M = PN,M,1 = PN,M,0 +/ KPN,M,st ,
0 S

combining with (5.88) and (5.91) it suffices to prove that

r

0 K
— 1-— < —. 1
aspN,M,S"_ 2( Q)’ = \/N (5 05)

First we compute dpn ar,s/0s using straightforward differentiation. Denoting
by vs the average corresponding to the Hamiltonian (5.87) and defining

1 1
SI — S — 9
ks T 9 5k T oo "
we get
o _T4TI
8SpN,M,s - ’
where 1
I= m Z l/s(Slghsw(Sk‘l,SvSk%S))
k‘175k2
and

1= > oz

1
—— .
2v/1—s (z N )

We then integrate by parts. This is similar to the integration by parts in
(2.81). This is easy for the term II. We will explain the result of the com-
putation for the term I using the heuristic principle (2.58). The relation
ESL, sSks,s = 0 shows that as in the derivation of (5.101) “the only terms
created come from the denominator in the expression of vs”. Moreover, the
action of the expectation E¢ in the denominator amount to “shift the quan-
tities Sk, s to a new replica.” As in the case of (2.81) the definition of replicas
here involves replacing & by an independent copy §f;. That is, defining Sf; in
the obvious manner, we set

She = VSt + V1 —s(\gz + 1 —q&; )
1 1
o _ ¢ T el )
Sis = 350 T g =5 VI T VI 06

We observe the relation ES,%:SS,%& = Ri12 — g, so that in the terms arising
from the denominator we get the factor Ry 2 — ¢q. Therefore we get

1 1
I = *il/s <(R1,2 - Q)ﬁ Z w(Slil,sv Slig,s)w(slzl,sa SI%2,S)> )
k1#ka k1#k3

and as usual we have
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r
2
Finally we have obtained the relation

II = (]. - I/(Rl’g)) .

0
— s=1+11I
8SPN,M, +

1 1

= _§VS ((RI,Q_Q)(F Z w(Slil}mSliz,s)w(slgl,sﬂslzz,s) —7’))
k1#k2 ,k17#k3

r

51—a).

One then extends (5.83) to the interpolating system to obtain (5.105) through
the Cauchy-Schwarz inequality. a

Exercise 5.5.9. Improve the rate of (5.104) into the usual rate K/N. (This
requires very significant work.)






6. The Diluted SK Model and the K-Sat
Problem

6.1 Introduction

In the SK model, each individual (or spin) interacts with every other indi-
vidual. For large N, this does not make physical sense. Rather, we would like
that, as NV — oo, a given individual typically interacts only with a bounded
number of other individuals. This motivates the introduction of the diluted
SK model. In this model, the Hamiltonian is given by

— Hy(o) =5zgij’7ij0i0j . (6.1)

1<j

As usual, (gij)i<; are ii.d. standard Gaussian r.v.s. The quantities v,;; €
{0,1} determine which of the interaction terms are actually present in the
Hamiltonian. There is an interaction term between o; and o; only when ~;; =
1. The natural choice for these quantities is to consider a parameter v > 0
(that does not depend on N) indicating “how diluted is the interaction”,
and to decide that the quantities ;; are i.i.d. r.v.s with P(y;; = 1) = v/N,
P(vi; = 0) = 1 — /N, and are independent from the r.v.s g;;. Thus, the
expected number of terms in (6.1) is
YNV -1) (N -1)

N 2 2 ’

and the expected number of terms that contain o; is about «/2. That is,
the average number of spins that interact with one given spin is about ~/2.
One should observe that the usual normalizing factor 1/ VN does not occur
in (6.1).

If we draw an edge between ¢ and j when ~;; = 1, the resulting random
graph is well understood [12]. When 7 < 1, this graph has only small con-
nected components, so there is no “global interaction” and the situation is
not so interesting. In order to get a challenging model we must certainly allow
the case where v takes any positive value.

In an apparently unrelated direction, let us remind the reader that the
motivation of Chapter 2 is the problem as to whether certain random subsets
of {—1,1}" have a non-empty intersection. In Chapter 2, we considered “ran-
dom half-spaces”. These somehow “depend on all coordinates”. What would

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der Mathematik 325
und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics 54,
DOI 10.1007/978-3-642-15202-3_6, (©) Springer-Verlag Berlin Heidelberg 2011


http://dx.doi.org/10.1007/978-3-642-15202-3_6

326 6. The Diluted SK Model and the K-Sat Problem

happen if instead we considered sets depending only on a given number p of
coordinates? For example sets of the type

{0'; (ail,...,aip)#(nl,...,np)} (6.2)

where 1 <141 <ip <...<ip <N,and n,...,np = £17

The question of knowing whether M random independent sets of the type
(6.2) have a non-empty intersection is known in theoretical computer science
as the random K-sat problem, and is of considerable interest. (There K is
just another notation for what we call p. “Sat” stands for “satisfiability”, as
the problem is presented under the equivalent form of whether one can assign
values to N Boolean variables in order to satisfy a collection of M random
logical clauses of a certain type.) By a random subset of the type (6.2), we of
course mean a subset that is chosen uniformly at random among all possible
such subsets. This motivates the introduction of the Hamiltonian

—Hy(o)==8 Y Wi(o) (6.3)

k<M

where Wi(o) = 0 if (0i(k,1)5- > Tihp)) # (M5 -5 Mkyp)y and Wi(o) = 1
otherwise. The indices 1 < i(k,1) < i(k,2) < ... < i(k,p) < N and the
numbers 7 ; = 1 are chosen randomly uniformly over all possible choices.
The interesting case is when M is proportional to V.

In a beautiful paper, S. Franz and S. Leone [60] observed that many
technicalities disappear (and that one obtains a similar model) if rather than
insisting that the Hamiltonian contains exactly a given number of terms, this
number of terms is a Poisson r.v. M (independent of the other sources of
randomness). Since we are interested in the case where M is proportional to
N we will assume that EM is proportional to N, i.e. EM = aN, where of
course a does not depend on N.

To cover simultaneously the cases of (6.1) and (6.3), we consider a ran-
dom real-valued function 6§ on {—1,1}?, ii.d. copies (6)r>1 of 8, and the
Hamiltonian

— HN(O') = Z ek(ai(k,1)7 ey Ui(k,p)) . (6.4)

k<M

Here, M is a Poisson r.v. of expectation aN, 1 < i(k,1) < ... < i(k,p) <
N, the sets {i(k,1),...,i(k,p)} for k > 1 are independent and uniformly
distributed, and the three sources of randomness (these sets, M, and the
0)) are independent of each other. There is no longer a coefficient 3, since
this coefficient can be thought of as a part of 6. For example, a situation
very similar to (6.1) is obtained for p = 2 and 6(o1,02) = Bgoi109 where g
is standard Gaussian. It would require no extra work to allow an external
field in the formula (6.4). We do not do this for simplicity, but we stress
that our approach does not require any special symmetry property. (On the
other hand, precise specific results such as those of [78] seem to rely on such
properties.)
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It turns out that the mean number of terms of the Hamiltonian that
depend on a given spin is of particular relevance. This number is v = ap
(where « is such that EM = «aN), and for simplicity of notation this will be
our main parameter rather than a.

The purpose of this chapter is to describe the behavior of the system
governed by the Hamiltonian (6.4) under a “high-temperature condition”
asserting in some sense that this Hamiltonian is small enough. This condition
will involve the r.v. S given by

S =suplb(o1,...,0p)|, (6.5)

where the supremum is of course over all values of 01,09,...,0, = £1, and
has the following property: if v (and p) are given, then the high-temperature
condition is satisfied when S is small enough.

Generally speaking, the determination of exactly under which conditions
there is high-temperature behavior is a formidable problem. The best that
our methods can possibly achieve is to reach qualitatively optimal conditions,
that capture “a fixed proportion of the high-temperature region”. This seems
to be the case of the following condition:

16pyE Sexp4S <1. (6.6)

Since the mean number of spins interacting with a given spin remains
bounded independently of N, the central limit theorem does not apply, and
the ubiquitous Gaussian behavior of the previous chapters is now absent.
Despite this fundamental difference, and even though this is hard to express
explicitly, there are many striking similarities.

We now outline the organization of this chapter. A feature of our approach
is that, in contrast with what happened for the previous models, we do not
know how to gain control of the model “in one step”. Rather, we will first
prove in Section 6.2 that for large N a small collection of spins are approx-
imately independent under a condition like (6.6). This is the main content
of Theorem 6.2.2. The next main step takes place in Section 6.4, where in
Theorem 6.4.1 we prove that under a condition like (6.6), a few quantities
(o1), ..., (ok) are approximately independent with law ., where p., is a prob-
ability measure on [0, 1], that is described in Section 6.3 as the fixed point of a
(complicated) operator. This result is then used in the last part of Section 6.4
to compute limy o, pn (), where py(y) = N~1Elog > exp(—Hy (o)), still
under a “high-temperature” condition of the type (6.6). In Section 6.5 we
prove under certain conditions an upper bound for px (), that is true for all
values of v and that asymptotically coincides with the limit previously com-
puted under a condition of the type (6.6). In Section 6.6 we investigate the
case of continuous spins, and in Section 6.7 we demonstrate the very strong
consequences of a suitable concavity hypothesis on the Hamiltonian, and we
point out a number of rather interesting open problems.
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6.2 Pure State

The purpose of this section is to show that under (6.6) “the system is in a
pure state”, that is, the spin correlations vanish. In fact we will prove that

E [{o102) — {01){02)] < 2 (6.7)

N
where K depends only on p and ~. The proof, by induction over N, is similar
in spirit to the argument occurring at the end of Section 1.3. In order to make
the induction work, it is necessary to carry a suitable induction hypothesis,
that will prove a stronger statement than (6.7). This stronger statement will
be useful later in its own right.

Given k > 1 we say that two functions f, f' on X% depend on k coordinates
if we can find indices 1 < i; < ... < i, < N and functions f, 7’ from
{=1,1}*" to R such that

f(al,...,a") = f(aill,...,ailk,ofl,...,U?k,...,afl,...,aii)
and similarly for f’. The reason we define this for two functions is to stress
that both functions depend on the same set of k coordinates.

For i < N, consider the transformation 7; of X% that, for a point
(e!,...,0m) of X%, exchanges the i-th coordinates of o' and o2, and leaves
all the other coordinates unchanged.

The following technical condition should be interpreted as an “approxi-
mate independence condition”.

Definition 6.2.1. Given three numbers vy > 0, B > 0 and B* > 0, we
say that Property C'(N,~o, B, B*) holds if the following is true. Consider two
functions f, f' on X%, and assume that they depend on k coordinates. Assume
that f > 0, that for a certain i < N we have

floTi=—f, (6.8)

and that for a certain number Q we have |f'| < Qf at each point of X%.
Then if v < g we have

()
()

Condition C(N, vy, B, B*) is not immediately intuitive. It is an “approx-
imate independence condition” because if the spins were really independent,
the condition f’ oT; = —f’ would imply that {f') = (f' o T;) = (—f') so that
(f)=0.

To gain intuition, let us relate condition C(N, o, B, B*) with (6.7). We
taken =2, f=1,

(kB + B*)Q
— N

|2 <

(6.9)

f/(0.170.2) = U%(U% - U%) )
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so that (6.8) holds for i« = 2, k = 2 and |f’| < 2f. Thus under condition
C(N,~0, B, B*) we get by (6.9) that

2B + B*

i.e.
2B + B*

N b

which is (6.7). More generally, basically the same argument shows that when
condition C'(N,~g, B, B*) holds (for each N and numbers B and B* that
do not depend on N), to compute Gibbs averages of functions that depend
only on a number of spin that remains bounded independently of N, one
can pretend that these spins are independent under Gibbs’ measure. We will
return to this important idea later.

El(o102) — (01)(02)| <

Theorem 6.2.2. There exists a number Ko = Ko(p,v0) such that if v < 7o
and
16v9pE Sexp4S < 1, (6.10)

then Property C(N,~o, Ko, Ko) holds for each N.

When property C(N, o, Ko, Ko) holds, for two functions f, f" on X},
that depend on k coordinates, and with f > 0, |f'| < Qf, then under (6.8),
and if v < 79, we have

()
()

The point of distinguishing in the definition of C(N,~, B, B*) the values B
and B* will become apparent during the proofs.

To prove Theorem 6.2.2, we will proceed by induction over N. The small-
est value of N for which the model is defined is N = p. We first observe that
[(f] < Q(f), so that C(p, 7o, K1, K7) is true if K31 > p. We will show that
if K; and K7 are suitably chosen, then under (6.10) we have

(kKo + Kj)Q < 2kKoQ
N - N

<

E‘ (6.11)

C(N - 17'70aK1,KT) = C(Na’y(%KlaKik) . (612)

This will prove Theorem 6.2.2.

The main idea to prove (6.12) is to relate the N-spin system with an
(N — 1)-spin system through the cavity method, and we first need to set up
this method. We write —Hy (o) = —Hn_1(0) — H(o), where

—Hy_1(0) = ZQk(Ui(k,1)7 e Oilp)) s (6.13)

where the sum is over those k¥ < M for which i(k,p) < N — 1, and where
H(o) is the sum of the other terms of (6.4), those for which i(k,p) = N.



330 6. The Diluted SK Model and the K-Sat Problem

Since the set {i(k,1),...,i(k,p)} is uniformly distributed over the subsets of
{1,..., N} of cardinality p, the probability that i(k,p) = N is exactly p/N.

A remarkable property of Poisson r.v.s is as follows: when M is a
Poisson r.v., if (Xj)g>1 are iid. {0,1}-valued r.v.s then ), ,, X, and
> < (1—X}) are independent Poisson r.v.s with mean respectively EMEX),
and EME(1 — X}). The simple proof is given in Lemma A.10.1. Using this
for Xi = 1if i(k,p) = N and Xy = 0 otherwise implies that the numbers of
terms in H (o) and Hy_1(o) are independent Poisson r.v.s of mean respec-
tively (p/N)aN = v and aN — . Thus the pair (—Hy_1(0),—H (o)) has
the same distribution as the pair

( Z H;C(Ui/(k,l)a e aai’(k,p))a Z Gj(ai(j’l), e 7Ui(j,p71)7 UN)) . (614)

k<M’ j<r

Here M’ and r are Poisson r.v.s of mean respectively aN — ~ and ; 6,
and 6; are independent copies of 6; '(k,1) < ... < #'(k,p) and the set
{#'(k,1),...,4(k,p)} is uniformly distributed over the subsets of {1,..., N —
1} of cardinality p; i(j,1) < ... < i(j,p —1) < N — 1 and the set I; =
{i(4,1),...,i(4,p—1)} is uniformly distributed over the subsets of {1,..., N—
1} of cardinality p — 1; all these random variables are globally independent.
The following exercise describes another way to think of the Hamilto-
nian Hpy, which provides a different intuition for the fact that the pair
(-Hn_1(0),—H(o)) has the same distribution as the pair (6.14).

Exercise 6.2.3. For each p-tuplei = (i1,...,4,) with1 <i; < ... <4, <N,
and each j > 1 let us consider independent copies 6; ; of 6, and define

—Hi(O') = Z 9173'(0'1'1,. .. 7Uip) 5

J<ri

where 7; are i.i.d. Poisson r.v.s (independent of all other sources of random-
ness) with
aM

-
()
Prove that the Hamiltonian Hpy has the same distribution as the Hamiltonian

2 i

ETi =

Since the properties of the system governed by the Hamiltonian Hpy de-
pend only of the distribution of this Hamiltonian, from now on in this section
we will assume that, using the same notation as in (6.14),

—HN(O'):—HN_l(O')—H(O'), (615)

where
—HN_l(O') = Z 9;@(0'1-/(]@’1),...,O'i/(k’p)), (616)
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and
—H(O’) :Zﬁj(oi(j)l),...,ai(j)p_l),aN) . (617)
Jj<r

Let us stress that in this section and in the next, the letter r will stand
for the number of terms in the summation (6.17), which is a Poisson r.v. of
expectation 7.

We observe from (6.16) that if we write p = (01,...,0n-1) When o =
(01,...,0n), —Hn_1(0) = —Hn_1(p) is the Hamiltonian of a (N — 1)-spin
system, except that we have replaced v by a different value v_. To compute
v_ we recall that the mean number of terms of the Hamiltonian Hy_; is
alN — 7, so that the mean number y_ of terms that contain a given spin is

__P oy Nop
7-=x N -1 =r5—7> (6.18)
since pa = . We note that y_ < ~, so that
7<% =7 <, (6.19)

a fact that will help the induction.
Given a function f on X7, the algebraic identity

(fy = 7<2§7vf5i>_ (6.20)
holds. Here,
E=E(a,...,a") :exp<z —H(aé)> ) (6.21)
£<n
and as usual Av means average over o,...,on = +1. Thus Av f€ is a

function of (p',...,p") only, and (Av f€)_ means that it is then averaged
for Gibbs’ measure relative to the Hamiltonian (6.13).

In the right-hand side of (6.20), we have two distinct sources of random-
ness: the randomness in (-)_ and the randomness in €. It will be essential
that these sources of randomness are probabilistically independent. In the
previous chapters we were taking expectation given (-)_. We find it more
convenient to now take expectation given £. This expectation is denoted by
E_, so that, according to (6.20) we have

15

After these preparations we describe the structure of the proof. Let us
consider a pair (f’, f) as in Definition 6.2.1. The plan is to write

(Av f'€)_

AV e (6.22)

’ _EE ‘ (Av f1E) _ ‘

(Av fE)_

AviE= Y f!
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for some functions f, on X% _,, such that the number of terms does not
depend on N, and that all pairs (f], Av f€) have the property of the pair
(f', f), but in the (N — 1)-spin system. Since

Avf'e 1 !
Av fE _§ZS:Avf€ ’

we can now apply the induction hypothesis to each term to get a bound for
the sum and hence for
‘ (Av &)

(Av f&)

and finally (6.22) completes the induction step.

We now start the proof. We consider a pair (f’, f) as in Definition 6.2.1,
that is |f'| < Qf, f'oT; = —f' for some i < N, and f, f’ depend on k
coordinates. We want to bound E|(f’)/(f)|, and for this we study the last
term of (6.22). Without loss of generality, we assume that ¢ = N and that f
and f’ depend on the coordinates 1,...,k—1, N. First, we observe that, since
we assume |f'| < Qf, we have |f'E] < QfE, so that |Av f'E] < Av|f'E] <
QAv f€, and thus

_ ’ AvFE)-| g (6.23)

(Av f&€)

We recall (6.21) and (6.17), and in particular that r is the number of terms
in the summation (6.17) and is a Poisson r.v. of expectation 7. We want to
apply the induction hypothesis to compute the left-hand side of (6.23). The
expectation E_ is expectation given &, and it helps to apply the induction
hypothesis if the functions Avf’E and AvfE are not too complicated. To
ensure this it will be desirable that all the points (4, ¢) for j <rand £ < p—1
are different and > k. In the rare event {2 (we recall that {2 denotes an event,
and not the entire probability space) where this not the case, we will simply
use the crude bound (6.23) rather than the induction hypothesis. Recalling
that i(j,1) < ... < i(j,p — 1), to prove that {2 is a rare event we write
2 = 1 U {25 where

le{ajgr, i(j,l)gk—l}

2 - {aj,j’Sm JAF I <p—1, z'(j,@:z'(j',e')}.

These two events depend only on the randomness of £. Let us recall that for
7 < r the sets

are independent and uniformly distributed over the subsets of {1,..., N —1}
of cardinality p — 1. The probability that any given i < N — 1 belongs to
I; is therefore (p — 1)/(IN — 1). Thus the probability that i(j,1) < k — 1,
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i.e. the probability that there exists £ < k — 1 that belongs to I; is at most
(p—1)(k—1)/(N —1). Therefore

(p—1(k-1) kpy
P s —FxF 7 F=y-

Here and below, we do not try to get sharp bounds. There is no point in
doing this, as anyway our methods cannot reach the best possible bounds.
Rather, we aim at writing explicit bounds that are not too cumbersome. For
j < j' < r, the probability that a given point ¢ < N — 1 belongs to both
sets I; and I/ is ((p — 1)/(N — 1)). Thus the random number U of points
i < N — 1 that belong to two different sets I; for j < r satisfies

2
p—1 r(r—1) _ p*y?
= — <
EU = (N 1)<N_1) E— <

using that Er(r — 1) = (Er)? since r is a Poisson r.v., see (A.64). Since U is
integer valued, we have P({U # 0}) < EU and since 25 = {U # 0} we get
2.2
P
P(12) <
() < 557
so that finally, since {2 = (27 U {25, we obtain

k 2.2
P(e) < T (6.25)

Using (6.22), (6.23) and (6.25), we have

e[| & (o | e ) + 2 (1o [ a7
< ’WLNPWQ+E <1QCE_ ‘m‘) : (6.26)

The next task is to use the induction hypothesis to study the last term above.
When 2 does not occur (i.e. on 2°), all the points i(j,¢), j <r, £ <p—1
are different and are > k. Recalling the notation (6.24) we have

J={i(j.0; j<r t<p-1}= ]I,
Jj<r
so that card J = r(p — 1) and
JN{l,... k—1,N}=0. (6.27)

For ¢ < N —1 let us denote by U; the transformation of X%, _; that exchanges
the coordinates o} and o? of a point (p',...,p") of % _,, and that leaves
all the other coordinates unchanged. That is, U; is to NV — 1 what T is to N.
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Lemma 6.2.4. Assume that f' satisfies (6.8) fori =N, i.e. f'oTy =—f"
and depends only on the coordinates in {1,...,k —1,N}. Then when {2 does
not occur (i.e. on 2°) we have

(Avfe) o [JUi=-AvfE. (6.28)
=
Here ], ; U; denotes the composition of the transformations U; for i € J

(which does not depend on the order in which this composition is performed).
This (crucial. . .) lemma means that something of the special symmetry of f’
(as in (6.8)) is preserved when one replaces f’ by Av f'€.

Proof. Let us write T =[], ; T;. We observe first that

fIOT:fI

because f’ depends only on the coordinates in {1,...,k—1, N}, a set disjoint
from J. Thus

icJ

floToTy = folTy=—f (6.29)

since f' o Ty = —f’. We observe now that T o Ty exchanges o} and o? for
all i € JU{N}. These values of i are precisely the coordinates of which &£
depends, so that

EoToTn(ol, 0% ...,6") =E(c? a!,...,0") =E(a!, 0%, ...,0"),

and hence
EoToTy=E¢.

Combining with (6.29) we get
(f'€)oToTy=(foToTN)(EoToTy)=—f&
so that, since T is the identity,
(f'€)oT =—(f'E)oTy . (6.30)

Now, for any function f we have Av(foTy) = Avf and Av(foT) = (Avf)o
[I;c; Us. Therefore we obtain

AV((f'€) o Tw) = Av ['€

AV((f'€)oT) = (Av f'€) o [ U ,

ieJ
so that applying Av to (6.30) proves (6.28). O

Let us set k' = r(p — 1) = card J, and let us enumerate as i1, ..., % the
points of J. Now (6.28) implies
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AvfiE = 1(Avf’5 (Avre)o [] U“> == > fl, (6.31)
2 s<k’ 1§s§k/
where
fi=@Av e o [[ Ui —AvfE)o[] U - (6.32)

u<ls—1 u<s

Since U? is the identity, we have

flolU;, =—fl. (6.33)

S

In words, (6.31) decomposes Av f’E as a sum of ¥’ = r(p — 1) pieces that
possess the symmetry property required to use the induction hypothesis. In
order to apply this induction hypothesis, it remains to establish the property
that will play for the pairs (f], AvfE) the role the inequality |f'| < Qf plays
for the pair (f/, f). This is the purpose of the next lemma. For j < r we set

S; =sup|;(e1,€2,...,6p)|,

where the supremum is over all values of €1,¢€9,...,6, = £1. We recall the
notation (6.24).

Lemma 6.2.5. Assume that 2 does not occur and that is € I,, for a certain
(unique) v < r. Then

u<r

A crucial feature of this bound is that it does not depend on the number n
of replicas.

Proof. Let us write
&= exp( Z —H(a'e)) ; & = exp( Z —H(O'e)) ,
3<e<n =12
so that & = &'€". Since |H(o)| < >, ., Sj, we have
5// 2 exp(—2ZSj> ;
Jj<r

and therefore

£>E&exp (—22 Sj) . (6.35)

J<r
This implies
Av f€ > (Av f€") exp( 23S, ) (6.36)

j<r
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Next,
fl=Avieo I Ui, —(Avfe)o ] Ui,
u<s—1 u<s
—AV( H Tzu_(flg)OHTiu>
u<s—1 u<s
_Av<f/(£o 11 Tq;u—é'oHTiu>>, (6.37)
u<ls—1 u<s

using in the last line that ' oT; = f’ for each u, since f’ depends only on
the coordinates 1,...,k — 1, N. Recalling that £ = £”&’, and observing that
for each i, we have &' o T; = £’, we get

Eo [ T —€o]] T :5’(5”0 II 7. —5”oHﬂu) :
u<s—1 u<s u<s—1 u<s

and, if we set

A=sup|f”o H T, —E&"o HTiu =sup|E”" —E&"oT;,],

u<s—1 u<s

we get from (6.37) that, using that | f/| < Qf in the first inequality and (6.35)
in the second one,

7] < AAV(IF€) < QAAV(JE") < QAAV(fE) exp( N ) (6.38)

j<r

To bound A, we write £” =[]..,. &;, where

Jj<r

¢ ¢
Ej =exp Z ]1),...,01-(%[)_1),0]\,).
=1,2

We note that £ o T;, = &; if j # v, because then &; depends only on the
coordinates in I;, and is ¢ I; if j # v, since i5 € I, and I; N [, = (. Thus

&g’ *EHOT%S = (gv - & OTZ’S) H‘SJ .
J#v
Now, using the inequality |e” — e¥| < |z — yle® < 2ae® for |z|, |y| < a and
a = 2S,, we get
|Ey — Ey o Ty | <45, exp2S, .

Since for all j we have &; < exp2S;, we get A < 485, exp?ZjQ, S;. Com-
bining with (6.38) completes the proof. - a
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Proposition 6.2.6. Assume that N > p + 1 and that condition C(N —
1,70, B, B*) holds. Consider f' and f as in Definition 6.2.1, and assume
that v < 9. Then

E ’ <<];>> < % ( (Y+4BD exp 4D) +4pBUEr*V" ! +py* +4B* D exp 4D) ;
(6.39)
where

D =~ESexp4S .

Proof. We keep the notation of Lemmas 6.2.4 and 6.2.5. Since v_ < ~, we
can use C'(N — 1,7, B, B*) to conclude from (6.33) and (6.34) that, since
fl and AvEf depend on k — 1+ r(p — 1) < k + rp coordinates, and since
1/(N —1) <2/N because N > 2, on {2¢ we have

‘Ug;;& ‘ <% (ks mB+BY) Sexp< Zs)

N
j<r
Let us denote by Ey expectation in the r.v.s 04, ...,0, only. Then we get
(fo- 8Q -1
EgE_ = k B+ BY)UV”™
e s | < R s v

where

U=ESexp4dS; V =EexpdSs.
Combining with (6.31), and since there are k' = r(p — 1) < rp terms we get

(Av f'E) ‘ < 4Qp

(Av fE)_ - (k7 + r2p)B + rB YUV .

EgE_‘

This bound assumes that {2 does not occur; but combining with (6.26) we
obtain the bound

(f") <@
E'<f> N

Since r is a Poisson r.v. of expectation v a straightforward calculation shows
that ErV"=! = yexpy(V — 1). Since e < 1 + ze® for all z > 0 (as is trivial
using power series expansion) we have V' < 144U, so expy(V —1) < exp4yU
and UErV"—! < Dexp4D. The result follows. (|

Proof of Theorem 6.2.2. If

(kv + p? + 4B(KUERV' ! 4 pUER2V" 1) + AB*UErV" 1) .

Dy = yE Sexp4dS
is small enough that 16pDy < 1 then

4pDgyexp4Dy < 1/2 (6.40)
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and (6.39) implies
/

(f)

Thus condition

B B*
< % (k <p70 + 5) +4p? BUEr?V™ 1 4 p?42 4+ 5 ) .

C(N,~0.py0 + B/2,4p* BUEr*V" ™" + p°43 + B*/2)
holds. That is, we have proved under (6.40) that

C(N —1,70, B, B*) = C(N, 0, pyo + B/2,4p* BUEr*V" "t 4-p?~42 + B*/2)) .

(6.41)
Now, we observe that UEr?V"=1 < K~ and that if K; = 2pyg and K} =
8p? K1 K~ + 2p?+2, (6.41) shows that (6.12) holds, and we have completed
the induction. ]

Probably at this point it is good to stop for a while and to wonder what
is the nature of the previous argument. In essence this is “contraction ar-
gument”. The operation of “adding one spin” essentially acts as a type of
contraction, as is witnessed by the factor 1/2 in front of B and B* in the
right-hand side of (6.41). As it turns out, almost every single argument used
in this work to control a model under a “high-temperature condition” is of
the same type, whether this is rather apparent, as in Section 1.6, or in a
more disguised form as here. (The one exception being Latala’s argument of
Section 1.4.)

We explained at length in Section 1.4 that we expect that at high-
temperature, as long as one considers a number of spins that remains bounded
independently of N, Gibbs’ measure is nearly a product measure. For the
present model, this property follows from Theorem 6.2.2 and we now give
quantitative estimates to that effect, in the setting we need for future uses.

Let us consider the product measure p on Y51 such that

Wi<N-1, /oidu(p):wi},,

and let us denote by (-) an average with respect to p. Equivalently, for a
function f on Yy _1, we have

(fle=(flot,-sonTD))- (6.42)

where ¢! is the i-th coordinate of the i-th replica p’. The following conse-
quence of property C'(N,~o, Ko, Ko) will be used in Section 6.4. It expresses,
in a form that is particularly adapted to the use of the cavity method the fact
that under property C'(N, o, Ko, Ko), a given number of spins (independent
of N) become nearly independent for large N.
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Proposition 6.2.7. If property C(N,~o, Ko, Ko) holds for each N, and if
v < 7o, the following occurs. Consider for j < r sets I; C {1,...,N} with
cardl; = p, N € I;, and such that j # j' = I; NIy = {N}. For j <r
consider functions W; on Xy depending only on the coordinates in I; and
let S; = sup |W,(o)|. Let

E= epoWj(a') .
J<r

Then, recalling the definition (6.42), we have

(AvonE)-  (Avon&).
(AvE)_ (AvE),

12
8?"(}3\7 _1)1 Ko Zexp 28; . (6.43)

Jj<r

This is a powerful principle, since it is very much easier to work with
the averages (-)e than with the Gibbs averages (-)_. We will use this result
when r is as usual the number of terms in (6.17) but since in (6.43) the
expectation E_ is only in the randomness of (-)_ we can, in the proof, think
of the quantities r and W; as being non-random.

Proof. Let f/ = Avony€ and f = AvE. For 0 < < N — 1, let us define

1 N-1 1 2 L 1 1
fi=filp,...,p ):f(O'l,O'Q,...,0';7Ui+17.-~,0N,1)

and f! similarly. The idea is simply that “we make the spins independent one

at a time”. Thus
(Avon&)_ _ {(fi)- . (Avon&)s = (o) (6.44)

(AvE) - ()= (AvE)e  (fn-1)-
and the left-hand side of (6.43) is bounded by

> e |- )

2<i<N-—1

The terms in the summation are zero unless ¢ belongs to the union of the
sets I, j < r, for otherwise f’ and f do not depend on the i-th coordinate
and f; = fi—1, f/ = f/_,. We then try to bound the terms in the summation
when ¢ € I; for a certain j < r. Since |f]| < f; we have

et bl et e
<[l [Pt

so that, taking expectation in the previous inequality we get
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(fiin)- () ‘( i1— f£>—‘ (fie1 = fi)-

N fe)- ()= (fic1)— (fimi)—

We will use C(N — 1,79, Ko, Ko) to bound these terms. First, we observe
that the function f/_; — f! changes sign if we exchange o} and o!. Next, we
observe that since W,, does not depend on o; for u # j (where j is defined
by i € I;) we have

‘ <E FE ’ ‘  (6.49)

r_ 12 i 1 1
£ .—expg Wu(o1,05,...,04,0i41,---,0N)

=y

_ 1 2 i-1 1 _1 1

—eXpE Wul(01,05,...,0; 1,0, ,0i 1, 0N) -
=y

Then 4
fici =AvE(o],...,0 1,08, ..., 08) > exp(—S;)Av E,

where Av denotes average over ok = £1. In a similar fashion, we get |f/_,| <
exp S;AvE’, | f| < expS;AvE’, and thus

[fic1 — fil < (2exp2S;) fi-1
so that using (6.11) property C(N — 1,0, Ko, Ko) implies

’< {—1—f{>’ < 4K
(fic1)- |~ N-1

because these functions depend on r(p—1) coordinates. We proceed similarly
to handle the last term on the right-hand side of (6.45). We then perform the
summation over ¢ < N — 1. A new factor p — 1 occurs because each set I;
contains p — 1 such values of i. O

E_

r(p—1)exp2S;, (6.46)

6.3 The Functional Order Parameter

As happened in the previous models, we expect that if we fix a number n and
take N very large, at a given disorder, n spins (o1, ...,0,) will asymptoti-
cally be independent, and that the r.v.s (o1),...,{(0,) will asymptotically be
independent. In the case of the SK model, the limiting law of (o;) was the
law of th(8z,/q + h) where z is a standard Gaussian r.v. and thus this law
depended only on the single parameter q.

The most striking feature of the present model is that the limiting law is
now a complicated object, that no longer depends simply on a few parameters.
It is therefore reasonable to think of this limiting law p as being itself a kind
of parameter (the correct value of which has to be found). This is what the
physicists mean when they say “that the order parameter of the model is a
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function” because they identify a probability distribution g on R with the
tail function ¢ — pu([t, 00)).

The purpose of the present section is to find the correct value of this
parameter. As is the case of the SK model this value will be given as the
solution of a certain equation. The idea of the construction we will perform
is very simple. While using the cavity method in the previous section, we
have seen in (6.34) (used for n =1 and f(o) = on) that

(AvonE)
= A4
(o) = = (6.47)
where
&= exp E Hj(oi(j’1)7 e 70i(j,p—1)7JN) . (648)

Jj<r

In the limit N — oo the sets I; = {i(j,1),...,i(j,p—1)} are disjoint. The
quantity £ depends on a number of spins that in essence does not depend
on N. If we know the asymptotic behavior of any fixed number (i.e. of any
number that does not depend on N) of the spins (0;);<n, we can then com-
pute the behavior of the spin on. This behavior has to be the same as the
behavior of the spins o; for i < N, and this gives rise to a “self-consistency
equation”.

To define formally this equation, consider a Poisson r.v. r with Er = =,
and independent of the r.v.s 6. For o € {—1,1}" and e € {—1,1} we define

(C/’T = gr(0'78) = exp Z Qj(a(j_l)(p_1)+17 PN 7Uj(p—l)78) . (649)

1<j<r

This definition will be used many times in the sequel. We note that &,
depends on o only through the coordinates of rank < r(p — 1).

Given a sequence x = (z;);>1 with |z;] < 1 we denote by Ax the prob-
ability on {—1,1}" that “has a density [[,(1 + z;0;) with respect to the
uniform measure”. More formally, Ax is the product measure such that
J 0idA« (o) = x; for each i. We denote by (-), an average for Ax.

Similarly, if x = (z;)i<m we also denote by Ax the probability measure
on Xy = {—1,1}M such that [o;d\x(0) = x; and we denote by (-)x an
average for Ay, so that we have

(f}x:/ 1_[(1—}—901-(71»)f(o')d0'7

i<M

where do means average for the uniform measure on X);.

These definitions are also of central importance in this chapter. The
idea underlying these definitions has already been used implicitly in (6.42)
since for a function f on Xny_1 we have

(fle=1(f)x, (6.50)
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where Y = ({(o1)—, ..., {on=1)-).
Consider a probability measure p on [—1,1], and an i.i.d. sequence X =
(Xi)i>1 such that X, is of law pu. We define T'(1t) as the law of the r.v.

<AV 58T>X

7<AV€T’>X , (6.51)

where Av denotes the average over ¢ = +1. We note that £ depends on o
and e, so that Ave€, and Av &, depend on o only and (6.51) makes sense.
The intuition is that if p is the law of (o;) for i« < N, then T'(u) is the law
of (on). This is simply because if the spins “decorrelate” as we expect, and
if in the limit any fixed number of the averages (o;); are i.i.d. of law p, then
the right-hand side of (6.47) will in the limit have the same distribution as
the quantity (6.51).

Theorem 6.3.1. Assume that
4vypE(Sexp25) < 1. (6.52)
Then there exists a unique probability measure p on [—1,1] such that
p="T(u).

The proof will consist of showing that 7" is a contraction for the Monge-
Kantorovich transportation-cost distance d defined in (A.66) on the set of
probability measures on [—1,1] provided with the usual distance. In the
present case, this distance is simply given by the formula

d(py, p2) =infE|X =Y/,

where the infimum is taken over all pairs of r.v.s (X,Y) such that the law
of X is pp and the law of Y is ps. The very definition of d shows that to
bound d(p1, u2) there is no other method than to produce a pair (X,Y) as
above such that E|X — Y| is appropriately small. Such a pair will informally
be called a coupling of the r.v.s X and Y.

Lemma 6.3.2. For a function f on {—1,1}, we have

0
8561'

(Flx = (Aif)x (6.53)

where A;f(n) = (f(m) — f(n;))/2, and where n; (resp. m; ) is obtained by
replacing the i-th coordinate of n by 1 (resp. —1).

Proof. The measure A\, on {—1,1} such that [nd\;(n) = x gives mass
(14 2)/2to 1 and mass (1 —x)/2 to —1, so that for a function f on {—1,1}
we have
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/ Fln dxe(n) = S(FQ) + F(-1) + S(F(1) ~ F(-1))

Thus, using in the second inequality the trivial fact that a = (a), for any
number a implies

St = 300 -5 = (5Um-sCn) - 5

Since Ax is a product measure, using (6.54) given all the coordinates different
from 4, and then Fubini’s theorem, we obtain (6.53). O

Lemma 6.3.3. If&, isasin (6.49), if L<j<randif (j—1)(p—1) <i<
J(p - 1)7 then

0 (Aveé)x
ébci <AV€T>X

where S; = sup |6,|. For the other values of i the left-hand side of the previous
inequality is 0.

<28 exp28;

Proof. Lemma 6.3.2 implies:

0 (AveE)x  (AfAVEE))x  (AVEE)x(AAvVE )
or; (AvE)x  (AvE)x (AvEn)z

(6.55)

Now

|Ai(AveE,)| = [Av (cAE)| < AV AL, .

We write &, = £'E”, where £ = exp 0;(0(j—1)(p—1)+1, - - - » Tj(p—1), €), and
where £” does not depend on ¢;. Thus, using that [e* —e¥| < |z —yle® < 2ae®
for |z|,|y] < a, we get (keeping in mind the factor 1/2 in the definition
of A;, that offsets the factor 2 above) that A;E" < S;expS;, and since
" < & expSj we get

‘A15r| = |5”Ai€/| S (Sj exp Sj)g” S (SJ exp QSJ’)ST

and thus (A(AveE,)
7 VECr))x
AT T EET)/X ) £ g -
‘ (AvE ) < Sjexp28;
The last term of (6.55) is bounded similarly. O

Proof of Theorem 6.3.1. This is a fixed point argument. It suffices to prove
that under (6.52), for any two probability measures p; and po on [—1, 1], we
have

AT (), () < ey i) (6.56)

First, Lemma 6.3.3 yields that given x,y € [—1,1]Y it holds:
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§225’jexp25j Z lzi — yil -
J<r (-1 (p-1)<i<j(p—1)
(6.57)

Consider a pair (X,Y") of r.v.s and independent copies (X;,Y;);>1 of this pair.
Let X = (X;)i>1, Y = (Yi)i>1, so that from (6.57) we have

(AveE,), (Ave&:),

(Av &), (AvEr),

S e S =
Vir)x Vir)y j<r (G- (p—1)<i<j(p—1)

(6.58)
Let us assume that the randomness of the pairs (X;,Y;) is independent of the
other sources of randomness in (6.58). Taking expectations in (6.58) we get

<29(p—1)(ESexp2S)E|X —Y|.  (6.59)

£ (Aveér)x  (Aveb)y
(AvEr)x (AvEr)y
If X and Y have laws pp and po respectively, then

(Ave&)x (Ave&, )y
- and -
(AvE)x (AvE )y

have laws T'(u1) and T'(u2) respectively, so that (6.59) implies
d(T(p1), T(p2)) < 2v(p — 1)(ESexp2S)E[X — Y.
Taking the infimum over all possible choices of X and Y yields

d(T (1), T (p2)) < 2v(p — 1)d(p1, p2)ES exp 25 ,

so that (6.52) implies (6.56). O

Let us denote by T the operator T" when we want to insist on the de-
pendence on +y. The unique solution of the equation p = T, (1) depends on
v, and we denote it by p, when we want to emphasize this dependence.

Lemma 6.3.4. If v and v satisfy (6.52) we have

Ay, pryy) < 4ly =7 -

Proof. Without loss of generality we can assume that v < 4. Since p, =
T, () and iy = Ty (p47), we have

Aiys oy ) < ATy (p1y), Ty (py)) + (T (11 ), Ty (7))

1
< §d(/1’“/a piyr) + (T (piy ), Ty () (6.60)
using (6.56). To compare T, (u) and T,/ (p) the basic idea is that there is
natural coupling between a Poisson r.v. of expectation v and another Poisson
r.v. of expectation 7/ (an idea that will be used again in the next section).



6.4 The Replica-Symmetric Solution 345

Namely if 7’ is a Poisson r.v. with Er”’ = ~" := 4'—~, and r” is independent of
the Poisson r.v. r such that Er = ~ then r+r" is a Poisson r.v. of expectation
+'. Consider &, as in (6.49) and, with the same notation,

E'=exp Y 0(0G-1)p-141s 2 Ti(p-1):E)
r<j<r+4r’

so that &,.&" = &,4,~. Consider an i.i.d. sequence X = (X;);>1 of common
law p. Then the r.v.s

(Ave&)x and (Ave& &y
(AvE&)x (AvEEx

have respectively laws T (1) and T (p). Thus

R

<P #£0)=2(1—e ) <2y — ),

(6.61)

so that (6.60) implies that d(fi, py) < d(fiy, py)/2 + 2(y" — 7), hence the
desired result. |

Exercise 6.3.5. Consider three functions U,V,W on X%,. Assume that
V > 0, that for a certain number @, we have |[U| < QV, and let S* =
SUPy1 . on |W|. Prove that for any Gibbs measure (-) we have

(UexpW) (U)

— L L < 2Q5" 25,

(VexpW) (V)| @57 exp
Exercise 6.3.6. Use the idea of Exercise 6.3.5 to control the influence of
&' in (6.61) and to show that if v and + satisfy (6.52) then d(j, pty) <
4|y —4'|ES exp 2S.

6.4 The Replica-Symmetric Solution

In this section we will first prove that asymptotically as N — oo any fixed
number of the quantities (o;) are ii.d. of law ., where p, was defined
in the last section. We will then compute the quantity limy_. pn(y) =
limy oo N 1Elog Zn (7).

Theorem 6.4.1. Assume that
16pyoESexp4S < 1. (6.62)

Then there exists a number Ka(p,~o) such that if we define for n > 0 the
numbers A(n) as follows:
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A(0) = K2(p,70)Eexp25 , (6.63)
A(n+1) = A(0) + (40p°(y0 + 75)ES exp 25) A(n) (6.64)
then the following holds. If v < 7o, given any integers k < N and n we can
find i.i.d. r.v.s 21,. .., 2 of law u, such that
k3 A(n)
E ) =z <27 : :
D_loi) ==l <27+ = (6.65)
i<k
In particular when ,
80p* (70 + 73)ES exp2S < 1, (6.66)
we can replace (6.65) by
2k3 K.
EY os) — il < #Eexﬂs. (6.67)

i<k

The last statement of the Theorem simply follows from the fact that under
(6.66) we have A(n) < 2A(0), so that we can take n very large in (6.90).
When (6.66) need not hold, optimisation over n in (6.65) yields a bound
< KEkN~® for some a > 0 depending only on g, p and S.

The next problem need not be difficult. This issue came at the very time
where the book was ready to be sent to the publisher, and it did not seem ap-
propriate to either delay the publication or to try to make significant changes
in a rush.

Research Problem 6.4.2. (level 1-) Is it true that (6.67) follows from
(6.62)? More specifically, when vy > 1, and when S is constant, does (6.67)
follow from a condition of the type K(p)vyoS < 17

Probably the solution of this problem will not require essentially new
ideas. Rather, it should require technical work and improvement of the esti-
mates from Lemma 6.4.3 to Lemma 6.4.7, trying in particular to bring out
more “small factors” such as ESexp2S, in the spirit of Exercice 6.3.6. It
seems however that it will also be necessary to proceed to a finer study of
what happens on the set 2 defined page 349.

It follows from Theorem 6.2.2 that we can assume throughout the proof
that property C(~o, N, Ko, Ko) holds for every N. It will be useful to consider
the metric space [—1,1]*, provided with the distance d given by

d((w:)i<h, (Ya)i<k) = D |2 — il - (6.68)
i<k

The Monge-Kantorovich transportation-cost distance on the space of proba-
bility measures on [—1, 1]¥ that is induced by (6.68) will also be denoted by
d. We define
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D(N,k,~v) = sup d(ﬁ(<0’1>,...,<0’k,>),ﬂ§k) (6.69)
v<70
where £(X7, ..., X)) denotes the law of the random vector (X7, ..., Xj).

By definition of the transportation-cost distance in the right-hand side
of (6.69), the content of Theorem 6.4.1 is that if ~, satisfies (6.62) we have
D(N, k,7v0) < 2! "k +k3A(n)/N for each k < N and each n. This inequality
will be proved by obtaining a suitable induction relation between the quan-
tities D(N, k,70). The overall idea of the proof is to use the cavity method
to express (01),..., (o) as functions of a smaller spin system, and to use
Proposition 6.2.7 and the induction hypothesis to perform estimates on the
smaller spin system.

We start by a simple observation. Since ZKk |z — yi| < 2k for a;,y; €
[—1,1], we have D(N, k,~o) < 2k. Assuming, as we may, that Ks(p,y0) > 4p,
we see that there is nothing to prove unless N > 2pk? so in particular N >
p+k and N > 2k. We will always assume below that this is the case. We
also observe that, by symmetry,

£(<O’1>, ceay <0'k>) = £(<0'N—k+1>7 ceey <O'N>) .

The starting point of the proof of Theorem 6.4.1 is a formula similar to (6.20),
but where we remove the last k coordinates rather than the last one. Writing
now p = (01,...,0N—), we consider the Hamiltonian

—Hy_k(p) =D _0:(0i(s,1)s - Tis.p)) - (6.70)

where the summation is restricted to those s < M for which i(s,p) < N — k.
This is the Hamiltonian of an (N — k)-spin system, except that we have
replaced v by a different value v_. To compute v_ we observe that since
the set {i(s,1),...,i(s,p)} is uniformly distributed among the subsets of
{1,..., N} of cardinality p, the probability that i(s,p) < N — k, i.e. the
probability that this set is a subset of {1,..., N — k} is exactly

(")
ALY
- 0)
P
so that the mean number of terms of this Hamiltonian is Na7, and
v—(N —k)=pNar =Nt

and thus

(N—-k-1)---(N—k—p+1)
=1 (N—p+1)

In particular v— < vy whenever v < ~7g. Let us denote again by (-)_ an

average for the Gibbs measure with Hamiltonian (6.70). (The value of k will

be clear from the context.) Given a function f on Xy, we then have

V- =7 (6.71)
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(Av f&€)
= 72
(N ="he (6.72)
where Av means average over onN_k41,...,0n = 1, and where

&= exp Z 98(0-7)(8,1)’ s 7Ui(s,p)) )

for a sum over those values of s < M for which i(s,p) > N —k+1. As before,
in distribution,
g = exngj(o-i(j,l)a"'ao—i(j,p)) y (673)
J<r
where now the sets {i(j,1),...,4(j,p)} are uniformly distributed over the
subsets of {1,..., N} of cardinality p that intersect {N —k+1,..., N}, and
where 7 is a Poisson r.v. The expected value of r is the mean number of terms

in the Hamiltonian —H y that are not included in the summation (6.70), so
that

()N vy ke k- pt)
Er =aN 1—W :7(1— N o(N—pil) ).(6.74)

The quantity r will keep this meaning until the end of the proof of The-
orem 6.4.1, and the quantity £ will keep the meaning of (6.73). It is good to
note that, since N > 2kp, for £ < p we have

N—-k—/¢ k 2k
=1- >1-
N—¢ N —¢ N
Therefore
(N—k)--(N—k—p—1) 2%\ P 2kp
>(1-22) > - 22 )
N (N—p+1) —(1 ) =1=5" (6.75)
and thus
Er <2kvy. (6.76)
We observe the identity
B (Avon_g+1&)— (AvonE)_
Cllow-ren)onslow)) = £ (LBl | BROXD) ()

The task is now to use the induction hypothesis to approximate the right-
hand side of (6.77); this will yield the desired induction relation. There are
three sources of randomness on the right-hand of (6.77). There is the ran-
domness associated with the (N — k)-spin system of Hamiltonian (6.70); the
randomness associated to r and the sets {i(j,1),...,i(j,p)}; and the random-
ness associated to the functions 6, s < r. These three sources of randomness
are independent of each other.
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To use the induction hypothesis, it will be desirable that for j < r the
sets

Iy ={i(4,1), ..., i(G,p— 1)} (6.78)

are disjoint subsets of {1,..., N — k}, so we first control the size of the rare
event {2 where this is not the case. We have {2 = (21 U {25, where
0 = {Hj <r i(j,p—2) 2N—k—|—1}
92 = {3]33/ S T, ] %Jl ) 3&6/ Sp* 1 72(]36) = Z(]Iagl)} .

Proceeding as in the proof of (6.25) we easily reach the crude bound

]{/‘2
P(R) < < (w+7°p%) - (6.79)
We recall that, as defined page 341, given a sequence x = (21,...,TN_k)

with |z;| <1 and a function f on X'y_, we denote by (f)x the average of f
with respect to the product measure Ax on Xn_j such that f 0; dAx(p) = z;
for1<i< N —k.

We now start a sequence of lemmas that aim at deducing from (6.77) the
desired induction relations among the quantities D(N, k, 7). There will be
four steps in the proof. In the first step below, in each of the brackets in the
right-hand side of (6.77) we replace the Gibbs measure (-)_ by (-)y where
Y = ({61)—,...,{on—k)—). The basic reason why this creates only a small
error is that C (N, o, Ko, Ko) holds true for each N, a property which is used
as in Proposition 6.2.7.

Lemma 6.4.3. Consider the sequence

Y = (<01>—a R <O-N—]€>—) .
oet (A £) (A £)
o - VON—k4£C)— | _ VON—k+4C)Y
e ={oN ko) = e v (AvE)y
Then we have
ki3
d(L(uy. .., ug), Lv1,...,05)) < NK(p, Y0)Eexp2S . (6.80)

Proof. From now on E_ denotes expectation in the randomness of the N — k
spin system only. When {2 does not occur, there is nothing to change to the
proof of Proposition 6.2.7 to obtain that

8r(p — 1)°Ko
E_|ug —ve| < —N_r ZGXPQSJ' )

Jj<r
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where we recall that r denotes the number of terms in the summation in
(6.73), and is a Poisson r.v. which satisfies Er < 2k~. We always have E_|u, —
ve| < 2, so that

—1)2K,
E_|ug — ve < M

N > exp2S; +21q . (6.81)

Jj<r
Taking expectation in (6.81) then yields

8(p — 1)°K
(pj\/'ifz;oEeXp 25 ETQ + 2P(Q>
2
< FE([® )
- N
using (6.79), that N — k > N/2 and that Er? = Er + (Er)? < 2vk + 4+%k? .
Since the left-hand side of (6.80) is bounded by ", . E|u¢ — v¢|, the result
follows. N O

IN

E|’u,g — w|

Eexp2S5,

In the second step, we replace the sequence Y by an appropriate i.i.d.
sequence of law fi,_. The basic reason this creates only a small error is the
“induction hypothesis” i.e. the control of the quantities D(N — k, m, o).

Proposition 6.4.4. Consider an independent sequence X = (X1,..., Xn_k)
where each X; has law p— = p, . We set

(Avon_1e€)x

= 6.82
Wy <AV(€>X ’ ( )
and we recall the quantities vy of the previous lemma. Then we have
k‘3
d(L(v1,...,vE), L(wy, ..., wg)) < =K (p,70) (6.83)

N
+ 4ES exp2SED(N — k,r(p —1),7%) ,

where the last expectation is taken with respect to the Poisson r.v. r.
The proof will rely on the following lemma.

Lemma 6.4.5. Assume that §2 does not occur. Consider ¢ < k and
&= expzej(ai(j,l)a ey Oi(jp—1)s ON—k+£) 5 (6.84)

where the summation is over those j < for which i(j,p) = N —k+{. Then
for any sequence x we have
(Avon_1+6€)x  (Avon_pe&i)x

AvE)x  (Av&)x (6.85)

Consequently
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0 (Avon_ke€)y
ox; (Av &),

unless i € I for some j with i(j,p) = N—k+L. In that case we have moreover

=0 (6.86)

0 (Avon_i+eE)x

— <4S; 25; . .
oz, AvE) < 4S;exp2S; (6.87)

Proof. Define & by & = &&,. Since {2 does not occur, the quantities
on—k+e€e and &y depend on disjoint sets of coordinates. Consequently

Av O’N_k+g5 = (AV (TN_;H_ggz)(AV 5é) (688)

AVE = (AVE)(AVE)) . (6.89)

In both (6.88) and (6.89) the two factors on the right depend on disjoint sets
of coordinates. Since (-)x is a product measure, we get

<AV UN—k+é£>x = <AV O'N_k+ggg>x<AV 5é>x

and similarly with (6.89), so that (6.85) follows, of which (6.86) is an obvious
consequence. As for (6.87), it is proved exactly as in Lemma 6.3.3. O

Proof of Proposition 6.4.4. The strategy is to construct a specific realiza-
tion of X for which the quantity E) ", v, |[ve—we| is small. Consider the set
J =U,<, I; (so that cardJ < (p — 1)r). The construction takes place given
the set J. By definition of D(N — k,r(p — 1),70), given J we can construct
an 1.i.d. sequence (X;);<n—_j distributed like p_ that satisfies

E- ) I1Xi— (o) | <2D(N = k,r(p—1),%) - (6.90)
ieJ

We can moreover assume that the sequence (6;);>1 is independent of the
randomness generated by J and the variables X;. The sequence (X;)i<n—x
is our specific realization. It is i.i.d. distributed like p_.

It follows from Lemma 6.4.5 that if {2 does not occur,

<AV0‘N,]€+4<‘:>X <AV0‘N,]€+5 5>Y '

|we — ve| = ‘

AvE)x  (AvE)y
< Z(Z | X; — (o) _ |)2S exp 25;
i€l

where the first sum is over those j < r for which i(j,p) = N — k + {. By
summation over ¢ < k, we get that when (2 does not occur,

Z|wg—w| <22|X ) 1Sj) exp 280y

1<k ieJ
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where j(¢) is the unique j < r with ¢ € I;. Denoting by Eg expectation in the
r.v.s (6;);>1 and using independence we get

Eo ) lwe—vel <2 |X; — (03)_ [ESexp2S .

<k =

Taking expectation E_ and using (6.90) implies that when {2 does not occur,

EgE_ ) |we — ve| < 4(ESexp28)D(N — k,r(p —1),70) ,
1<k

i.e.

1o-EgE_ > Jwy — ve| < 4(ESexp2S)D(N — k,r(p—1),7%) . (6.91)
<k

On the other hand, on {2 we have trivially

EoE_ Z lwe — ve| < 2k
1<k

and combining with (6.91) we see that

EE_ ) |wy — ve| < 4(ESexp28)D(N — k,r(p — 1),70) + 2kl .
<k

Taking expectation and using (6.79) again yields
KK
EZ |we — ve| < % +4(ESexp2S)ED(N — k,r(p —1),7%) ,
<k
and this implies (6.83). O

Now comes the key step: by definition of the operator T of (6.51) the r.v.s
wy of (6.82) are nearly independent with law T'(u_).

Proposition 6.4.6. We have

k2
AL (s, i), T(p ) @+ & () < K (p,0) (6.92)
Proof. Let us define, for £ < k
r(f) = card{j <r;i(j,p—1)<N-k, i(j,p)=N—k +€} , (6.93)

so that when {2 does not occur, (¢) is the number of terms in the summation
of (6.84), and moreover for different values of ¢, the sets of indices occurring
in (6.84) are disjoint. The sequence (r(€)),<k is an i.i.d. sequence of Poisson
r.v.s. (and their common mean will soon be calculated).
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For £ > 1 and j > 1 let us consider independent copies §,; of # and for
m > 1 let us define, for o € RY,

Eom = Em(0,€) = exp Z 0,5 (TG—1)(p—1)41s+ - > Tj(p—1)+E)

1<j<m

a formula that should be compared to (6.49).
For ¢ < k, let us consider sequences X; = (X ¢);>1, where the r.v.s X;
are all independent of law pu_. Let us define wj, = wy when (2 occurs, and

otherwise
(Ave€er)x,
(AvEi )%,

The basic fact is that the sequences (we)e<k and (w})e<y have the same law.
This is because they have the same law given the r.v. r and the numbers
i(4,1),...,i(j,p) for j < r. This is obvious when {2 occurs, since then wj, =
wg. When (2 does not occur we simply observe from (6.85) and the definition
of w, that

!

wy = (6.94)

(Avon_r1e€e)x
(AvE&i)x
We then compare with (6.94), keeping in mind that there are r(£) terms in

the summation (6.84), and then using symmetry.
Therefore we have shown that

Wy =

L(w, ... ,wg) = L(w),...,w) . (6.95)

Since the sequence (r(¢)) <y is an 1.i.d. sequence of Poisson r.v.s, the sequence
(w})e<k is i.1.d. It has almost law T'(u—), but not exactly because the Poisson
r.v.s r(£) do not have the correct mean. This mean " = Er({) is given by

, v (5H) ke —k—pe2)
T (w) TN (N-p+1)

p

To bound the small error created by the difference between v and +' we
proceed as in the proof of Lemma 6.3.4. We consider independent Poisson
r.v.s (r"(€))i<y of mean v —+/, so that s(¢) = r(£) +r”(¢) is an independent
sequence of Poisson r.v.s of mean ~. Let
w! = <AV 68&5(£)>X[
= T A . -
(AvEisi))x,

The sequence (wy)¢<y is i.i.d. and the law of w} is T'(—). Thus (6.95) implies:

d(Lwi, ... w), T(ps) @ - @ T(uo)) = d(L @), .. w}), L], ..., wf))

< ZE\w2 —wy| .

<k
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Now, since wj = w} unless {2 occurs or s(¢) # r(¢), we have
Elwy —wi| < 2(P(s(0) # r(¢)) + P(2))
and
P(s(0) #r(0)) =P("(() #0) <v—7".
Moreover from (6.75) we see that v — 4’ < 2ykp/N. The result follows. O
The next lemma is the last step. It quantifies the fact that T'(—) is nearly
e
Lemma 6.4.7. We have
4vk2p
N

d(T ()", u®*) < (6.96)

Proof. The left-hand side is bounded by

kd(T(p-), 1) = kd(T(p—), T (1)) <

k
5k 1) < 2k(y =-)

using Lemma 6.3.4. The result follows since by (6.75) we have v — v_ <

2kpy/N. O

Proof of Theorem 6.4.1. We set B = 4ES exp2S. Using the triangle in-
equality for the transportation-cost distance and the previous estimates, we
have shown that for a suitable value of K3(vo,p) we have (recalling the defi-
nition (6.63) of A(0)),

k3 A(0)

d(‘c(<o—N7k+1> PR <JN>)7NJ®k) < T + BED(N - k,?"(p - 1)770) .
(6.97)
Given an integer n we say that property C*(N,~p,n) holds if
k3A
Vp< N <N,Vk<N', DN k) <2'7"k+ N@ (6.98)

Since D(N', k,v9) < 2k, C*(N,~9,0) holds for each N. And since A(n)
A(0), C*(p,70,n) holds as soon as Ka(v0,p) > 2p, since then D(p, k, 7o)
2k < k3A(0)/p < k3A(n)/p. We will prove that

>
<

C*(N = 1,79,n) = C*(N,y0,n+ 1), (6.99)

thereby proving that C*(N, v, n) holds for each N and n, which is the content
of the theorem.

To prove (6.99), we assume that C*(N — 1,79, n) holds and we consider
k < N/2. Tt follows from (6.98) used for N =N —k < N —1and r(p—1)
instead of k that since k < N/2 we have

p*riA(n)

T 2p3r3 A(n)
N -k

D(kaar(pf]-)a’m) S 217nrp+ N

<2t mep+ , (6.100)
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and going back to (6.97),
k3A(0 2p3 A
A(L((on i) - (o)) < 2=pBEr + A0 WA ey

N
(6.101)
Since r is a Poisson r.v., (A.64) shows that Er® = (Er)3 + 3(Er)? + Er, so
that since Er < 2kvy we have crudely

Erd <20(y +12)E*, (6.102)

using that 42 <« + ~3. Since pBEr = 2pBky < k/2 by (6.62), using (6.102)
to bound the last term of (6.101) we get

Rk —-n K 3 3
A(L{oN—p41) s (on) ) <277k + <= (A(0) +40p° (v ++7) BA(n)) ,

and since this holds for each v < 79, the definition of D(N, k, 7o) shows that

k3 kA 1
D(N,k’,’}/o) < 27"k—|—N(A(O)+40p3(70+73)BA(n)) = 2*"k+% .
(6.103)

We have assumed k < N/2, but since D(N, k,) < 2k and A(n+1) > A(0),
(6.103) holds for k > N/2 provided Ks(~g,p) > 8. This proves C*(N, vy, n+1)
and concludes the proof. O

We now turn to the computation of
1
pn(y) = NElog;exp(—HN(a)). (6.104)

We will only consider the situation where (6.66) holds, leaving it to the reader
to investigate what kind of rates of convergence she can obtain when assum-
ing only (6.62). We consider i.i.d. copies (#;);>1 of the r.v. 8, that are inde-
pendent of 6, and we recall the notation (6.49). Consider an i.i.d. sequence
X = (X;)i>1, where X is of law 1, (given by Theorem 6.3.1). Recalling the
definition (6.49) of &, we define

p(y) =log2 — A=)

Elog (expf(o1,...,0,))x + Elog (AvE,)x . (6.105)
Here as usual Av means average over ¢ = %1, the notation (-)yx is as in e.g.
(6.51), and r is a Poisson r.v. with Er = ~.

Theorem 6.4.8. Under (6.62) and (6.66), for N > 2, and if v < 7o we
have

Klog N
< 2o

v () =P < —F— (6.106)

where K does not depend on N or .
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As we shall see later, the factor log N above is parasitic and can be removed.

Let v— = v(N —p)/(N — 1) as in (6.18). Theorem 6.4.8 will be a conse-
quence of the following two lemmas, that use the notation (6.104), and where
K does not depend on N or ~.

Lemma 6.4.9. We have

[Npx(3) — (N~ Dpwor(7-) ~ log2 — Elog (AvE-)| < & . (6.107)
Lemma 6.4.10. We have
(N =Dpn-1(7) = (N = 1)pn-1(7-)
- 71%1E10g (expO(oy,...,0p))x| < % . (6.108)

Proof of Theorem 6.4.8. Combining the two previous relations we get

K
INpx () = (N = Dpy-1(7) =p(NI < 5
and by summation over N that
Nlpn(7) —p(y)] < Klog N . 0

The following prepares for the proof of Lemma 6.4.10.

Lemma 6.4.11. We have
1
() = ;Elog (expO(o1,...,0p)). (6.109)

Proof. As N is fixed, it is obvious that p/y () exists. A pretty proof of (6.109)
is as follows. Consider 6 > 0, i.i.d. copies (6;),>1 of 8, sets {i(4,1),...,i(4,p)}
that are independent uniformly distributed over the subsets of {1,..., N} of
cardinality p, and define

— H} (o) = 0;(0i(1)s- -+ Titip) » (6.110)

i<u

where u is a Poisson r.v. of mean N¢§/p. All the sources of randomness in
this formula are independent of each other and of the randomness in Hy. In
distribution, Hy (o) + H{ (o) is the Hamiltonian of an N-spin system with
parameter vy + §, so that

pn(y+0) —pNn(d)
5 N5

—Elog {exp(— H}S\,(a))> . (6.111)
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When u = 0, we have Hy, = 0 so that log (exp(—H%/(o))) = 0. For very
small 4, the probability that u = 1 is at the first order in § equal to N§/p.
The contribution of this case to the right-hand side of (6.111) is, by symmetry
among sites,

1 1
];Elog <exp O1(oi1,1y5 - - - 70i(1,p))> = ];Elog (expb(o1,...,0p)) -

The contribution of the case u > 1 is of second order in §, so that taking the
limit in (6.111) as § — 0 yields (6.109). O

Lemma 6.4.12. Recalling that X = (X,);>1 where X; are i.i.d. of law
we have

1 K
Py (v) — EElog (expB(o1,...,0p))x| < N (6.112)

Proof. From Lemma 6.4.11 we see that it suffices to prove that

K
|Elog (exp8(ay,...,0p)) — Elog (exp8(o1,...,0p))x| < N (6.113)

Let us denote by Ey expectation in the randomness of (-) (but not in ), and
let S = sup|d|. It follows from Theorem 6.2.2 (used as in Proposition 6.2.7)
that

K
Eo|(exp8(01,...,0p)) — (expb(of,...,0o0))| < NexpS .

Here and below, the number K depends only on p and 7y, but not on S or
N. Now

(expO(o,... ,ob)) = (expb(o1,...,00))y
where Y = ((01) ..., (op)). Next, since

B (expf(o1,...,0p)), | <expS,

considering (as provided by Theorem 6.4.1) a joint realization of the sequences
(X,Y) with Eg| Xy — (o4) | < K/N for ¢ < p, we obtain as in Section 6.3 that

K
Eo [(expb(o1,...,0p))x — (expb(o1,...,0p))y| < NGXPS'

Combining the previous estimates yields

K
Eo [(expb(ay,...,0p)) — (expb(o1,...,0p))x| < NeXpS.

Finally for x,y > 0 we have

|z -y

llogz —logy| < —
min(z, y)
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so that
K
Eg |10g (exp8(o1,...,0p)) —log{expb(oy,..., O'p)>x| < N &P 25,

and (6.113) by taking expectation in the randomness of 6. a
Proof of Lemma 6.4.10. We observe that

pN-1(7) —pN-1(7-) = /7 Py (t)dt .

y—

Combining with Lemma 6.4.12 and Lemma 6.3.4 implies

2=

1
7 <t<y = ‘pﬁv1(t)—510g<exp9(01,...,0p)>x’<

and we conclude using that

N—p p—1
— vy = 1-— = . O
== (1-5=2) = (5=3)

Proof of Lemma 6.4.9. Let us denote by (-)_ an average for the Gibbs
measure of an (N — 1)-spin system with Hamiltonian (6.13). We recall that
we can write in distribution

D
—Hy(0) = —Hn-1(p) + D 0;(0i(j.1): - Oi(j.o—1), ON)

Jj<r

where (6;);>1 are independent distributed like #, where r is a Poisson r.v.
of expectation v and where the sets {i(j,1),...,i(j,p — 1)} are uniformly
distributed over the subsets of {1,..., N — 1} of cardinality p — 1. All these
randomnesses, as well as the randomness of Hy_ are globally independent.
Thus the identity

Elog ) exp(—Hn(a)) = Elog Y _exp(—Hn_1(p))

+ log2+Elog (AvE)_ (6.114)

holds, where

£ = g(p, 6) = expz Gj(oi(jJ), N 70'7;(]‘71)_1),6) .

Jjsr

The term log 2 occurs from the identity a(1l) + a(—1) = 2Av a(e). Moreover
(6.114) implies the equality

Npn(7) = (N = 1)pn-1(y-) =log2 + Elog (AvE) _.

Thus (6.107) boils down to the fact that
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[Elog (AvE)_ — Elog (AvE,)x| < % . (6.115)
The reason why the left-hand side is small should be obvious, and the argu-
ments have already been used in the proof of Lemma 6.4.12. Indeed, it follows
from Theorems 6.2.2 and 6.4.1 that if F' is a function on the (N — 1)-spin
system that depends only on k spins, the law of the r.v. (F') _ is nearly that of
(F')y where Y; areii.d. r.v.s of law p— = ., (which is nearly p1). The work
consists in showing that the bound in (6.115) is actually in K/N. Writing the
full details is a bit tedious, but completely straightforward. We do not give
these details, since the exact rate in (6.107) will never be used. As we shall
soon see, all we need in (6.106) is a bound that goes to 0 as N — oo. O

Theorem 6.4.13. Under (6.62) and (6.66)we have in fact

K

() =p(Nl = & - (6.116)

Proof. It follows from (6.112) that the functions pf(y) converge uni-
formly over the interval [0,7p]. On the other hand, Theorem 6.4.8 shows
that p(y) = lim px (7). Thus p(v) has a derivative p’(y) = limy —o0 Pl (), SO
that (6.112) means that |[ply(v) — p'(v)| < K/N, from which (6.116) follows
by integration. 0

Comment. In this argument we have used (6.106) only to prove that

1
P() = Z;Elog (expb(or,...,0p))x -

One would certainly wish to find a simple direct proof of this fact from the
definition of (6.105). A complicated proof can be found in [56], Proposi-
tion 7.4.9.

6.5 The Franz-Leone Bound

In the previous section we showed that, under (6.62), the value of py(7) is
nearly given by the value (6.105). In the present section we prove a remarkable
fact. If the function 6 is nice enough, one can bound py(7v) by a quantity
similar to (6.105) for all values of y. Hopefully this bound can be considered
as a first step towards the very difficult problem of understanding the present
model without a high-temperature condition. It is in essence a version of
Guerra’s replica-symmetric bound of Theorem 1.3.7 adapted to the present
setting.

We make the following assumptions on the random function 6. We assume
that there exists a random function f : {—1,1} — R such that

expb(o1,...,0p) =a(l +bfi(o1) - fplop)) , (6.117)
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where fi,..., f, are independent copies of f, b is a r.v. independent of
fi,-.., fp that satisfies the condition

Vn>1, E(=b)">0, (6.118)

and a is any r.v. Of course (6.118) is equivalent to saying that Eb>**+1 < 0
for k£ > 0. We also assume two further conditions:

bfi(o1) - fplop)| <1 ae, (6.119)

and
either f >0 or p iseven. (6.120)

Let us consider two examples where these conditions are satisfied. First,

let
0(o1,...,0p) =BJo1---0p,

where J is a symmetric r.v. Then (6.117) holds for a = ch(8J), b = th(8J),
f(o) = o, (6.118) holds by symmetry and (6.120) holds when p is even.

Second, let

(1+mj05)
O(o1,...,0p) :—ﬁH# ,
Ji<p

where 7; are independent random signs. This is exactly the Hamiltonian
relevant to the K-sat problem (6.2). We observe that for « € {0,1} we have
the identity exp(—Bz) = 1 + (e=# — 1)z. Let us set f;j(0) = (14 n;0)/2 €
{0,1}. Since 0(o1,...,0p) = —pfx for x = f1(o1) - fp(op) € {0,1} we see
that (6.117) holds for a = 1, b = e # — 1 and f;(0) = (1 +n;0)/2; (6.118)
holds since b < 0, and (6.120) holds since f > 0.

Given a probability measure p on [—1,1], consider an i.i.d. sequence X
distributed like u, and let us denote by p(7v, ) the right-hand side of (6.105).
(Thus, under (6.62), py is well defined and p(y) = p(7, 1+)).

Theorem 6.5.1. Conditions (6.117) to (6.119) imply

1 K
v, Y, PN (7) = NEIOgZeXP(_HN(U)) < p(y, ) + WW ;o (6.121)
o

where K does not depend on N or .
Let us introduce for € = 1 the r.v.
Ule) = log (expO(o1,...,0p-1,€))x »

and let us consider independent copies (U; s(1),U; s(—1))is>1 of the pair
(UQ),U(-1)).
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Exercise 6.5.2. As a motivation for the introduction of the quantity U
prove that if we consider the 1-spin system with Hamiltonian — > __ U; s(e),
the average of € for this Hamiltonian is equal, in distribution, to the quantity
(6.51). (Hence, it is distributed like T'(u).)

For 0 < ¢t < 1 we consider a Poisson r.v. M; of mean atN = ~tN/p,
and independent Poisson r.v.s r; ; of mean y(1 — t), independent of M;. We
consider the Hamiltonian

—Hyi(0) = Y Oc(oin)s- - iep) + D Y Uislos) . (6.122)

k<M, 1SN s<7; ¢

where as usual the different sources of randomness are independent of each
other, and we set

o(t) = %ElogZexp(—HN’t(a)) .

Proposition 6.5.3. We have

-1
o(t) < _% Elog (exp0(01,- -, 0p))x + — - (6.123)
This is of course the key fact.
Proof of Theorem 6.5.1. We deduce from (6.5.3) that

y(p—1)

prn(7) = (1) < (0) — Elog (expf(o1,...,0p))x + — -

Therefore to prove Theorem 6.5.1 it suffices to show that ¢(0) = log2 +
Elog (Av &, )x. For t = 0 the spins are decoupled, so this reduces to the case
N = 1. Since 71,9 has the same distribution as r, we simply observe that if
(Xs)s<r are independent copies of X, the quantity

[T(expbs(on. ... .op-1.2)x,

s<r

has the same distribution as the quantity (Av &,)x. Therefore,

Elog Z eXpZULS(E) = Elog Z H(exst(Ul, e Op—1,€))X,

e==+1 s<r e=%+1s<r
=log2+ Elog(Av & )x ,

and this completes the proof of Theorem 6.5.1. a
We now prepare for the proof of (6.5.3).
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Lemma 6.5.4. We have

N
1
@l(t)§%<m Z Elog (expf(oy,...,0,))

P1yeeyip=1

- % KZNElog (exp U(Jﬁ)) + % . (6.124)

Here, as in the rest of the section, we denote by (-) an average for the Gibbs
measure with Hamiltonian (6.122), keeping the dependence on ¢ implicit. On
the other hand, the number K in (6.124) is of course independent of ¢.

Proof. In ¢'(t) there are terms coming from the dependence on t of M; and
terms coming from the dependence on t of r; ;.

As shown by Lemma 6.4.11, the term created by the dependence of M,
on t is

N
v 2l vK
;E10g<exp9(0’17~-'70p)>Spr | E Elog<expt9(ai1,...,aip)>—&-W7

Q15eeytip=1

because all the terms where the indices i1, ..., %, are distinct are equal. The
same argument as in Lemma 6.4.11 shows that the term created by the de-
pendence of ;; on t is —(vy/N)Elog (exp U(0;)). O

Thus, we have reduced the proof of Proposition 6.5.3 (hence, of Theo-
rem 6.5.1) to the following:
Lemma 6.5.5. We have

N
1
| Z, mElog<exp9(oil,...,oiP)>f%ZElog(epr(oi»

Dl yeens ip=1 i<N
+(p — 1)Elog (expb(01,...,0p))x < 0. (6.125)

The proof is not really difficult, but it must have been quite another matter
when Franz and Leone discovered it.
Proof. We will get rid of the annoying logarithms by power expansion,
xn
1 =— -H"—
og(1+a) =~ S (-1
n>1

for |z| < 1. Let us denote by Eq the expectation in the randomness of X and
of the functions f; of (6.117) only. Let us define

Cp = Eo (f(01))x ) (6.126)
Aj,n = ‘/4%”(0'17 e ,o’n) — N Z H f](af) (6127)

i<N <n
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B, = B,(o',...,0") =EgA;, . (6.128)

We will prove that the left-hand side quantity (6.125) is equal to
Z EEDe (B? —pB,C:™! + (p— 1)CE) . (6.129)

The function x — P is convex on Rt and when p is even it is convex on
R. Therefore 2P — pryP~! + (p — 1)y? > 0 for all z,y € R*, and when p is
even this is true for all z,y € R. Now (6.120) shows that either B,, > 0 and
Cn > 0 or p is even, and thus it holds that BZ — pB,CE~! + (p — 1)CE > 0.
Consequently the right-hand side of (6.129) is < 0 because E(—b)™ > 0 by
(6.118).

By (6.117) we have

exp0(o1,...,0p) :a(lerHfj(aj)) , (6.130)

J<p

so that, taking the average (-)x and logarithm, and using (6.119) to allow
the power expansion in the second line,

log (exp@(o1,...,0,))x = loga + log(l + b<H fj(oj)>x)

Ji<p
zloga—z <Hf] o, > (6.131)
n=1 i<p

Now, by independence

E0<Hfj(ffj)> =Eo [[ (filoj)x =C7

Jj<p Jj<p
so that
Eg log (exp6(o1,...,05))x = Eologa — i (_b)nCp .
’ 1Y P)IX —~ n n

As in (6.131),

N
Z log <exp O(oiy,- .- ,aip)>

P1yeensip

eSS ()

n=1

Using replicas, we get
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n
¢
<H fj(Uz'j)> = <H 11 fj(%)> :
Ji<p £<nj<p
so that, using (6.127) in the second line yields

L () ~ (% % Taen)

i<p i1,y =10<n j<p

- <HAM>.

J<p

1 yenyip=1

Now from (6.128) and independence we get Eg[[.., A;» = BE, so that

J<p
1 N 00 (—b)n )
Eom Z 1og<exp9(oil,...,oip)>:Eologa—ZT<Bn> .
01,eeyip=1 n=1

In a similar manner, recalling the definition of U, one shows that

1 — (=b)" 1
Eoﬁglog (expU(o;)) = Eologa—;T<Bani > ,
and this concludes the proof of Lemma 6.5.5. ]

6.6 Continuous Spins

In this section we consider the situation of the Hamiltonian (6.4) when the
spins are real numbers. There are two motivations for this. First, the “main
parameter” of the system is no longer “a function” but rather “a random
function”. This is both a completely natural and fun situation. Second, this
will let us demonstrate in the next section the power of the convexity tools
we developed in Chapters 3 and 4. We consider a (Borel) function § on R?,
i.i.d. copies (0y)r>1 of 0, and for o € RY the quantity Hy (o) given by (6.4).
We consider a given probability measure n on R, and we lighten notation by
writing nx for n®, the corresponding product measure on RY. The Gibbs
measure is now defined as the random probability measure on RY which has
a density with respect to ny that is proportional to exp(—Hy(0)). Let us fix
an integer k and, for large NV, let us try to guess the law of (o1, ..., 0%) under
Gibbs’ measure. This is a random probability measure on R¥. We expect that
it has a density Y}, n with respect to ny = n®k. What is the simplest possible
structure? It would be nice if we had

Yk},N(Ula"-yok) ~ X1(O’1)-~-Xk((f}€) ,
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where X1,...,X) € L'(n) are random elements of L!(n), which are proba-
bility densities, i.e. X; € D, where

D_{XeL%m;XZOt/XM_J}. (6.132)

The nicest possible probabilistic structure would be that these random ele-
ments X1, ..., X beii.d, with a common law p, a probability measure on the
metric space D. This law p is the central object, the “main parameter”. (If
we wish, we can equivalently think of u as the law of a random element of D.)
The case of Ising spins is simply the situation where n({1}) = n({-1}) = 1/2,
in which case

D ={(z(-1),2(1)) ; z(1),z(-1) 20, 2(1) + z(-1) = 2}
and

D can be identified with the interval [—1,1]
by the map (xz(—1),z(1)) — (2(1) —z(-1))/2. (6.133)

Thus, in that case, as we have seen, the main parameter is a probability
measure on the interval [—1,1].
We will assume in this section that 6 is uniformly bounded, i.e.

S= sup |0(o1,...,0p)] < (6.134)
01,...,0p€R

for a certain r.v. S. Of course (Si)r>1 denote ii.d. copies of S with Sy =
sup |0k (o1, . ..,0p)|. Whether or how this boundedness condition can be weak-
ened remains to be investigated. Overall, once one gets used to the higher
level of abstraction necessary compared with the case of Ising spins, the proofs
are really not more difficult in the continuous case. In the present section we
will control the model under a high-temperature condition and the extension
of the methods of the previous sections to this setting is really an exercise.
The real point of this exercise is that in the next section, we will succeed
to partly control the model without assuming a high-temperature condition
but assuming instead the concavity of 6, a result very much in the spirit of
Section 3.1.

Our first task is to construct the “order parameter” u = p,. We keep the
notation (6.49), that is we write

& = 57‘(0'75) = exp Z ej(oh(jfl)(pfl)Jrlv s 7O-j(p71)75> )

1<j<r

where now o; and ¢ are real numbers.
Given a sequence X = (X;);>1 of elements of D, for a function f of
01,...,0n, we define (and this will be fundamental)
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<f>X = /f(0'1, ey O'N)Xl(O'l) . 'XN(O'N)d’I](O'l) cee dn(O'N) , (6135)

that is, we integrate the generic k-th coordinate with respect to n after making
the change of density Xj.

For consistency with the notation of the previous section, for a function
h(e) we write

Avh = / h(e)dn(e) . (6.136)
Thus
AVE, = / £, (o, 2)dn(e)

is a function of o only, and (AvE,)x means that we integrate in o1,...,0n,
as in (6.135). We will also need the quantity (€.)x, where we integrate in
01,...,0N as in (6.135), but we do not integrate this factor in €. Thus (&,)x
is a function of € only, and by Fubini’s theorem we have Av(&,)x = (AvE,)x.
In particular, the function f of ¢ given by

<8T‘>X
A (6.137)
is such that f > 0 and Avf =1, 1ie. feD.

Consider a probability measure g on D, and (X;);>1 a sequence of el-
ements of D that is i.i.d. of law pu. We denote by T'(u) the law (in D) of
the random element (6.137) when X = (X;);>1. When the spins take only
the values 1, and provided we then perform the identification (6.133), this
coincides with the definition (6.51).

Theorem 6.6.1. Assuming (6.52), i.e. 4yp(ESexp2S) < 1, there exists a
unique probability measure p on D such that p =T ().

On D, the natural distance is induced by the L; norm relative to 7, i.e.
for x,y € D

d(,y) = llz — ylh = / 12() — y(e)dn(e) - (6.138)

The key to prove Theorem 6.6.1 is the following estimate, where we
consider a pair (X,Y) of random elements of D, and independent copies
(szm)zzl of this pair. Let X = (Xi)izl and Y = (Y;')izl-

Lemma 6.6.2. We have
H (Er)x (Er)y
(

AVS,«>X <AVS7~>Y

SQZSjeXpZSj Z X = Yill -

1 i<r (G—1)(p—1)<i<j(p—1)

(6.139)
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Once this estimate has been obtained we proceed exactly as in the proof
of Theorem 6.3.1. Namely, if 4 and p' are the laws of X and Y respectively,
and since the law of the quantity (6.137) is T'(u), the expected value of
the left-hand side of (6.139) is an upper bound for the transportation-cost
distance d(T'(u), T(1')) associated to the distance d of (6.138) (by the very
definition of the transportation-cost distance). Thus taking expectation in
(6.139) implies that

d(T(w), T(n')) < 2vp(ESexp 2S)E[|X — Y1 .

Since this is true for any choice of X and Y with laws pu and p’ respectively,
we obtained that

d(T(u), T(p')) < 2yp(ES exp2S)d(p, 1) ,

so that under (6.52) the map T is a contraction for the transportation-cost
distance. This completes the proof of Theorem 6.6.1, modulo the fact that
the set of probability measures on a complete metric space is itself a complete
metric space when provided with the transportation-cost distance.

Proof of Lemma 6.6.2. It is essentially identical to the proof of (6.57),
although we find it convenient to write it a bit differently “replacing Y; by
X one at a time”. Let

X(Z) = (X17 s 7Xia}/7i+l7Yi+2 .- ) .
To ease notation we write
()i = COxa) >
so that

<g7‘>x _ <5T>T(p*1) . <57‘>Y _ <gr>0
<AV5T>X <AV5T>T(p_1) k <AV5T>Y <AV5T>0

and to prove (6.136) it suffices to show that if (j —1)(p—1) <i < j(p—1)
we have

H XA u@:»l_l

< (25;exp28)|X; ~Yili . (6.140)
1

We bound the left-hand side by I 4 II, where

= H# X (6.141)
n-[Ealbegieial] e

Now we observe that to bound both terms by S; exp 25, || X; — Y;||1 it suffices
to prove that
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[(Er)i = (Er)ia] < S exp 285 X = Yill1(Er)i (6.143)

(where both sides are functions of €). Indeed to bound the term I using (6.143)
we observe that
<5r>z

H (AVE) |, ~ (AVE )
and to bound the term II using (6.143) we observe that

(6.144)

[(AVE, )i — (AVE )i—1| < Av|(E)i — (Er)izt]
< Sj exp QSJHXZ — }/z||1AV<5r>z

and we use (6.144) again (for ¢ — 1 rather than ).
Thus it suffices to prove (6.143). For this we write &, = £'E”, where

& =exp0i(0(-1)(p-1)+1-- > Tj(p-1):€) »
and where £” does not depend on ;. Therefore
A= (") = (")
Since £ and £” depend on different sets of coordinates, we have
(Er)i = (E)i(E")i = Al )i 3 (Er)im1 = (€")i-1(E")im1 = A )i—1 -
Let us define B = B(0;,¢) the quantity obtained by integrating £’ in each
spin oy, k < ¢, with respect to 7, and change of density X and each spin oy,

k > i with respect to n with change of density Yj. Integrating first in the oy,
for k # i we obtain

€)= [ BXio)dn(or) 5 ()i = [ BYilmane)
and therefore
()i =A / BXi(o)dn(o:) ; (E)i1=A / BY:(o)dn(or) . (6.145)
Consequently,
(En)i = (€1 = 4 [ B(Xi(o) = Yilow)dn(an)
=4 [(B- 1)) - Vil dn(e)  (6146)
because [ X;dy = [ Y;dn = 1. Now, since |¢;] < S;, Jensen’s inequality shows

that | log B| < S;. Using that |expx — 1| < |z| exp |z| for z = log B we obtain
that |B — 1| < Sjexp S;. Therefore (6.146) implies



6.6 Continuous Spins 369
|<gr>z — <5r>i—1| S AS] exp SjHXi — Y;Hl . (6147)

Finally since exp(—S;) < &’ we have exp(—S;) < B, so that exp(—S;) <
| BXi(0:)dn(o;). The first part of (6.145) then implies that Aexp(—S;) <
(&r); and combining with (6.147) this finishes the proof of (6.143) and
Lemma 6.6.2. ad

A suitable extension of Theorem 6.2.2 will be crucial to the study of the
present model. As in the case of Theorem 6.6.1, once we have found the
proper setting, the proof is not any harder than in the case of Ising spins.

Let us consider a probability space (X, ), an integer n, and a family
(f)wex of functions on (R™V)™. We assume that there exists i < N such that
for each w we have

fLoT,=—f! (6.148)

w

where T; is defined as in Section 6.2 i.e. T; exchanges the i*" components o}
and o2 of the first two replicas and leaves all the other components unchanged.
Consider another function f > 0 on (RY)". We assume that f and the
functions f/, depend on k coordinates (of course what we mean here is that
they depend on the same k coordinates whatever the choice of w). We assume
that for a certain number (), we have

[1zave@ <or . (6.149)

Theorem 6.6.3. Under (6.10), and provided that v < ~o, with the previous

notation we have .
UL _ KokQ
() - N
Proof. The fundamental identity (6.20):

(Av f&)_
(AvE)_

(6.150)

(f) =

remains true if we define Av as in (6.136). We then copy the proof of Theorem
6.2.2 “by replacing everywhere f’ by the average of f/, in w” as follows. First,
we define the property C (N, o, B, B*) by requiring that under the conditions
of Theorem 6.6.3, rather than (6.9):

Q(kB + B*)
N 3

<

we get instead
SN _ QBB+ BT
() - N
Rather than (6.32) we now define
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fla=@vfe o [ Ui —@AvfE ]V, -
u<s—1 u<s

We replace (6.34) by

/ |£L.sldAM(w) < 4QS, exp (4 > su> Av f€,

and again the left-hand side of (6.39) by

AN
o

We now describe the structure of the Gibbs measure, under a “high-
temperature” condition.

Theorem 6.6.4. There exists a number Ki(p) such that whenever
K1(p)(0 +75)ES exp4S < 1, (6.151)

if v < 0, given any integer k, we can find i.i.d. random elements X1, ..., X
in D of law p such that

E/\YN,k(al,...,m Xy (01) - - Xn(ow)|dn(on) - - - dn(o)
Eexp2S, (6.152)

where Yn . denotes the density with respect to np = n®k of the law of
01,...,0r under Gibbs’ measure, and p is as in Theorem 6.6.1 and where
K(p,v0) depends only on p and vo.

It is convenient to denote by @), , X, the function

(01,...,0k) — H X(op)
i<k

so that the left-hand side of (6.152) is simply E||Yn i — @, Xel1-

Overall the principle of the proof is very similar to that of the proof of
Theorem 6.4.1, but the induction hypothesis will not be based on (6.152).
The starting point of the proof is the fundamental cavity formula (6.72),
where Av now means that oy _g41,...,0N are averaged independently with
respect to . When f is a function of k variables, this formula implies that

(oo san)) = S )

= Av(f(UN—k+1a ce 7O'N) <A<i2€_>_) . (6153)
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The quantity (£)_ is a function of oy _k41,...,0n5 only since (o1,...,0N_k)
is averaged for (-)_, and (6.153) means that the density with respect to ny
of the law of oy _g+1,...,0x under Gibbs’ measure is precisely the function

(&)~
(AvE)_

(6.154)

Before deciding how to start the proof of Theorem 6.6.4, we will first take
full advantage of Theorem 6.6.3. For a function f on RV =% we denote

12 N—k
<f>0 = <f(0-170—2a R} O—N—k;)>_
that is, we average every coordinate in a different replica. We recall the set

2 of (6.79).

Proposition 6.6.5. We have

2
_ (& k KEexp 25 . (6.155)

(&)
Blo-Av | e ~ aven | S N

Here and in the sequel, K denotes a constant that depends on p and ~q
only. This statement approximates the true density (6.154) by a quantity
which will be much simpler to work with, since it is defined via integration
for the product measure (-),.

The proof of Proposition 6.6.5 greatly resembles the proof of Proposition
6.2.7. Let us state the basic principle behind this proof. It will reveal the
purpose of condition (6.149), that might have remained a little bit mysterious.

Lemma 6.6.6. For j < r consider sets I; C {1,..., N} with cardl; = p,
card; N{N —k+1,...,N} =1, and assume that

j?éjl = Ijﬂ]j/C{N—k+1,...,N}7

or, equivalently, that the sets I;\{1,..., N—k} for j < r are all disjoint. Con-
sider functions Wj(o), depending only on the coordinates in I;, and assume
that sup,, |W;(o)| < S;. Consider

& =exp Z W;(o)
Jj<r
Then we have

(€)- (€)e
E-AVITAve” ~ (ave).

4K k(p
<=0 Zexp 25; (6.156)

Jj<r
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Here E_ means expectation in the randomness of (-)_ only.

Proof. We “decouple the spins one at a time” for i < N — k, that is, we
write

5,»:5(0%,05,...,Uf,oilﬂ,...,ajlv),
so that
€ @) & (Exin)
(AvE)_  (Av&)- ' (AvE)e (AVEN_k+1)—
We bound
E_Av‘ G- Gy ’ : (6.157)

<AV(€7;>, <AV(€Z',1>,

When 7 belongs to no set I; this is zero because then & = &_;. Suppose
otherwise that ¢ € I, for a certain j < r. The term (6.157) is bounded by
I+ 1II, where

(& —E&i—1)-
<AV<€Z'>,

5i>_ <AV(81 — gi—1)>—

I=E_A
v (AVE)_{AvEi_1)_

’ : H:EAV’<

We first bound the term II. We introduce a “replicated copy” &! of &; defined

by
r_ N+1 _N+2 N+i _N41 N+1
E=E(o7 05 L0 O] e ON )

and we write
(€)= (AV(E; — Eim))— = (E]AV(Ei — Ei1))—

Exchanging the variables 0! and o} exchanges & and &_; and changes the
sign of the function [’ = E/Av(E; — £;,_1). Next we prove the inequality

& — Ei1] < (2exp2S;)Ei-1 -

To prove this we observe that £ is of the form AB where A does not depend on
the i*® coordinate and exp(—S;) < B < exp S;. Thus with obvious notation
|B; — Bi—1| < 2exp S; < 2exp2S5;B;_1 and since A does not depend on the
i*h coordinate we have A4; = A,_; and thus

|Ei — Eim1| = |AiB; — Ai_1Bi_1| = Ai_1|B; — Bi_1]
S QQXp QSinleifl = (2 exXp 2Sj)€ifl .
Therefore
|AV<(‘:z — 5i71)| S (2 exp 25]‘>AV(€1‘,1
and
Av|f'] < (2exp2S;)AvEAVE;_ . (6.158)

Thinking of Av in the left-hand side as averaging over the parameter w =
(0Y)N—k<i<N.u<N+1, We see that (6.158) is (6.149) when A = 2exp2S; and
f=AvEAvE, . Applying (6.150) to the (N —k)-spin system we then obtain
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Kok
N-—-k-

II < (2exp2S;)

Proceeding similarly we get the same bound for the term I (in a somewhat
simpler manner) and this completes the proof of (6.156). O

Proof of Proposition 6.6.5. We take expected values in (6.156), and we
remember as in the Ising case (i.e. when o; = £1) that it suffices to consider
the case N > 2k. O

It will be useful to introduce the following random elements V7, ..., Vj of
D. (These depend also on N, but the dependence is kept implicit.) The func-
tion V; is the density with respect to 7 of the law of o x40 under Gibbs’ mea-
sure. Let us denote by Y, the function (6.154) of on—_g+1,...,0n, which, as
already noted, is the density with respect to ny of the law of on_k41,...,0n
under Gibbs’ measure. Thus V; is the ¢** -marginal of Y)r, that is, it is ob-
tained by averaging Y;* over all oy _p4; for j # £ with respect to 7.

Proposition 6.6.7. We have
e|vi - @i

o<k
Moreover, if & is defined as in (6.84), then

(Ec)e
<AV55>. 1

Kk3
< —Eexp 25 . (6.159)

Kk?
N

W<k, E HV@ — Eexp2S. (6.160)

The L; norm is computed in L!(n;) in (6.159) and in L'(n) in (6.160). The
function @), Ve in (6.159) is of course given by

<®Ve>(01\/k+17~~701\/): H Ve(onN_—k+e) -

<k 1<e<k
Proof. Consider the event {2 as in (6.79). Using the L;-norm notation as in
(6.159), (6.155) means that

2

N

(€)e

(€)-
Elg: (AVE)_  (AvE),

Eexp2S . (6.161)

When {2 does not occur, we have £ = HZ<k &¢, and the quantities £ depend
on different coordinates, so that -

()e =[] (€0)e

<k

Also, (&) depends on on_gye but not on oy _gre for £ # ¢ and thus
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Av [(€0e = [ Avirs

<k <k
Therefore
=[] v, (6.162)
o <k
where
_ <g€>o
(AvE&r)e

Let us think of Uy as a function of o _ k¢ only, so we can write for consistency
of notation [],., Ur = @, Us. Thus (6.161) means

-®u|

1<k

Elg:||Y;

Now [|Y}" — @< Uell1 < 2, and combining with (6.79) we get

‘ - Ug (6.163)
<k
Now, we have
Ve = Ullx < ’ ®Ue ,
<k
because the right-hand side is the average over oy _41,...,0n of the quan-

tity Y — @ <, Ue|, and if one averages over on_j1¢ for £/ # £ inside the
absolute value rather than outside one gets the left-hand side. Thus (6.160)
follows from (6.163). To deduce (6.159) from (6.163) it suffices to prove that

QRVvi- QU

<k <k

<> Ve —Uls - (6.164)

1T <k

This inequality holds whenever V;, Uy, € D, and is obvious if “one replaces V;
by Uy one at a time” because

Vi@ @Vi@Um® QU -V1®---9V,.10U;®--- @ Uil
=VM1®--- Vi1 ®@(Ve—Un) @Upy1 ® -+ @ Ugllr = [|[Ve — Uelx

since Vp,Up € D for V' < k. O

We recall that Yy ; denotes the density with respect to 7 of the law of
01, - ..,0r under Gibbs’ measure. Let us denote by Y, the density with respect
to 1 of the law of oy under Gibbs’ measure. We observe that Yy j corresponds
to Y, if we use the coordinates o1, ..., 0} rather than on_g41,...,0n, and
similarly Y7, ...,Y) correspond to Vi, ..., Vi. Thus (6.159) implies
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KK3
ElYnk — ®YZH1 < TEGXP2S~

Using as in (6.164) that

XY - QX

<k <k

<Y = Xl

1T <k

then (6.159) shows that to prove Theorem 6.6.4, the following estimates suf-
fices.

Theorem 6.6.8. Assuming (6.151), if v < o, given any integer k, we can
find i.i.d. random elements X1, ..., Xy in D with law p such that

KK (p,
EZ; Y2 — Xell < %Eexng . (6.165)

We will prove that statement by induction on N. Denoting by D(N, o, k)
the quantity
sup 1ank EZ IYe — Xoll1

Xy
Y<v0 Flas <k
one wishes to prove that

BK
D(N, v, k) < TEeXpQS.

For this we relate the N-spin system with the (IV — k)-spin system. For this
purpose, the crucial equation is (6.162). The sequence V1, . .., V4 is distributed
as (Y1,...,Y%). Moreover, if for ¢ < N — k we denote by Y;™ the density with
respect to n of the law of o; under the Gibbs measure of the (N — k)-spin
system, we have, recalling the notation (6.135)

(E)e = (E0)y

where Y = (Y;7,...,Yy_,), so that (6.160) implies
KE3
> Elge|[Vi — (Ee)y < Kk Eexp2S . (6.166)
<k <AV(‘:[>Y 1 N

We can then complete the proof of Theorem 6.6.8 along the same lines as in
Theorem 6.4.1. The functions (&;)¢<x do not depend on too many spins. We
can use the induction hypothesis and Lemma 6.6.2 to show that we can find a
sequence X = (X1,..., Xn_k+1) of identically distributed random elements
of D, of law p— (= p,_, where v_ is given by (6.74)), so that
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EY 1o €ox

Vi —
<k AV55>

is not too large. Then the sequence ((€;)x/{AvEr)x)e<k is nearly i.i.d. with
law T'(u—), and hence nearly i.i.d. with law p. Completing the argument
really amounts to copy the proof of Theorem 6.4.1, so this is best left as an
easy exercise for the motivated reader. There is nothing else to change either
to the proof of Theorem 6.4.13.

We end this section by a challenging technical question. The relevance
of this question might not yet be obvious to the reader, but it will become
clearer in Chapter 8, after we learn how to approach the “spherical model”
through the “Gaussian model”. Let us consider the sphere

Sy ={o eRY ; |o|| = VN} (6.167)

and the uniform probability Ay on Sy.

Research Problem 6.6.9. Assume that the random function 6 is Borel
measurable, but not necessarily continuous. Investigate the regularity prop-
erties of the function

1
t— ’(/)(t) = NElog/eXp Z Ok(to—i(kyl),. . ~;t0i(k,p))d)\N(U) .

k<M

In particular, if M is a proportion on N, M = aN, is it true that for large
N the difference 1(t) — 4(1) becomes small whenever |t — 1| < 1/y/N?

The situation here is that, even though each of the individual functions
t— 0(toik,), - - - t0i(k,py) can be wildly discontinuous, these discontinuities
should be smoothed out by the integration for Ay. Even the case 6 is not
random and p = 1 does not seem obvious.

6.7 The Power of Convexity

Consider a random convex set V' of RP, and (V})r>1 an i.i.d. sequence of
random convex sets distributed like V. Consider random integers i(k,1) <

. < i(k,p) such that the sets I}, = {i(k,1),...,i(k,p)} are i.i.d. uniformly
distributed over the subsets of {1,..., N} of cardinality p. Consider the i.i.d.
sequence of random convex subsets Uy of RV given by

occl, & (Ui(k,l)a .. .,0’1-(;%1,)) ceVi.

We recall that Ay is the uniform probability measure on the sphere Sy,
and that M is a Poisson r.v. of expectation a/N.
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Research Problem 6.7.1. (Level 3) Prove that, given p, V' and «, there is
a number a* such that for NV large

1
o An (SN n Uk> ~q* (6.168)
k<M

with overwhelming probability, and compute a*.

The value a* = —oo is permitted; in that case we expect that given any
number ¢ > 0, for N large we have An(Sy N(,<ps Ur) < exp(—alN) with
overwhelming probability. Problem 6.7.1 makes sense even if the random
set V' is not convex, but we fear that this case could be considerably more
difficult.

Consider a number x > 0, and the probability measure n (= n,) on R
of density /k/mexp(—rx?) with respect to Lebesgue measure. After reading
Chapter 8, the reader will be convinced that a good idea to approach Problem
6.7.1 is to first study the following, which in any case is every bit as natural
and appealing as Problem 6.7.1.

Research Problem 6.7.2. (Level 3) Prove that, given p, V,«a and x there
is a number a* such for large N we have

1
Nlogn@v( N Uk> ~a* (6.169)
E<M

with overwhelming probability, and compute a*.

Here again, the value a* = —oo is permitted.
Consider a random concave function 8 < 0 on RP and assume that
V={0=0}.
Then, denoting by 61, ...,05 i.i.d. copies of 8, we have

77®N( N Uk) Zﬁlijgo/exp<5 > 9k(0z’(k,1),~~-an(k,p))>dﬂ®N(U) :

k<M k<M
(6.170)

Therefore, to prove (6.169) it should be relevant to consider Hamiltonians of
the type

7HN(O’) = Z gk(o—i(k,l)v--'vgi(k,p)) y (6171)

k<M
where 61,...,0; are i.i.d. copies of a random concave function 6 < 0. These
Hamiltonians never satisfy a condition sup,, ., cg|0(o1,...,0,)| < oo such

as (6.134) unless # = 0, and we cannot use the results of the previous sec-
tions. The purpose of the present section is to show that certain methods
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we have already used in Chapter 4 allow a significant step in the study of
the Hamiltonians (6.171). In particular we will “prove in the limit the funda-
mental self-consistency equation p = T'(u)”. We remind the reader that we
assume

0 is concave, 0 < 0. (6.172)

We will also assume that there exists a non random number A (possibly very
large) such that 6 satisfies the following Lipschitz condition:

Vo1, ..., 0p, 01,0, |0(01,...,0p) = 0(0y,...,0,)] < AZ|U]- —ajl.
J<p
(6.173)
The Gibbs measure is defined as usual as the probability measure on RV
with density with respect to n®~ that is proportional to exp(—Hx (o)), and
() denotes an average for this Gibbs measure.

Lemma 6.7.3. There exists a number K (depending on p, A, o and k) such
that we have

o
E N i 174
<eXp 7l < (6.174)

Of course it would be nice if we could improve (6.174) into E(exp(c3/K)) <
K.

Lemma 6.7.4. The density Y with respect to n of the law of o1 under Gibbs’
measure satisfies

Ve,ye R, Y(y)<Y(r)exprdly— x| (6.175)
where r = card{k < M ; i(k,1) = 1}.

This lemma is purely deterministic, and is true for any realization of the
disorder. It is good however to observe right away that r is a Poisson r.v.
with Er = 7, where as usual v = ap and EM = aN.

Proof. Since the density of Gibbs’ measure with respect to n® is propor-
tional to exp(—Hy (o)), the function Y (o1) is proportional to

f(o1) = / exp(—Hy (0))dn(0) -~ dn(ow) -

We observe now that the Hamiltonian Hy depends on o; only through the
terms O (0i(k,1), - - - Ti(k,p)) for which i(k,1) = 1 so (6.173) implies that
f(o}]) < f(o1) exprA|o} — 01| and this in turn implies (6.175). O

Proof of Lemma 6.7.3. We use (6.175) to obtain

Y (0)exp(—rAlz|) <Y(z) <Y(0)exprA|z|. (6.176)
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Thus, using Jensen’s inequality:
1= [yan =y [epraane) > YO)exp (-ra [ldane)

> Y(0) exp (—L\/r?)

> Y(0)exp(—rK),

where, throughout the proof K denotes a number depending on A,k and p
only, that may vary from time to time. Also,

K 2

Fo2\ = R 2
<exp 201> = /exp 5% Y (x)dn(x)
2
< Y(O)/exp%exprAMdn(w)

2
= Y(O)\/mr/exp (—%) exprA|z|de
< KY(0) exp K7?

by a standard computation, or simply using that —xx?/2+rA|z| < —kx?/4+
Kz?. Combining with (6.176) yields

<exp gcf> < K exp Kr? (6.177)
so that Markov’s inequality implies

2
Ky
(Lfjor[29}) < Kexp <Kr2 - 7) .

Using this for y = K'x, we obtain
r<z = (I{o>k2}) < K exp(—x?) .
Now, since r is a Poisson r.v. with Er = ap we have Eexpr < K, and thus
E(1{jo)>K2}) < K exp(—2”) + P(r > z) < Kexp(—z) ,

from which (6.174) follows. o

The essential fact, to which we turn now, is a considerable generalization
of the statement of Theorem 3.1.11 that “the overlap is essentially constant”.
Throughout the rest of the section, we also assume the following mild condi-
tion:

E62(0,...,0) < co . (6.178)
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Proposition 6.7.5. Consider functions f1,...,fn on R, and assume that
for a certain number D we have

1£O@) <D (6.179)
for £=0,1,2 and k < n. Then the function
1
= L oM =_—_ Iy, .. n 1
R=R(o,....0") Ni;vh(ol) In(o?) (6.180)

satisfies

E(R-E(R))*) < : (6.181)

==

where K depends only on k,n, D and on the quantity (6.178).

The power of this statement might not be intuitive, but soon we will
show that it has remarkable consequences. Throughout the proof, K denotes
a number depending only on k,n, A, D and on the quantity (6.178).

Lemma 6.7.6. The conditions of Proposition 6.7.5 imply:

(R—(R))*) < Nl (6.182)

Proof. The Gibbs’ measure on RY" has a density proportional to
exp(~ S (o) = X))
L<n <n

with respect to Lebesgue’s measure. It is straightforward that the gradient
of R at every point has a norm < K/v/' N, so that

K
R has a Lipschitz constant < N (6.183)
Consequently (6.182) follows from (3.17) used for k = 1. O
To complete the proof of Proposition 6.7.5 it suffices to show the following.

Lemma 6.7.7. We have

K
E(R) —E(R))* < —— . 6.184
((R) — E(R))” < Wii (6.184)
Proof. This proof mimics the Bovier-Gayrard argument of Section 4.5. Writ-
ing nn = n®", we consider the random convex function
1
p(A) = 5 log [ exp (— D> Hy(o') = k) lof|? + )\NR) do!---do™

€<n <n
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so that

¢'(0) = (R) .
We will deduce (6.184) from Lemma 4.5.2 used for £ = 1 and 6 = 0,
X =1/K,Cy = K, C; = K, Cy = K/N, and much of the work consists
in checking conditions (4.135) to (4.138) of this lemma. Denoting by ()
an average for the Gibbs’ measure with density with respect to Lebesgue’s
measure proportional to

exp < > Hy(o") =k lof|? + /\NR> , (6.185)
<n <n

we have ¢’ (A) = (R)y, so |¢'(A)] < K and (4.135) holds for Cy = K. We now
prove the key fact that for A < A\g = 1/K, the function

~S " Hy(o!) - gZHa[HQ—&—)\NR (6.186)

<n <n
is concave. We observe that (6.179) implies

O*R

< K
30580?' - N’

and that the left-hand side is zero unless ¢ = j. This implies in turn that at
every point the second differential D of R satisfies |D(x,y)| < K|x|||ly|l/N
for every x,y in RN™. On the other hand, the second differential D™ of the
function —k Y., [[o*|?/2 satisfies at every point D~ (x,x) = —r|/x||? for
every x in RV™. Therefore if K\ < &, at every point the second differential
D* of the function (6.186) satisfies D*(x,x) < 0 for every x in RN" and
consequently this function is concave. Then the quantity (6.185) is of the

type
k 22
exp (V-5 X lo°1?)

<n

where U is concave; we can then use (6.183) and (3.17) to conclude that
¢"(\) = N((R— (R)x)*)» < K ,

and this proves (4.137) with § = 0 and hence also (4.136). It remains to prove
(4.138). For j < N let us define

—H§ = Z 9k(Ui(k,1)a---a0i(k,p)) :
k<M., i(k,p)=j

Ther.v.s H ]' are independent, as is made obvious by the representation of H
given in Exercise 6.2.3. For m < N we denote by =, the o-algebra generated
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by the r.v.s HJ’ for 7 < m, and we denote by E,, the conditional expectation
given =,,, so that we have the identity

E(e(N) —Ep(\)* = DY E(Emt19(N) — Enp(N))
0<m<N

To prove (4.138), it suffices to prove that for any given value of m we have

E(Em+19(N) — Emp()* < 105 -

Consider the Hamiltonian

~H>(o)=- Y Hj (6.187)
J#Em+1
and
~ _ 1 ~ 4 2112 1 n
P~ (\) = Nlog/eXP<Z;lH (o") H;HU I —|—)\NR>d0' do™ .

It should be obvious that (since we have omitted the term H;, ; in (6.187))

Ene™(A) = Emi197(A)
so that
E(Ent19(A) = Emp(N))? = E(Emp1(p(AN) = 9™ (V) = Em(p(V) = 9™ (V)
< 2E(Emy1(e(N) — ™ (N) )2
)

(
+ 2E(Em(0(N) — ¢~ (\)”
< 4E(p(N) — 9~ (V)2

Therefore, it suffices to prove that

2

E(p(N) — ¢~ (V) < (6.188)

T 3=

Thinking of \ as fixed, let us denote by (-). an average on RN" with
respect to the probability measure on RV™ of density proportional to

exp(— ZHN(O'Z) - HZ o || + ANR) .
£<n £<n

We observe the identity



6.7 The Power of Convexity 383

Now Hy = H™ + H,,,, and therefore
N 1
P(A) =™ (A) = N log <6XP (_ Z H7In+1(o'é)> >
<n ~
Since —H], . ; <0 we have p(A) — ¢~ (A) < 0. Let us define
r=card{k < M ; i(k,p) =m+ 1},

the number of terms in H,, , , so that r is a Poisson r.v. with

(")

o S ap.
»)

Er =«

From (6.189) and Jensen’s inequality it follows that
- 1
02 ) = () 2 (= X Hia(e))
<n ~
and thus
2
(P () < 33 (- L M0 < 3 <(Z (o
L<n <n
Therefore it suffices to prove that for £ < n we have
E(H,,1(0)?) < K .

Writing ar, = |0k (0, ...,0)| and using (6.173) we obtain

|9k( 113"'7Ufk)| < ag +AZ‘O—1€‘ ’

s<p

[Hya (09 <) an+47Y nilof]

kel i<N

and therefore

(6.189)

where n; € N and > n; = rp, because each of the r terms i 1n H), ., creates at
most p terms in the right-hand side. The randomness of H), | is independent
of the randomness of (-)~, and since Er? < K and Ea} < oo, by (6.178) it
suffices to prove that if i < N then E{(c})?). < K. This is done by basically
copying the proof of Lemma 6.7.3. Using (6.183) the density Y with respect

to n of the law of ¢! under Gibbs’ measure satisfies

Ve,y e R, Y(z) <Y(y) exp((riA + Ky/N)|z — y|) ,

where r; = card{k < M ; 3s < p,i(k,s) = i}. The rest is as in Lemma 6.7.3.

0O
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The remarkable consequence of Proposition 6.7.5 we promised can be
roughly stated as follows: to make any computation for the Gibbs measure
involving only a finite number of spins, we can assume that different spins
are independent, both for the Gibbs measure and probabilistically. To make
this idea precise, let us recall the notation D of (6.132) (where now 7 has
density proportional to exp(—+z?)). Keeping the dependence on N implicit,
let us denote by u (= py) the law in D of the density X with respect to 7
of the law of o1 under Gibbs’ measure. Let us denote by X = (X1,..., Xx)
an i.i.d. sequence of random elements of law p and recall the notation (-)x
of (6.135).

Theorem 6.7.8. Consider two integers n,k. Consider continuous bounded
functions Uy, ..., Uy from R™ to R, and a continuous function V : RF — R,
Then

ngnoo |EV(<U1(01’ . ';Un)>ﬂ <U2(01a .. -ao—n)>v BERR) <Uk(glv cee 707l)>)
—E‘/v(<U1(O'17 e ,Un)>x7 ey <U]€((717 .. .,O’n)>x)| =0. (6193)

We leave to the reader to formulate and prove an even more general
statement involving functions on several replicas.

Proof. Since Uy, ...,U; are bounded, on their range we can uniformly ap-
proximate V by a polynomial, so that it suffices to consider the case where

V' is a monomial,
V(zy,...,xp) =] -t . (6.194)

The next step is to show that we can assume that for each j < k we have

lim Uj(o1,...,00)=0. (6.195)

To see this, we first note that without loss of generality we can assume that
|Uj| <1 for each j. Consider for each j < k a function Us with [U| <1
and assume that for some number S we have

Vi<n, |0 <S=U(01,...,00) = Uj(o1,...,00) . (6.196)

Then
|Uj(0’1,...,0'n) — U]»N(O'l,...,O'n” S 21{0523} y

s<n
and therefore

(Ui (or,- o 00)) = (U (01, ou))| € D (Lo, sy) -

s<n

We note that for numbers x1,...,xx and yi,...,y%, all bounded by 1, we
have the elementary inequality
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e gy <Y myla — ) (6.197)
J<k
It then follows that if we set
C={(U(o1,...,00))" - (Uk(o1,...,00))™"
C™ = (U (o1, 00))™ - (Up (015 00))™"
then

C=C <Y my Y (Lio2s))

i<k s<n
and therefore
[EC—EC™[ <Y m; Y Ell{e,55)) =n Y miE(l{s,55)) -
i<k s<n i<k

By Lemma 6.7.3, the right-hand side can be made small for S large, and since
we can choose the functions U; that satisty (6.196) and U, (o1, ...,0,) = 0 if
one of the numbers |o;| is > 25, this indeed shows that we can assume (6.195).

A function U; that satisfies (6.195) can be uniformly approximated by a
finite sum of functions of the type

jﬁ(al)"'fn(gn)v

where | fs(£)| is bounded for s < n and £ = 0,1, 2. By expansion we then reduce
to the case where

Ui(o1,.- ., 0n) = frj(01) - faj(on) (6.198)

and we can furthermore assume that | fs(? | is bounded for ¢ = 0,1,2 and
s < mn. Assuming (6.194) and (6.198) we have

B :=EV({(Ui(01,...,00))s -, (Uk(o1,...,00)))
= E(fi1(01) - fa1(0n))™ - (fru(o1) -+ fap(on))™

We will write this expression using replicas. Let m = mq + - - - + my. Let
us write {1,...,m} as the disjoint union of sets I, ..., I with cardl; = mj;
and for £ € I; and s < n let us set

9s,¢ ::j;J7

so that in particular for £ € I; we have [[,.,, gs¢(0s) = [1,<,, fs,j(0s). Then,
using independence of replicas in the first equality, we get

(T T -st) = TT(TLesle)

<m s<n <m ‘s<n

(I fs,l(as>>ml (11 fs,k<as>>mk ,

s<n s<n
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and therefore

B = E< I 11 gs,e(oﬁ)> = E<H II gs,z(U§)> :

<m s<n s<nt<m
By symmetry among sites, for any indexes i1,...,i, < N, all different, we
have
B= E<H 11 gs,@(afq)> . (6.199)
s<nt<m

Therefore, for a number K that does not depend on N, we have
Boel Y (T[T oetol)) <2 (6.200)
N i1yeeyin $<NL<M ’ - N

where the summation is over all values of iq,...,4,. This is seen by using
(6.199) for the terms of the summation where all the indices are different and
by observing that there are at most K N*~! other terms. Now

v 2 T T ometel) - I1(5 3 I arteh))
1yeeyin SSN LM s<n i<N L<m

Defining

= v 2 [ owcte!

i<N £<m
we obtain from (6.200) that

s <

s<n

Proposition 6.7.5 shows that for each s we have E(|R, — ER,|) < KN~1/4,
so that, replacing in turn each Ry by E(R) one at a time,

(115 Il

s<n s<n

K
N1/4 ’

and therefore
K

< S - (6.201)

e

s<n

Now, using symmetry among sites in the first equality,
) = €( T] austol)) = € T touslon) =€ [T 0hesto™
<m <m i<k

and we have shown that
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lim ‘B ~TIETI(feslo))™ | =0. (6.202)

N—o0
s<n j<k

In the special case where V' is given by (6.194) and U, is given by (6.198),
we have

EV((Ui(o1,. . 0n))xs o (Uklor, . on))x) = [ E ] (feiloa))™

s<n j<k

so that (6.202) is exactly (6.193) in this special case. As we have shown, this
special case implies the general one. 0O

Given n, k, and a number C, inspection of the previous argument shows
that the convergence is uniform over the families of functions Uy, ..., Uy that
satisfy |Uy],...,|Ux| < C.

We turn to the main result of this section, the proof that “in the limit
w="T(u)”. We recall the definition of &, as in (6.49), and that r is a Poisson
r.v. of expectation ap. Let us denote by X = (X;);>1 an ii.d. sequence,
where X; € D is a random element of law u = py (the law of the density
with respect to 7 of the law of o1 under Gibbs’ measure), and let us define
T(u) as follows: if

<gr>X
Y= —+—"75—¢€D,
<AV5T>X
then T'(u) is the law of Y in D. The following asserts in a weak sense that in

the limit T'(un) = pn.

Theorem 6.7.9. Consider an integer n, and continuous bounded functions
fi,--.y fn onR. Then

, (Avfi(e)&r)x  (Avfn(e)&rx | _
]\}Enoo E<f1(01)><fn(01)> -E <AV€T>X <Avgr>X =0.
(6.203)

To relate (6.203) with the statement that “T'(u) = p”, we note that

(Avfs(e)E) B
TAVE)x X = /stdn,

so that writing X = X3, (6.203) means that

E/ledn---/andn—E/ledn-~-/fnYd77

In a weak sense this asserts that in the limit the laws of X (i.e u) and Y (i.e.
T(w)) coincide.

=0. (6.204)

lim
N—oo
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While we do not know how to prove this directly, in a second stage we
will deduce from Theorem 6.7.9 that, as expected,

Nlim d(pn, T(un)) =0, (6.205)

where d is the transportation-cost distance.

Let us now explain the strategy to prove (6.203). The basic idea is to
combine Theorem 6.7.8 with the cavity method. We find convenient to use
the cavity method between an N-spin and an (N + 1)-spin system. Let us
define o' by

: (;)
o/ (N +1) (N+1) =alV, (6.206)
P

and let us consider a Poisson r.v. ' with Er’ = o’p. The letter r’ keeps this
meaning until the end of this chapter. For j > 1, let us consider independent
copies 6; of 8, and sets {i(j,1),...,i(j,p—1)} that are uniformly distributed
among the subsets of {1,..., N} of cardinality p — 1. Of course we assume
that all the randomness there is independent of the randomness of (-). Let us
define

—H(o,e) =Y 0;(0i1)s - Tigip-1):€)
j<r
and & = £(o,¢) = exp(—H(o,¢)). Recalling the Hamiltonian (6.171), the
Hamiltonian —H' = —Hy — H is the Hamiltonian of an (N + 1)-spin system,
where the value of & has been replaced by o’ given by (6.206). Let us denote
by (-) an average for the Gibbs measure relative to H'. Writing € = o1,
symmetry between sites implies

E(fi(c1)) - (fu(01)) = E(f1(e)) - (fule))" . (6.207)
Now, for a function f = f(o,¢€), the cavity formula
,_ (AVfE)
(f) = AvE)

holds, where Av means integration in & with respect to 7, and where £ =
E(o,e) = exp(—H(o,¢c)). We rewrite (6.207) as

(filo1)AVE)  (ful(o1)AVE) _ _(Avfi(€)€)  (Avfn(e)E)
E 1<A1v8> <A1v€> =E <A1v5> T (AVE) (6.208)

We will then use Theorem 6.7.8 to approximately compute both sides of
(6.208) to obtain (6.203). However an obstacle is that the denominators can
be very small, or, in other words, that the function z/y is not continuous at
y = 0. To solve this problem we consider § > 0 and we will replace these
denominators by § + (AvE).

We will need to take limits as § — 0, and in order to be able to exchange
these limits with the limits as N — co we need the following.
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Lemma 6.7.10. Assume that f = f(o,¢) is bounded. Then

(AvfE) B (AvfE)
(AvE) 6+ (AVE)

;im sup E

Proof. First, if |f| < C, we have

(AVE)(S + (AVE)) = 5+ (AVE)

(AVFE)  (AV/E) ’_ olAVFE) . Co
(AVE) ~ 3+ (AVE)

Next, we have

0
J + (AvE)
and, writing H = H (o, ¢),

< VB +P({AVE) < V),

(AvE) = (Avexp(—H)) > exp(—AvH) ,

so that

1\ _ E(Av]H])
> = log(1/v/9) .

P((AvE) <V35) <P <<—AVH> > log 7

It follows from (6.173) that
@< 3 (105001 +A( 3 loial ) )
i<r s<p—1

so that (6.178) and Lemma 6.7.3 imply that supy E(Av|H|) < oo and the
lemma is proved. O

Lemma 6.7.11. We have

(fi(o)AVE)  (fn(01)AVE) B
£ (AVE) (AVE) _E<f1(01)>"'<fn(01)>‘ =0. (6.209)

lim
N—oo

Proof. Consider the event {2 = 21 U {25 N {23, where

o ={3j <, i) =1}
Qo ={34,7' <+, j#7, 30 <p-1,i,L) =i(,0)} (6.210)
2 ={(p-1(" +1) <N}, (6.211)

so that as we have used many times we have

P(2) < — . (6.212)

2=
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Let us now define

U=Av exp Z BJ (Jj(p—l)+l7 < 0G4+ (p—1)s E) (6213)

1<j<r!

when (' + 1)(p — 1) < N and U = 1 otherwise. The reader observes that
U depends only on the spins o; for i > p. On 2°¢ we have i(j,1) > 1 for all
j < r, and the indexes i(j, ¢) are all different. Thus symmetry between sites
implies that for any § > 0,

(filo)AVE)  (fnlo1)AVE)
E(lm S+ (AvE) T+ (AVE) )

—E (1gc <J;1(+‘72)U[§> <J;"f<1()f>]>) : (6.214)
We claim that
lim < 1(0)U)  (fa(01)U)
L L a5 S YUY 3
<f1(01)> (U)x  (falo))x{U)x|
- St O ’_0. (6.215)

To see this we simply use Theorem 6.7.8 given r’ and the functions 6;, j < r’.
Since by (6.212) the influence of {2 vanishes in the limit, we get from (6.214)
that

i |ESLUODAVE)  (fu(01)AVE)
N=oo| - 0+ (AVE) 5+ (AVE)
<f1(01)> (U)x (falo))x(U)x |
s+ (U)x s+ (U)x =0. (6.216)

Without loss of generality we can assume that |fs| < 1 for each s. The
inequality (6.197) and Lemma 6.7.10 yield

lim sup|E (f1(01)AvE) (fn(o1)AVE) _E (fi(o1)AVE) (fn(o1)AVE)
=0 (6.217)

Proceeding as in Lemma 6.7.10, we get

‘ (U)x
6+ (U)x

and proceeding as in (6.217) we obtain

lim sup E

~1|= 21
Jim st ‘ 0, (6.218)

lim suplE(/1(02))x - (o)) x—ESLEDX D)% A fn(01))x(U)x

=0.
550 d+({U)x 0+ (U)x
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Combining with (6.217) and (6.216) proves (6.209) since {fs(01)) = (fs(01))x.-
O

To complete the proof of Theorem 6.7.9, we show the following, where we
lighten notation by writing fs = fs(g).

Lemma 6.7.12. We have

lim E(Avf15> (Av f &) B E<AVf15r>X (Avfn&€)x _0
N—oo|  (AVE) (AVE) (AVE,)x (AvEr)x '

Proof. We follow the method of Lemma 6.7.11, keeping its notation. For
s < n we define

USZAVfS(E)eXp Z e(o-j(p—l)—‘rlv’"70-(j+1)(p—1)75)

1<j<r!

when (' +1)(p — 1) < N and Uy = 1 otherwise. Consider § > 0. Recalling
(6.211) and (6.213), symmetry between sites yields

(AvfrL€) (Av &)
E (1965 T AvE) 54 (Av8>>

_ <U1> <Un>
=E (19654r I <U>> . (6.219)

Moreover Theorem 6.7.8 implies

(U)  (Un) (Unx  (Unx

S5O SH ) o (U)y (U

=0.

lim
N—oo

Since the influence of {2 vanishes in the limit, and exchanging again the limits
N — o0 and § — 0 as permitted by Lemma 6.7.10 (and a similar argument
for the terms E(U,)x /(0 + (U)x)), we obtain

- (Avfi€)  (Av[nE) (Unx  (Un)x|
MBS T Ave) ok x|
It then remains only to show that
. <U1>X . <Un>X i <AVf15r>X . <Aan5r>x o
NIEHOO E (U)x (U)x (AVE)x (AvE)x | 0,

which should be obvious by the definitions of U, &, and U, and since 7’ is a
Poisson r.v. and, as N — oo, Er' = o'p — ap = Er. O

We now state the desired strengthening of Theorem 6.7.9.
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Theorem 6.7.13. If d denotes the transportation-cost distance associated to
the L' norm in D, we have

Jim d(py, T(py)) =0 (6.220)

As we shall see, the sequence u = py is tight, and (6.220) implies that
any cluster point of this sequence is a solution of the equation y = T'(p). If
we knew that this equation has a unique solution, we would conclude that
the sequence () converges to this solution, and we could pursue the study
of the model and in particular we could compute

. 1
I&EnOONElog/exp(fHN(U) */‘ﬂ||0'||2)d0'-

Thus, further results seem to depend on the following.

Research Problem 6.7.14. (Level 2) Prove that the equation pu = T'(u)
has a unique solution.

One really wonders what kind of methods could be used to approach this
question. Even if this can be solved, the challenge remains to find situations
where in the relation (see (6.170))

1
Eﬁlogn@’N( ﬂ Uk>

k<M

. 1
= lim NElog/eXpﬁ Z Qk(ai(k,l), ey Ui(k,p))dn®N(U)
B—oo k<M

one can exchange the limits N — oo and  — oco. A similar problem in a
different context will be solved in Chapter 8.

We turn to the technicalities required to prove Theorem 6.7.13. They
are not difficult, although it is hard to believe that these measure-theoretic
considerations are really relevant to spin glasses. For this reason it seems that
the only potential readers for these arguments will be well versed in measure
theory. Consequently the proofs (that use a few basic facts of analysis, which
can be found in any textbook) will be a bit sketchy.

Lemma 6.7.15. Consider a number B and
D(B)={f€D;Va,y, f(y) < f(x)expBly — x|} .

Then D(B) is norm-compact in L (n).

Proof. A function f in D(B) satisfies

f(0) exp(=Blz[) < f(x) < £(0) exp Blz|
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so that since [ f(x)dn(xz) = 1, we have K= < f(0) < K where K depends
on B and & only. Moreover D(B) is equi-continuous on every interval, so a
sequence (f,) in D(B) has a subsequence that converges uniformly in any
interval; since, given any ¢ > 0, there exists a number zy for which

feDB) = |f (@)]dn(z) < e,

|z|>z0

it follows that this subsequence converges in L!(n). O
We recall the number A of (6.173).

Lemma 6.7.16. For each N and each k we have
W(D(kA)) > P(r < k), (6.221)
where r is a Poisson r.v. of mean ap.

Proof. This is a reformulation of Lemma 6.7.4 since (6.175) means that
Y € D(rA). O

Proof of Theorem 6.7.13. The set of probability measures p on D that
satisfy (6.221) for each k is tight (and consequently is compact for the
transportation-cost distance). Assuming if possible that (6.220) fails, we can
find € > 0 and a converging subsequence (i yx))r>1 of the sequence (un)
such that

Yk,  d(png), T(eNw))) > € -

We defined T'(v) for v = uy. We leave it to the reader to define (in the
same manner) T'(v) for any probability measure v on D and to show that
the operator T is continuous for d. So that if we define v = limy pn (1), then
T(v) = limy T(pun(x)) and therefore d(v,T(v)) > e. In particular we have
v # T(v). On the other hand, given continuous bounded functions f1,..., fn
on R, since uy is the law of Y (the density with respect to n of the law of oy
under Gibbs’s measure) in D we have

E(fi(00) - (fulor)) = E ( [nvan | fnde)

- / ( / AYdy / fnYd77> dun (V) . (6.222)
v b= [ ( [rvag- | den) au(Y)

is continuous for the transportation-cost distance; in fact if |fs| < 1 for each
s, one can easily show that [¢(v) — ¥(v')| < nd(v,v"). Therefore the limit of
the right-hand side of (6.222) along the sequence (N (k)) is

The map
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/(/lednm/fnde> dv(Y) .

Also, the definition of T'(uy) implies

<AVf15T>X <Aan5r>X

(AvE)x  (AvE)x

_ / < / AYdn--- / fnde) AT (vx)(Y) (6.223)

and the limit of the previous quantity along the sequence (N (k)) is

/ ( / LY dy-- / fnde> AT () (Y) .
Using (6.203) we get
J (s v
_ / ( / hydy- - / fnde) AT (Y) . (6.224)

We will now show that this identity implies v = T'(v), a contradiction which
completes the proof of the theorem. Approximating a function on a bounded
set by a polynomial yields that if F' is a continuous function of n variables,

then
/F (/ledn,...,/fnde> dv(Y)
= /F (/ledn,...,/fnde> AT ()(Y) .

/go(Y)dz/(Y) = /(p(Y)dT(l/)(Y), (6.225)

whenever ¢(Y") is a pointwise limit of a sequence of uniformly bounded func-

tions of the type
Y»—>F</f1Ydm...7/fnde) .

These include the functions of the type

Consequently,

©(Y) = min <1, ;?éi;?(ak +|Y - Yk||1)> , (6.226)

where aj are > 0 numbers. This is because
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[ van- /mdnm ,

where the maximum is over |f| < 1, f continuous. Any [0, 1]-valued, 1-
Lipschitz function ¢ on D is the pointwise limit of a sequence of functions of
the type (6.226). It then follows that (6.225) implies that v = T'(v). O

Y) =min| 1, mi
o(Y) m1n< ,ﬁlﬁ(ak—l—max

6.8 Notes and Comments

The first paper “solving” a comparable model at high temperature is [153].

A version of Theorem 6.5.1 “with replica symmetry breaking” is presented
in [115], where the proof of Theorem 6.5.1 given here can be found. This proof
is arguably identical to the original proof of [60], but the computations are
much simpler. This is permitted by the identification of which property of 6
is really used (i.e. (6.117)). Another relevant paper is [78], but it deals only
with a very special model.

An interesting feature of the present chapter is that we gain control of
the model “in two steps”, the first of which is Theorem 6.2.2. It would be
esthetically pleasing to find a proof “in one step” of a statement including
both Theorems 6.2.2 and 6.4.1.

There is currently intense interest in specific models of the type considered
in this chapter, see e.g. [51] and [102].






7. An Assignment Problem

7.1 Introduction

Given positive numbers ¢(i, j), ¢,j < N, the assignment problem is to find

mﬂin Z c(i, o)), (7.1)

i<N

where o ranges over all permutations of {1,..., N}. In words, if ¢(i, j) rep-
resents the cost of assigning job j to worker ¢, we want to minimize the total
cost when exactly one job is assigned to each worker.
We shall be interested in the random version of the problem, where the
numbers ¢(4, j) are independent and uniformly distributed over [0, 1].
Mézard and Parisi [103], [104] studied (7.1) by introducing a suitable
Hamiltonian, and conjectured that

2
A}iinoo E moin c(i,o(i)) = — . (7.2)
i<N

This was proved by D. Aldous [2]. Aldous takes advantage of a feature of
the present model, that makes it rather special among the various models we
studied: the existence of a “limiting object” (which he discovered [1]).

In a related direction, G. Parisi conjectured the following remarkable
identity. If the r.v.s ¢(i,j) are independent exponential i.e. they satisfy
P(c(i,j) > z) = e=* for x > 0, then we have

1 1

Engan(i,a(i)):1+2—2+~-~+m. (7.3)
i<N

The link with (7.2) is that it can be shown that if the r.v.s ¢(4,j) are
ii.d., and their common distribution has a density f on RT with respect
to Lebesgue measure, then if f is continuous in a neighborhood of 0, the
limit in (7.2) depends only on f(0). (The intuition for this is simply that all
the numbers c¢(i,0(7)) relevant in the computation of the minimum in (7.2)
should be very small for large N, so that only the part of the distribution of
¢(i,7) close to 0 matters.) Thus it makes no difference to assume that c(i, j)
is uniform over [0, 1] or is exponential of mean 1.

M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der Mathematik 397
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Vast generalizations of Parisi’s conjecture have been recently proved [109],
[96]. Yet the disordered system introduced by Mézard and Parisi remains of
interest. This model is obviously akin to the other models we consider; yet it
is rather different. In the author’s opinion, this model demonstrates well the
far-reaching nature of the ideas underlying the theory of mean field models
for spin glasses.

It is a great technical challenge to prove rigorously anything at all concern-
ing the original model of Mézard and Parisi. This challenge has yet to be met.
We will consider a slightly different model, that turns out to be easier, but
still of considerable interest. In this model, we consider two integers M, N,
M > N. We consider independent r.v.s (c(4,7))i<n,j<m that are uniform
over [0,1]. The configuration space is the set X'y s of all one-to-one maps o
from {1,...,N} to {1,..., M}. On this space we consider the Hamiltonian

Hyaelo) = BN Y cli o(i)) | (7.4)

i<N

where ( is a parameter. The reader observes that there is no minus sign in
this formula, that is, the Boltzmann factor is

exp (_mv > eli, a(i))) .

i<N

Given a number o > 0, we will study the system for N — oo, M = | N(1+a)],
and our results will hold for 8 < (), where, unfortunately, lim,_o 8(«) = 0.
The original model of Mézard and Parisi is the case M = N, i.e. « = 0. A
step towards understanding this model would be the following.

Research Problem 7.1.1. (Level 2) Extend the results of the present chap-
ter to the case 0 < By where [y is independent of «.

Even in the domain 8 < B(«) our results are in a sense weaker than those
of the previous chapters. We do not study the model for given large values
of N and M, but only in the limit N — oo and M/N — «, and we do not
obtain a rate for several of the convergence results.

One of the challenges of the present situation is that it is not obvious
how to formulate the correct questions. We expect (under our condition that
0 is small) that “the spins at two different sites are nearly independent”.
Here this should mean that when i1 # i5, under Gibbs’ measure the variables
o — o(i1) and o — o(iz) are nearly independent. But how could one quantify
this phenomenon in a way suitable for a proof by induction?

We consider the partition function

ZN,M = Zexp(—HMM(a)) y (75)
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where the summation is over all possible values of o in Yy ps. Throughout
the chapter we write

01(27.]) = eXp(—ﬁNC(Z,])) ’ (76)
so that
ZNM = Z H a(i,o(i)) .
o <N
The cavity method will require removing elements from {1,..., N} and

{1,...,M}. Given aset A C {1,...,N} and aset B C {1,..., M} such that
N —card A < M — card B, we write

Znm(A;B) =Y [ ali, o)) .

The product is taken over ¢ € {1,...,N}\A and the sum is taken over
the one-to-one maps o from {1,...,N}\A to {1,..., M}\B. Thus Zy yu =
Zn m(0;0). When A = {iy,iz,...} and B = {j1, jo,...} we write

ZN)]\/[(A7 B) = ZN7M<i1,i2, . ;jl,jg, .. ) .
Rather than working directly with Gibbs’ measure, we will prove that

Znm (i) Znom(055) Znom(350)
ZNym ZNuM Znym

(7.7)

It should be obvious that this is a very strong property, and that it deals with
independence. One can also get convinced that it deals with Gibbs’ measure
by observing that

G({o(i) = j}) = ali, j)ﬁf#ﬁvi) .

We consider the quantities

un,m(j) = M, wy (i) = Znm(i:0) '

7.8
It (7.8)

ZNM

These quantities occur in the right-hand side of (7.7). The number upy as(j)
is the Gibbs probability that j does not belong to the image of {1,..., N}
under the map o. In particular we have 0 < upn, a(j) < 1. (On the other
hand we only know that wy () > 0.)

Having understood that these quantities are important, we would like
to know something about the family (un,ar(j))j<m (or (wn,ar(i))i<n). An
optimistic thought is that this family looks like an i.i.d. sequence drawn out
of a certain distribution, that we would like to describe, probably as a fixed
point of a certain operator. Analyzing the problem, it is not very difficult to
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guess what the operator should be; the unpleasant surprise is that it does
not seem obvious that this operator has a fixed point, and this contributes
significantly to the difficulty of the problem. In order to state our main result,
let us describe this operator. Of course, the motivation behind this definition
will become clear only gradually.

Consider a standard Poisson point process on RT (that is, its intensity
measure is Lebesgue’s measure) and denote by (§;);>1 an increasing enumer-
ation of the points it produces. Consider a probability measure  on R, and
iid. r.v.s (Y;)i>1 distributed according to n, which are independent of the
r.v.s &. We define

1
Aln) = E(Zimnexp(ﬁ@/(lJra))) i

1
Bn) = £<1 +Y 1Y eXP(—B&)) ’ (7.10)

where of course £(X) is the law of the r.v. X. The dependence on 8 and «
is kept implicit.

Theorem 7.1.2. Given o > 0, there exists f(a) > 0 such that for f < ()
there exists a unique pair u,v where u is a probability measure on [0,1] and
v is a probability measure on Rt such that

[aduta) = 155 w= B0 v =G (7.11)
Moreover if M = |[N(1 + «)|, we have

w= A}im Llunpy(M)); v= lim Llwnu(N)). (7.12)
Research Problem 7.1.3. (Level 2) Find a direct proof of the existence of
the pair (u,v) as in (7.11).

One intrinsic difficulty is that there exists such a pair for each value of o
(not too small); so one cannot expect that the operator Bo A is a contraction
for a certain distance. The way we will prove (7.11) is by showing that a
cluster point of the sequence (L(un ar(M)), L(wn am(N))) is a solution of
these equations.

While it is not entirely obvious what are the relevant questions one should
ask about the system, the following shows that the objects of Theorem 7.1.2
are of central importance.

Theorem 7.1.4. Given «, for f < B(a) we have

1
lim —ElogZy = —(14 a)/logxd,u(x) - /loggcdy(x) . (7.13)
N—oo N ’
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7.2 Overview of the Proof

In this section we try to describe the overall strategy. The following funda-
mental identities are proved in Lemma 7.3.4 below

1
1+ > w<n alk, M)wn p—1(k)
. 1
dovenr o(N, O un—1m(8)

Observe that in the right-hand side of (7.14) the r.v.s a(k, M) are independent
of the numbers wy pr—1(k), and similarly in (7.15). We shall prove that

un m (M) (7.14)

wn,m(N) (7.15)

wN7M(k) ~ wN,M_l(k) ~ wN7M_2(]€) . (7.16)

This fact is not easy. It is intimately connected to equation (7.7), and is
rigorously established in Theorem 7.4.7 below.
Once we have (7.16) we see from (7.14) that

1
U M) ~ , 7.17
O = stk M) w2 (F) (47
and by symmetry between M and M — 1 that
1
uN,M(M - 1) (718)

T 1+ Zng a(k,M — 1) ’LUN7M_2(]€) '

As a consequence, given the numbers wy ar—2(k), the r.v.s uy pr (M) and
un,m (M — 1) are nearly independent. Their common law depends only on

the empirical measure
1
N Z 61UN,M—2(Z') )
i<N

which, by (7.16), is nearly

1
vy = Z Sug ar (i) - (7.19)
i<N

We consider an independent sequence of r.v.s (Xi)g>1 uniformly dis-
tributed on [0, 1], independent of all the other sources of randomness, and
we set

a(k) = exp(—SNX}) . (7.20)

The reason this sequence is of fundamental importance for the present model
is that, given j, the sequence (a(k,j))x of r.v.s has the same distribution
as the sequence (a(k))x, and, given i, this is also the case of the sequence

(a(i, k))-
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Consider the random measure 7 on [0, 1] given by

. 1
BN = ‘c‘l(l + D k<N a(k)wN,M(k)) ’

where L, denotes the law in the randomness of the variables a(k), when all
the other sources of randomness are fixed.

Thus, given the numbers wy, a(k), the r.v.s un p (M) and uy p (M — 1)
are nearly independent with common law iy . By symmetry this is true for
each pair of r.v.s un a(j) and un, a (k).

Therefore we expect that the empirical measure

1
HUN = M Z 5uN,M(j)
J<M

is nearly fiy.

Since fi is a continuous function of vy, it follows that if vy is concen-
trated (in the sense that it is nearly non-random), then such is the case of
Tin, that is nearly concentrated around its mean py, and therefore uy itself
is concentrated around p'y.

We can argue similarly that if py is concentrated around p'y, then vy
must be concentrated around a certain measure vy that can be calculated
from pp. The hard part of the proof is to get quantitative estimates showing
that if 3 is sufficiently small, then these cross-referential statements can be
combined to show that both py and vy are concentrated around gy and
vy respectively. Now, the way p/y is obtained from v}, means in the limit
that p/y ~ B(vy). Similarly, vy, ~ A(uly). Also, 'y = L(un,am(M)) and
vy = Lwn m(N)), so p = limy L(un am(M)) and v = limy L(wn a(IV))
satisfy p = B(v) and v = A(u).

7.3 The Cavity Method

We first collect some simple facts.

Lemma 7.3.1. Ifi ¢ A, we have
Zna(A;B) =Y al(i,0) Zy (AU {i}; BU{L}). (7.21)
(¢B
If j ¢ B, we have
Zn (A B) = Zn (A BULH + Y alk,j) Znm(AU{kRY; BU{j}).

kgA
(7.22)
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Proof. One replaces each occurrence of Zy a(+;-) by its value and one checks
that the same terms occur in the left-hand and right-hand sides. O

The following deserves no proof.
Lemma 7.3.2. If M ¢ B, we have
Znm(A; BULMY) = Znm-1(4; B) . (7.23)
If N ¢ A, we have
ZInm(AU{N}; B) = Zn_1,m(A; B) . (7.24)
In (7.24), and in similar situations below, we make the convention that

Zn—-1,m(+;-) is considered for a parameter 5’ such that 5'(N —1) = GN.
The following is also obvious from the definitions, yet it is fundamental.

Lemma 7.3.3. We have

> ZnmBi0) = (M = N)Zn,u (7.25)
<M
and thus
> unu(@)=M-N. (7.26)
<M

To prove (7.26) we can also observe that ux ar(€) is the Gibbs probability
that ¢ does not belong to the image under o of {1,---, N}, so that the left-
hand side of (7.26) is the expected number of integers that do not belong to
this image, i.e. M — N. In particular (7.26) implies by symmetry between the
values of ¢ that Euy (M) = (M — N)/M ~ o/(1 + «), so that any cluster
point p of the sequence L(un,a(M)) satisfies [zdu(z) = a/(1 + ).

Lemma 7.3.4. We have

ZNM—1 1
D 7.7
un, v (M) Zn ot L+ en alk, M) wn ar—1(k) (727
Tinr 1
wn,m(N) = T = (7:2)

I e o(N O un—1m(f)

Proof. We use (7.22) with A= B = and j = M to obtain

Znas = Zn (0 M)+ > alk, M) Zy p (ks M) .
k<N

Using (7.23) with A =0 or A = {k} and B = () we get
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ZNM = ZNM-1+F Z a(k, M) Zn,n-1(k; 0)
k<N

= ZNaa (1 + > alk, M) wNyMl(k)> : (7.29)
k<N
This proves (7.27). The proof of (7.28) is similar, using now (7.21) and (7.24).
O

It will be essential to consider the following quantity, where ¢ < V:

I IZNm-1(1;0)—Z i:0) Zn ar—
L) = MM Zn.m 1(850) = Zn e (i50) Zn L (7.30)

Zim
The idea is that (7.7) used for j = M implies that ELy p(i)? is small.
(This expectation does not depend on i.) Conversely, if ELy a(i)? is small
this implies (7.7) for j = M and hence for all values of j by symmetry.
We will also use the quantity

Ry (j) = ZN.M ZN,M—l(Q];J;; Zn oy (03) Zn -1 (7.31)
N,M
It is good to notice that |Rn,a(j)| < 2. This follows from (7.23) and the fact
that the quantity Zn a(A, B) decreases as B increases.
The reason for introducing the quantity Ry, ar(j) is that it occurs natu-
rally when one tries to express Lys n (%) as a function of a smaller system (as
the next lemma shows).

Lemma 7.3.5. We have
Svcr—1 ¢(NO) Ry 1 m(€) — a(N, M) un—1,m(M)?
_ 5 ny oV, ) tran( 0)? (7.32)
> ok<n ok, M) Ly nv—1(k)
(1+ Ypen alk, M) wy a1 (k)
Proof. Using the definition (7.31) of Ry ar(j) with j = M — 1, we have
I ZNg—1(0; M —1) — Zy (03 M — 1) Zn ar—1 .

2
ZN,M

Ly m(N) =

Ryu(M —1) = — (7.33)

Ry (M —1) =

(7.34)

As in (7.29), but using now (7.22) with B = {M — 1} and j = M we obtain:
IO M = 1) = Zn -1 (0; M — 1)

+ ) a(k, M) Zy a1 (ks M —1) . (7.35)
k<N

Using this and (7.29) in the numerator of (7.34), and (7.29) in the denomina-
tor, and gathering the terms yields (7.33). The proof of (7.32) is similar. O

We end this section by a technical but essential fact.
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Lemma 7.3.6. We have

> Ryvm(h) = —unar(M) + unar(M)? . (7.36)
J<M—1

Proof. From (7.25) we have

Z Znm0;5) =(M-N)Znp—Zn (0 M) = (M—N)Znyi—ZN y—1,

j<M—1

and changing M into M — 1 in (7.25) we get

> Znwa0.5)=(M—1-N)Zyn-1 .
j<M-1

These two relations imply (7.36) in a straightforward manner. O

7.4 Decoupling

In this section, we prove (7.7) and, more precisely, the following.

Theorem 7.4.1. Given a > 0, there exists f(a) > 0 such that if 8 < B(a)
and M = |[N(1+ )], then for BN > 1

ELym(N)* < (7.37)
’ N
K(o)
N

The method of proof consists of using Lemma 7.3.5 to relate ERn as (M —
1)2 with ELN,]M,l(]\/Y)2 and ELN’]\/[(]V')2 with ERNfl,M(M - 1)2, and to it-
erate these relations. In the right-hand sides of (7.32) and (7.33), we will first
take expectation in the quantities a(N, ¢) and a(k, M), that are probabilisti-
cally independent of the other quantities (an essential fact). Our first task is
to learn how to do this.

We recall the random sequence a(k) = exp(—BNX}) of (7.20), where
(Xk) are i.i.d., uniform over [0,1], and independent of the other sources of
randomness. The following lemma is obvious.

ERnm(M—1)* < (7.38)

Lemma 7.4.2. We have

1 1
= (- ep(AN) < oo

Lemma 7.4.3. Consider numbers (x)r<n. Then we have

E(Z a(k)xk>2 < (w%zv + %,LN) > ap. (7.40)

k<N k<N

Ea(k)? (7.39)
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Proof. Using (7.39) we have

E(Z a(k) xk> = Z 3 Ea(k)* + Zxk z¢Ea(k)Ea(l)

k<N E<N k#£¢
1 1)\?
2
= 28N > Tt (5_N> D lakl el
k<N ke
Now, the Cauchy-Schwarz inequality implies:

1 > N
Slalled < 5 (S lanl) <5 X ot .
=y, k<N k<N

Corollary 7.4.4. If 8 <1 we have

1
ERN7M(M— 1)2 < —

< ELnm-1(N)?.

Proof. From (7.33) we have

2
Rya(M—1)? < (Z a(k, M) LN,M_l(k)> :

k<N

The sequence (a(k,M))r<n has the same distribution as the sequence
(a(k))k<n, so that taking expectation first in this sequence and using (7.40)
we get, assuming without loss of generality that g <1,

1 1

2 2 _ 2
ERN (M —1)" < 32N Z ELNm-1(k)" = I ELN—1(N)
E<N
by symmetry between the values of k. O

This is very crude because in (7.33) the denominator is not of order 1, but
seems to be typically much larger. In order however to prove this, we need to
know that a proportion of the numbers (wn p—1(k))k<am are large. We will
prove that this is indeed the case if 8 < B(«), but we do not know it yet. To
improve on the present approach it seems that we would need to have this
information now. We could not overcome this technical difficulty, that seems
related to Research Problem 7.1.1.

We next turn to the task of taking expectation in (7.32). The rela-
tion (7.26) is crucial here. Since 0 < uny p(¢) < 1 and M — N ~ Na,
this relation implies that at least a constant proportion of the numbers
(u(®)e<mr = (un, 0 (€))e<nr is not small. To understand what happens, con-
sider an independent sequence X, uniformly distributed over [0, 1] and note
that if we reorder the numbers (NX,)¢<ns by increasing order, they look like
the sequence (&;/(1 + «)) (where (§;);>1 is an enumeration of the points of



7.4 Decoupling 407

a Poisson point process on R™). The sum Y,y a(¢)u(¢) then looks like the
sum Y, v exp(—B&/(1+ a))u(o(f)) where o is a random permutation, and
it is easy to get convinced that typically it cannot be too small. The precise
technical result we need is as follows.

Proposition 7.4.5. Consider numbers 0 < u(f),u'(¢) <1, for £ < M. As-
sume that Y, u(l) > 4 and Y, v/ (0) > 4. Consider b with Nb <
Yopensull) and No <>, 1,0 (€). Then if BN > 1 and if 3 < b/40, for any
numbers (y(¢))e<m we have

(X rear alO)y(0))? L3 /1 2
2 74 \ N (6
oo @000 (Sen aOw(0) <N§/’ )>

IN

3
+ % > )2, (7.41)

<M
where a(f) = exp(—BNXy) and L denotes a universal constant.

As will be apparent later, an essential feature is that the second term of this
bound has a coefficient 3 (rather than 3?).

Corollary 7.4.6. If 3 < «/80, BN > 1, M > [N1+ «)|, M < 3N, we
have

L3

e

—ERN_ 1 m(M —1)* + ](V) . (7.42)

Proof. For ¢ < M, let u(¢) = un_1,m(¢), and a( )=a(N,¢). For t <M —1
let y(¢) = Rn—1.0m(¢), and let y(M) = —un_1. 0 (M)?. By (7.32) we have

(ZegM a(g)y(e))
(ZegM a(f)u(é))

We check first that >, ,, u(¢) > 4. Then (7.26) implies

ELnm(N)? <

2
Lyu(N)? =

e

> u(t)=M—(N—-1)>[N(1+a)| - N =|NaJ,
<M

and if 8 < /80 and BN > 1, then Na > 80 and this is certainly > 4. Also

1 Z |[Na| _ «

= — > > —

b N uf) 2 N T2
<M

if Na > 2 and in particular if N3 > 1 and 8 < «/80. We then have § < b/40.
Taking expectation in the r.v.s a(f), we can now use (7.41) with u'(¢) = u(¢)
to obtain
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2 3
vV < 0 (5 T 00) o S, ()

<M <M

where E, denotes expectation in the r.v.s a(£) only. By (7.36) we have

Z y([)‘ = luy—1.m(M)] <1

<M
and y(M)? = un_1,pm(M)* < 1. Thus (7.43) implies

K L3
](Va) + % y(0)? . (7.44)
0<M—1

EoLnm(N)? <

To prove (7.42) we simply take expectation in (7.44), using that M < 3N
and observing that Ey(¢)? = ERn_1m (M —1)% for £ < M — 1. O

Proof of Theorem 7.4.1. To avoid trivial complications, we assume o < 1.
Let us fix N, let us assume M = | N(1 + «)], and, for &k < N let us define

V(k) = ERN_k7M_k(M —k— 1)2 .

In this definition we assume that the values of Zy_j ;- that are relevant
for the computation of Rx_j a7— have been computed with the parameter
0 replaced by the value " such that §'(N — k) = BN. We observe that
M—-—k=|N1l+a)—kl > |(N—-k(1l+a) and M —k < 3(N — k).
Combining Corollaries 7.4.6 and 7.4.4, implies that if §/(N — k) = SN > 1
and 3 < /80 we have

Lp

o5 )‘l‘M

V) < 22V +1 (7.45)
Let us assume that k& < N/2, so that ¥ < 2b. Then (7.45) holds whenever

B < «a/160. Thus if L3/a® <1/2, k < N/2 and BN > 1, we obtain

K(a)

V(k) < i

V(k+1)+

N =

Combining these relations yields

K(«)

V(0) < 27V (k) + = < 27h 2 K(o)

N

since V (k) < 4. Taking k ~ log N proves (7.38), and (7.37) follows by (7.42).
(]

Theorem 7.4.7. Under the conditions of Theorem 7.4.1, for j < M — 1,
1 < N —1 we have
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E (u it () — uw s (7)) < 2 (7.46)
E (unar(7) — un—1.0 ()" < % (7.47)
E (wnar (i) — wnar—1 (i) < % (7.48)
E (wn (i) — wy 1 (i) < Kzi[a) (7.49)

Proof. The proofs are similar, so we prove only (7.46). We can assume j =
M — 1. Using (7.29) and (7.35) we get
Znm(0; M —1)
ZN.M
~ Zny—2 (14 2pen alk, M) wy p—2(k)
<1 + > k<n alk, M) wN7M_1(k:)> '

UN7M(M — 1) =

N1
We observe the identity

N M-1 (

Lywm(i) = wn, p-1(1) — wn,m (i)

ZNMm

which is obvious from (7.30). Using this identity for M — 1 rather than M,
we obtain

UN’M(M — 1) — uN’Mfl(M — 1)
_ INM-—2 (1 + > pen alk, N)wn,v—2(k) B 1)

ZNM-1 1+Zk§N a(k,N)wMM_l(k)
ke 0k, N) Ly v (K)
1+ Zng a(k, N) U)Nnyl(k) '

Thus (7.47) follows from (7.37) and Lemma 7.4.3. O

We turn to the proof of Proposition 7.4.5, which occupies the rest of this
section. It relies on the following probabilistic estimate.

Lemma 7.4.8. Consider numbers 0 < u(f) <1, andletb=N"15",_, u(f).
Then if BN > 1 and 8 < b/20 we have for k < 8 that -

—k
k
E(Z a(z)u(e)> < Lb—f , (7.50)

<M

where a(l) is as in (7.20).
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There is of course nothing magic about the number 8, this result is true for
any other number (with a different condition on 3). As the proof is tedious,
it is postponed to the end of this section.

Proof of Proposition 7.4.5. First we reduce to the case u(¢) = u/(¢) by
using that 2cc’ < ¢ + /2 for

) -2
c= a(f)u(l) ;= a(f)u'(0) .
(Z5e0m0) = (Z0m0)
Next, let a(¢) = a(f) — Ea(¢) = a(¢) — Ea(1), so that
> at0w) = a2 v} + X 0w
<M (<M
and since Ea(1) < 1/(BN),
2 5 /1 2 . 2
(S woma) <5(5 T o) +2( T aowo)

Using (7.50) for k = 4, it suffices to prove that

(X< alO)y(0)) 2 Lﬁ?’
E = <
(X penra@u(t)’ = BN %:4

Expending the square in the numerator of the left-hand side, we see that it
equals I + II, where

(7.51)

"2 a(t')?
I= (¢)°E 7.52
;;/’ P Sttt e
a(fr)a(ls)
II= 0)y(L2)E )
Eg:zzy( e (Zng a(@“(@f
To bound the terms of I, let us set Ser =7, a(£)u(l), so
e a(l)? Cgae? _ Ea(e'E L

(Zegz\/f a(ﬂ)u(ﬁ))4 ; SZL’ Szl’

by independence. Now since >, , u(f) > 4 and u(¢’) < 1, we have

St =23 ue) >

yy (<M

b, (7.53)

=~
>~ w

so using (7.50) for M — 1 rather than M and 3b/4 rather than b we get
ES,* < L3*/b*; since Ea(¢')? < Ea(¢')? < 1/BN, we have proved that, using
that b < 1 in the second inequality
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3
1< Lo°
— Nb?

<M <M
To control the term II, let us set

S(ty, ) = > all)u(l)

LF#Ly Lo

and
U = a(li)u(ly) + a(lz)u(lz) > 0.
Thus 37,5y a(O)u(l) = S(l1,02) +U. Since U > 0, a Taylor expansion yields
1 1 4U R

(SpenralOu(t)® ST S, 6P “saap

where |R| < 15U2. Since S(¢1, f2) is independent of a(¢;) and a(f2), and since
Ea(f1)a(l2)U = 0, multiplying (7.54) by a(¢1)a(f2) and taking expectation
we get

< gblalt)a(t)|U*

a(fr)a(t2)
|E S(ly, L)

(CoearalOu(®)’|
= 15E(|a(f1)a(ls)|U?)E

o
S(tr, £o)5

Since U? < 2(a(f1)? + a(f2)?) and |a(¢2)| < 1, independence implies
E(la(t1)a(l2)|U?) < 4E(Ja(61)la(l2)|a(f2)?) < 4E(|a(¢1)])Ea(f2)? .
Now, Ea(f)? < 1/(28N) and E|a(f)| < 2Ea(f) < 2/(BN). Therefore we have

L
(BN)?

We also have that ES (¢, £2)~% < L3%/b5 by (7.50) (used for k = 6 and M —2
rather than M, and proceeding as in (7.53)). Thus

4 4 2
M O SIE- Cl)

0174y <M

E(la(f1)a(l2)|U?) <

and we conclude using that g < 1. O

The following prepares the proof of Lemma 7.4.8.
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Lemma 7.4.9. If 6N > 1 and A > 1 we have

Eexp(—Aa(l)) < exp < 120;]\);) .

Proof. Assume first A < exp BN, so that log A < 6N and

P(Aa(1) > 1) = P(exp ANX; < A) = P (Xl < 1;%\?) IZ%VA .
Thus, since exp(—z) < 1/2 for > 1, we have
Eexp(—Aa(1)) < 1— %P(/\a(l) > 1)
< exp( 2 P(exp(ANX1) < 1))
- 2
. log A
- eXp(_ 2ﬂN> '

Consider next the case A > exp BN. Observe first that the function 6(x)
x/logx increases for x > e so that 6(\) > 6(expSN), i.e. A/log(A
(exp BN)/BN, that is Aexp(—BN) > log A\/BN. Now, since a(1) > exp(

we have

Eexp(—Aa(1l)) < Eexp(—Aexp(—fN)) < exp(flo—) .

Proof of Lemma 7.4.8. We use the inequality (A.8):
P(Y <t) < (exp At)Eexp(—AY)

for Y =3,. 5 a(f)u(l) and any A > 0. We have

Eexp(—\Y) = Eexp( A Z ) = H E exp(—Auga(f)) .

<M <M

Since u(¢) < 1, Holder’s inequality implies

E exp(—Auga(f)) < (Eexp(=Aa(£))""” = (Eexp(—a(1)))

Therefore, assuming A > 1, and using Lemma 7.4.9 in the second line,

Eexp(—=\Y) < (E exp(_)\a(l)»Eng u(£)

conl-(50)25)

)
—fN)

u(l) )

>

(7.55)

(7.56)
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using that bN =3, u(¢). Thus from (7.55) we get

b b A
P(Y < 215) < exp (w(log)\ - ;)) . (7.57)

For ¢t < 1, taking A = e/t, and since then log A — At/e =loge/t — 1 = —log t,

we get
ply <2} < oo
=28 =

Therefore whenever ¢ > 1, the r.v. X =1/Y satisfies

P (X > %gﬁ ) <t (7.58)

Now we use (A.33) with F(z) = z* to get, making a change of variable
in the second line,

EX* = / Et*=1P(X > t)dt
0

AN 23t
_<T)/o it P(Xz ; )dt.

We bound P(X > 2eft/b) by 1 for ¢ < 1 and using (7.58) for t > 1 to get

k 2ef g % b)(28) k-1 )_ (@)k k
EX << ; ) (1+k/1 " at) = (5 (1+—b/(26)—k:)’

from which (7.50) follows since k < 8 and b/(23) > 10. O

Exercise 7.4.10. Prove that for a r.v. Y > 0 one has the formula

EY F =

1 % k-1
(k—l)!/o t" " 'Eexp(—tY)dt,

and use it to obtain the previous bound on EX* = EY ~* directly from (7.56).

7.5 Empirical Measures

Throughout the rest of this section, we assume the conditions of Theorem
7.4.1, that is, BN > 1, M = |[N(1 4+ «)] and 8 < S(a).

Let us pursue our intuition that the sequence (un as(5));<m looks like it
is i.i.d. drawn out of a certain distribution. How do we find this distribution?
The obvious candidate is the empirical measure
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1
N =57 Z Sun ar(5) - (7.59)
Jj<M
We will also consider 1
VN = N Z 5wN,M(i) . (760)
i<N

We recall the sequence a(k) = exp(—8N X}), where (X}) are i.i.d., uni-
form over [0, 1] and independent of the other sources of randomness. Consider
the random measure fiy on [0, 1] given by

N = Ea(l + Zng al(k)wN,M(k)> ’

where £, denotes the law in the randomness of the variables a(k) with all
the other sources of randomness fixed. Thus, for a continuous function f on
[0,1] we have

/ Jdpn =Edf <1 S a1<k:>wN,M(k>> ’

where E, denotes expectation in the r.v.s a(k) only. Consider the (non-
random) measure py = Efiy, so that

/ fduy =Ef <1 S Cj(k)wN,M(k)) '

In this section we shall show that uy ~ pfy, and that, similarly, vy ~ v}

where 1
/ Jdvn =E (zw a(@wM(a) '

In the next section we shall make precise the intuition that “v}, determines
wh” and “py determines v},” to conclude the proof of Theorem 7.1.2.
It is helpful to consider an appropriate distance for probability measures.

Given two probability measures p, v on R, we consider the quantity

Ap,v) =inf E(X —Y)?,

where the infimum is over the pairs (X,Y’) of r.v.s such that X has law
p and Y has law v. The quantity A'/?(u,v) is a distance. This statement
is not obvious, but is proved in Section A.11, where the reader may find
more information. This distance is called Wasserstein’s distance between p
and v. It is of course related to the transportation-cost distance considered in
Chapter 6, but is more convenient here. Let us observe that since E(X —Y)? >
(EX — EY)? we have

(/ xdp(z) — /xdu(x))2 < Ap,v) . (7.61)
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Theorem 7.5.1. The conditions of Theorem 7.4.1 imply
lim EA(un,py) =0; lim EA(vy,vy)=0. (7.62)
N—o0 N—o0

We first collect some simple facts about A.

Lemma 7.5.2. We have

A(% Z O, 5 % Z 5yi> = i{‘lf% Z(xl — o)? (7.63)

i<N i<N i<N
where the infimum is over all permutations o of {1,...,N}.

We will use this lemma when z; = wy (%), and almost surely any two of
these points are distinct. For this reason, we will give the proof only in the
(easier) case where any two of the points z; (resp. y;) are distinct.

Proof. The inequality < should be obvious. To prove the converse inequality,
we observe that if X has law N='>". 6, and Y has law N™1 Y, 4y,
then - B
E(X-Y)’= > PX=u1.Y =y;)(z; —y;)*.
i,j<N
We observe that the bistochastic matrices are exactly the matrices a;; =
NP(X = ;,Y = y;). Thus the left-hand side of (7.63) is

1.
N inf Z aij(xi - yj)Q 5
i,j<N

where the infimum is over all bistochastic matrices (a;;). The infimum is at-
tained at an extreme point, and it is a classical result (“Birkhoff’s theorem”)
that this extreme point is a permutation matrix. O

Lemma 7.5.3. Given numbers w(k),w’(k) > 0 we have

1 1 ?
: (1 + 2 p<n alk)w(k) 1+ dok<N a(k)w’(k))
< oy 2 () — (k) (7.64)

k<N

Consequently

DN
o —
o
VR
"
=+
]
>
IN
Z | =
2
=
£
Oz
N—
D
7 N
—_
+
]
x>
IN
Z |
2
=
S\
=
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=
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Proof. We use Lemma 7.4.3 together with the inequality

(s - T
L4+ eyaB)wk) 1437 5 alk)w' (k)
< (Z alk)(w(k) — w'(k») . .

k<N

The following fact is crucial.
Lemma 7.5.4. For any continuous function f we have
Jim € (Fowar o) = [ famy ) (Ftowaror =1 = [ amg) =o.
(7.66)

Proof. Recalling the numbers a(k, ¢) of (7.6), let us consider

1
14 > ren alk, M)wy a—2(k)

Using (7.27), (7.64) and (7.48) (with M — 1 instead of M) we obtain

u

E(’U,N’M(M) —U)2 S % .

Exchanging the roles of M and M — 1 shows that if

1
1 + Zng a(k7 M — l)wN,M,g(k)

l
u

we have

E(’LLN’M(M — 1) — u')2 = E(’U,N,M(M) — u)2 <

2=

Therefore to prove (7.66) it suffices to prove that

Jim € (50~ [ samy) (10~ [ famg) =0, o
Now by definition of i, we have
e (1w~ [ ramy ) ()~ [ famy ) = B - () - ).

where
_ 1 = 1
1+ YeyaRwymk) " 1+, yd(kwy k)’

Ui
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and where a(k) = exp(—BNX}) and o' (k) = exp(—BNX],) are independent
of all the other r.v.s involved. Let

1 oy 1
1+ enabwyama(k) " 2 1+, d/ (k)wyam—a(k)

Using again (7.64) and (7.48) we get

Ug =

ZIN

K
E(up — ug)? < nE E(u) —uy)? <

Therefore, to prove (7.67) it suffices to show that

lim E(f(u) = f(u2))(f () = f(up)) = 0.

N—oo

Let us denote by E, expectation only in the r.v.s a(k),d’(k),a(k, M) and
a(k, M — 1), which are probabilistically independent of the r.v.s wy apr—2(k).
Then, by independence,

Ea(f(u) — flu2))(f () = f(u3)) = (Eaf(u) — Eaf(u2))(Eaf(u') — Eaf(u3)).

This is 0 because E, f(u) = E, f(uz), as is obvious from the definitions. O

Corollary 7.5.5. For any continuous function f we have

2
]\;ilnmE( / Fdun — / fdﬁN) ~0. (7.68)

/fduN = % > Flun(0)

<M

Proof. We have

so that, expanding the square and by symmetry

( JE / fduN) = E (f wxar () - [ fduN)

M-1
+ i E (f UNM /fd,uN) ( UN’M(M — 1)) — /fdﬁN> .
We conclude with Lemma 7.5.4. 0

It is explained in Section A.11 why Wasserstein distance defines the weak
topology on the set of probability measures on a compact space. Using (A.73)
we see that (7.68) implies the following.

Corollary 7.5.6. We have

Nlim EA(un,iy) =0. (7.69)
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Lemma 7.5.7. Consider an independent copy iy of the random measure
Tin. Then, recalling that py = Efiy, we have

EA(iy, uy) < EA(fiy, fin) - (7.70)

Proof. Let C be the class of pairs f, g of continuous functions such that

VZE,y, f(x) ( ) (l'—y)2,

so that by the duality formula (A.74) and since pfy = Efiy = Efin,

(f.g)ec

<E sup

(A.
EA(Tiy. ) = E sup ( Jdjin +E gdﬁN>
fg)GC(

fdpy + 9duzv> =EA(y, iin)

using Jensen’s inequality. O

Lemma 7.5.8. Consider an independent copy vy of the random measure vy
defined in (7.60). Then we have

~ 2 ~
EA(ﬁNa;U'N) < EEA(VNvVN> :

Proof. Let vy = N7'30, oy 0wy . (k), Where (w5, (k))k<n is an inde-
pendent copy of the family (wn a(k))k<n. By Lemma 7.5.2 we can find a
permutation o with

% > (wnar (k) = wy ar(0(k))* = Alww, v)
k<N

and by Lemma 7.5.3 we get
~ 2 ~
A(fiy, in) < @A(VNWN) (7.71)

where
=L 1 Sen a(/l»c)w]z,M(o(k))) ~ (i Yeen cj(k)w?v,M(@) |

Taking expectation in (7.71) concludes the proof, since iy is an independent
copy of . a

Let us observe the inequality

Apr, p2) < 2(A(p1, p3) + Alps, p2)) (7.72)

which is a consequence of the fact that A2 is a distance.
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Proposition 7.5.9. We have
4
lim sup EA(un, py) < —5 limsup EA(vn, vy) - (7.73)
N—o00 /8 N—oo

Consequently, if ny denotes an independent copy of the random measure fiy,
we have

. N 16 . ~
limsup EA(upn, px) < > limsup EA(vy, vy) - (7.74)

N—oo N—oo

Proof. Inequality (7.72) implies

A(pun, i) < 2A(un, Fiy) + 240N, Ky) -
Therefore (7.69) yields
limsup EA(uw, py) < 2limsup EA(Fiy, iy ) -

N—o00 N—o0

By (7.70) and Lemma 7.5.8 this proves (7.73). To prove (7.74) we simply use
(7.72) to write that

Alun, py) < 24N, wiy) + 2480y, 1Y)
and we note that EA(u)y, u5) = EA(un, ply)- O

At this point we have done half of the work required to prove Theorem 7.5.1.
The other half is as follows.

Proposition 7.5.10. We have

L 3
limsup EA(vy, Vi) < iﬁ limsup EA(un, 1) (7.75)
N—o0 a N—o0
and
: o o LB ~
limsup EA(vy,vy) < ?hmsup EA(uwn, 1) - (7.76)
N—o0 N —o0

It is essential there to have a coefficient 3 rather than $2. Combining (7.76)
and (7.74) shows that

L 3
limsup EA(vy, vy) < iﬁlimsup EA(un, uy)
N—o00 «a N—oo

L3 16

< — —=limsup EA(vy,vy) ,
- a6 52 N—>oop (N N)

so that if 16L3/a® < 1 then
limsup EA(vy,vy) = limsup EA(un, uy) =0

N—o0 N—o00
and (7.73) and (7.75) prove Theorem 7.5.1.
The proof of Proposition 7.5.10 is similar to the proof of Proposition 7.5.9,
using (7.41) rather than (7.40). Let us first explain the occurrence of the all
important factor 4% in (7.76).
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Lemma 7.5.11. Consider numbers u(€),u'(¢) > 0 for £ < M and assume
that 3, ppu(l) =3 ,<p v/ (€) = Na/2. Then we have

1 _ 1 2 L33 O — ()2
E<ZZ§M‘1(£)U(€) Zegzw“(@“’@)) = aSN eg( (6) ).

Consequently we have

1 1 L33 Lo
2 (ﬁ(zwaww))" (zw aw)u’(e))) P

(7.78)
Proof. We write
2
1 B 1
<Z€<M a()u(l) Z€<M a(ﬁ)u’(ﬁ))

o Cecn@® a(0)”

- (Zng u(l)a(f )) (ZE<MU‘ (O)a(t ))
and we use (7.41) with y(€) = u(€) —u’(¢), so that 3, y(¢) = 0. O

Consider the random measure 7y on R given by

o= o S ati)
VN = )
‘ ZegN a()un,a(€)
so that vjy = EUy. We denote by Uy an independent copy of Ty. We recall
that p3 denotes an independent copy of iy .

Lemma 7.5.12. We have

_ - Lp? ~
EAWN,VN) < ?EA(/«LN»NN) .

Proof. Let uy = M™'Y, 5 0ux . (1), where (uy 5(€))e<ns is an inde-
pendent copy of the family (un as(€))e<nr. By Lemma 7.5.2 we can find a
permutation o with

5 3 (e (0) — R (0(0)” = Al 45)

<M

The essential point now is that (7.26) yields

Z uN,M(K) = Z u]’\\}7M(O'(€)) =M-N > aN/Q y
L<M <M
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so that we can use Lemma 7.5.11 to get
~ Lp3 ~
An,on) < 2 A i) (7.79)

where

,I;N_‘Ca( !

EKMaw)ux,M(ow») - ‘“(mM aé)umz)) |

Taking expectation in (7.79) concludes the proof, since Uy is an independent
copy of Uy. a

The rest of the arguments in the proof of Proposition 7.5.10 is very sim-
ilar to the arguments of Proposition 7.5.9. One extra difficulty is that the
distributions vx (etc.) no longer have compact support. This is bypassed by
a truncation argument. Indeed, it follows from (7.28) and (7.50) that

Ewy (1) < K(a) .

If b > 0 is a truncation level, the quantities wpn, a,5(?) := min(ww,a (%), )
satisfy
. . . K(a)
E(wn,ar (i) = wn,ar0(0)* < E(wRar (), ay20)) < 5 -
If we define vy = N71 ZigN Own ars(i)s then
1 . .
Alvnp,vn) < N (w2 (8) — wi, (1))
i<N
so that K(a)
o
EA(VNJH VN) S b2 ) (780)

and using such a uniformity, rather than (7.75) it suffices to prove for each b
the corresponding result when in the left-hand side “everything is truncated
at level b”. More specifically, defining V}\,’b by

[ savia=s (mi“ (b’ e aé)uN,M(z))) ’

one proves that

L33
limsup EA(vn p, Viy ) < i(; limsup EA(un, u3) »
N—oo ’ « N —oo
and one uses that (7.80) implies
K
limsup EA(vy, viy) < limsup EA(vn 5, vy ) + % :
N—o0 N—o0

The details are straightforward.
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7.6 Operators

The definition of the operators A and B given in (7.9) and (7.10) is pretty,
but it does not reflect the property we need. The fundamental property of
the operator A is that if the measure M ! Zzg a1 Ou(e) approaches the mea-

sure i, the law of (3,. ), aN(E)u(E))f1 approaches A(u), where ay(¢) =
exp(—NBX,), M/N ~ 1+ o, and where of course the r.v.s (Xy),>1 are
i.i.d. uniform over [0, 1]. Since the description of A given in (7.9) will not be
needed, its (non-trivial) equivalence with the definition we will give below in
Proposition 7.6.2 will be left to the reader.

In order to prove the existence of the operator A, we must prove that if
two measures

1 1
M Z 5u(g) and M Z 6u/(g)

<M <M

both approach p, and if M/N ~ M'/N’, then

oo > “(Smravovm)
ZZSM an(Ou(l) ) — Zng' an'(O)u'(£) )
This technical fact is contained in the following estimate.

Proposition 7.6.1. Consider a number a > 0. Consider integers M, N,
M', N" with N < M <2N, N' < M' < 2N’ and numbers 0 < u(f) <1 for
L < M, numbers 0 < u'(£) <1 for £ < M'. Let

1 1
=77 Z dugey; M = e Z du (£)

<M <M’

Assume that [xdn(z) > a/4 and [zdn'(x) > /4. Assume that BN >
1,BN’ > 1 and 8 < a/80. Then, with ay(f) = exp(—BNX,) as above, we
have

4 <£ (ZeSM alzv(ﬁ)u(f) ) - (ZKM, azl\// (@w(@))
< K(o >(}V+;,+ )

L aaty+ 2 ([atnto) - [rar@) . s

Let us state an important consequence.

Proposition 7.6.2. Given a number o > 0 there exists a number B(a) > 0
with the following property. If 8 < B(«) and if p is a probability measure on
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[0, 1] with [ xzdp(x) > «/4, there exists a unique probability measure A(y) on
RT with the following property. Consider numbers 0 < u(f) <1 for £ < M,

and set 1
=97 Z due) -
<M

Then

4 (AW)’E(zKMalN(@u(@)) < (y + |y~ 0+ ))

n j—;_f </ adpu(z) — /xdn(x)>2

L33
+ a—iﬂ(u,n) : (7.82)

Moreover, if yi' is another probability measure and if [xdp'(z) > a/4, we
have

ny < L5 o\ L8

AAR), AW)) < — | [ zdu(@) — [ zdp'(z) | + —5 Au, 1) . (7.83)
A little bit of measure-theoretic technique is required again here, because

we are dealing with probability measures that are not supported by a compact

interval. In the forthcoming lemma, there is really nothing specific about the

power 4.

Lemma 7.6.3. Given a number C, consider the set D(C) of probability mea-
sures § on R that satisfy [ x*df(x) < C. Then D(C) is a compact metric
space for the distance A.

Proof. The proof uses a truncation argument similar to the one given at
the end of the proof of Proposition 7.5.10. Given a number b > 0 and a
probability measure 6 in D(C) we define the truncation #° as the image of
6 under the map x +— min(z,b). In words, all the mass that 6 gives to the
half-line [b, co[ is pushed to the point b. Then we have

A(0,6%) < /Ooo(x — min(z, b))?dd(x) < /boo 22df(x) < % . (7.84)

S

Consider now a sequence (6,,),>1 in D(C). We want to prove that it has a
subsequence that converges for the distance A. Since for each b the set of
probability measures on the interval [0, b] is compact for the distance A (as is
explained in Section A.11), we assume, by taking a subsequence if necessary,
that for each integer m the sequence (6]7"),>1 converges for A to a certain
probability measure A,,. Next we show that there exists a probability measure
A in D(C) such that A, = A™ for each m. This is simply because if m’ < m
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then X' = A, (the “pieces fit together”) and because JS 2tdAn(z) < C
for each m. Now, for each m we have lim,,_,o, A0, \™) = 0, and (7.84) and

the triangle inequality imply that lim,, ., A(6,,A) = 0. O
Proof of Proposition 7.6.2. The basic idea is to define A(u) “as the limit”
of the law A of (X, an(Ou(@)) ™ as M=1Y, 0 60wy — 1 M,N —
oo, M/N — (1 + «). We note that by (7.50) used for k¥ = 8, whenever
Sy u(f) > aN/8, (and B < B(a)) we have [z*dA(z) < L. Thus, recalling
the notation of Lemma 7.6.3, we have A\ € D(L), a compact set, and therefore
the family of these measures has a cluster point A(p), and (7.82) holds by
continuity. Moreover (7.83) is a consequence of (7.82) and continuity (and
shows that the cluster point A(y) is in fact unique). |

We recall the probability measures un, v, Vi, pty of Section 7.5.

Proposition 7.6.4. We have

A}im Ay, A(py)) =0 (7.85)
Proof. First we recall that by (7.26) we have
1 M—-N _«
/fd/iN(@") = > un () = 23

<M

for M = |N(1 + a)] and N large. Since Theorem 7.5.1 asserts that
EA(Wy, pn) — 0, (7.61) implies that

E ( [atuntor - [ xdu&(w))Q ~0

and thus [axdply(z) > a/4 for N large. Therefore we can use (7.82) for
w=phy and n = py to get (using (7.61) again)

A (A(u’N)a La (Z£<M GNEE)UN,M(K) ))

K 2 3
<Rl (% " %) Aty i) - (7.56)

The expectation of the right-hand side goes to zero as N — oo by Theorem
7.5.1. Since by definition

1
vy = ECa< ) ,
N Zng an (O)un,m(£)
taking expectation in (7.86) and using Jensen’s inequality as in (7.70) com-

pletes the proof. a

Proposition 7.6.4 is of course only half of the work because we also have
to define the operators B. These operators B have the following defining

property.
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Proposition 7.6.5. To each probability measure v on Rt we can attach
a probability measure B(v) on [0,1] with the following property. Consider
numbers w(k) > 0 for k < N, and let

= % > du -
E<N
Then
A <B(V), E(l n Zk<N1aN(/€)w(k)>> < % + %A(V, n) . (7.87)
Moreover I
A(B(v),B(V")) < EA(Z/, V') (7.88)
Proof. Similar, but simpler than the proof of Proposition 7.6.2. a

Proposition 7.6.6. We have

]\}im A(uly, Blvy)) =0. (7.89)
Proof. Similar (but simpler) than the proof of (7.85). O

Proof of Theorem 7.1.2. It follows from the definition of v and (7.50)
that [2?dvjy(z) < L, so that, recalling the set D(L) of Lemma 7.6.3, we
have vy € D(L). Since 'y lives on [0,1], we can find a subsequence of the
sequence (uy, V) that converges for A to a pair (p,v). Using (7.85) and
(7.89) we see that this pair satisfies the relations (7.11):

[atnte) = 5 =B = Al (7.90)

The equations (7.90) have a unique solution. Indeed, if (u',v’) is another
solution (7.83) implies

L3
A(v, V') < ?A(li/»/i)

and by (7.88) we have

so that I3
Alp, 1) < —5 A, 1)

and A(p, ') = 0if LB3/ab < 1. Let us stress the miracle here. The condition
(7.26) forces the relation [ zdu(z) = a/(1+ «), and this neutralizes the first



426 7. An Assignment Problem

term on the right-hand side of (7.83). This term is otherwise devastating,
because the coefficient L3%/a* does not compensate the coefficient L/3% of
(7.88).

Since the pair (u,v) of (7.90) is unique, we have in fact that p = lim py,
v = limvjy. On the other hand, by definition of puy we have Euy =
L(un pm(M)), so Jensen’s inequality implies as in (7.70) that

A(L(un (M), py) < EA(un, 1)

so imy oo L(un,m(M)) = p by (7.62). Similarly limy oo L(wn,am(N)) = v.
O

We turn to the proof of Proposition 7.6.1. Let us start by a simple obser-
vation.

Proposition 7.6.7. The bound (7.81) holds when M = M’.

Proof. Without loss of generality we assume that N/ < N. Let S =
ZZSM an()u(f) and " = ZZSM an(£)u'(¢). Then

a(e(D)e(A)) <o (b L) eSS e oy

where
o (Ceear(an(0) — an (0)u'(0)*
I=2E Y 52572 ’
(e an () = ' (1))’
I = 26 =50 :

We observe since N’ < N that a5 (¢) > an(£), so that

S'> 8% = an(Ou'(l),

<M

and
2

(Xe<nr an (O)(u(l) —u'(0)))
S525~2

To bound this quantity we will use the estimate (7.41). The relations

Jxdn(z) > a/4 and [xdny'(z) > «/4 mean that >, ,,u(l) > aM/4 >

aN/4and >, ,,u'(€) > aM/4 > aN/4. Thus in (7.41) we can take b = a/4.

This estimate then yields

1< z—ﬁf (%)2 (/xdn(sc) - /mﬂ(@)z + Z—f% S (u(l) — ' (0))? .

IT<2E
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We can assume from Lemma 7.5.2 that we have reordered the terms u/(¢) so
that M 15",y (u(l) — ' (€))? < A(n, '), and then the bound (7.92) is as
desired, since M < 2N.

To control the term I, we first note that 0 < an/(¢) —an(¢) < 1 since
N' < Njand ), (an'(€) —an(€))u(f) < M since 0 < u/(£) < 1. Therefore

Z CI,N/(E) - G,N(f)
<M

We control this term with the same method that we used to control the term
(7.52). Namely, we define Sy = >, an(¢')u(f) and S; similarly, and we
write, using independence and the Cauchy-Schwarz inequality that

QN/(K) — aN(f) <E aN/(ﬂ) — G,N(g)
SQS/Q - 52522

< Bl () - an(0) (€ Si)/<E Si)/ .

Using (7.50), and since },, u(f) > No/4—1 > Na/8 because N > 1 and
0 < a/80, we get

E

1\ /2
<E 4) < K(Oé)ﬂ2 )
Sy
and similarly for Sj. Using (7.39) for p = 1, we obtain
L/ 1 1
The result follows. O

The main difficulty in the proof of Proposition 7.6.1 is to find how to relate
the different values M and M’. Given a sequence (u(f));<p and an integer
M’, consider the sequence (u™(¢))¢<rrn that is obtained by repeating each
term u(¢) exactly M’ times.

Proposition 7.6.8. We have

A <£<ZKM aljv(f)u(é))’£<Z€SMM/ aiM/ o 6))> < % . (7.93)

Proof of Proposition 7.6.1. The meaning of (7.93) is that within a small
error (as in (7.81)) we can replace M by MM’ and N by NM’. Similarly, we
replace M’ by MM’ and N’ by N'M, so we have reduced the proof to the
case M = M’ of Proposition 7.6.7 (using that A'/? is a distance). O

The proof of Proposition 7.6.8 relies on the following.
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Lemma 7.6.9. Consider independent r.v.s Xo, X, uniform over [0,1]. Con-
sider an integer R > 1, a number v > 2 and the r.v.s

a=-exp(—X); a = Z exp(—yR Xy) .
(<R

Then we can find a pair of r.v.s (Y,Y') such that Y has the same law as the
r.v. a and Y’ has the same law as the r.v. a’ with
L L
ElY -Y'|< =, EY -Y')’< . (7.94)
Y
Proof of Proposition 7.6.8. We use Lemma 7.6.9 for v = SN, R = M'.
Consider independent copies (Y, Y;) of the pair (Y,Y”). It should be obvious
from the definition of the sequence u™(¢) that S’ := >, ,, Y /u(¢) equals
Y v v (O™ (€) in distribution. Writing S = >, Yeu(?), the left-
hand side of (7.93) is -

S(e(3) £(3)) (33 -elBmtzmeer

(S 1Yo — Y{))?

<E

= §2g/2
We expand the square, and we use (7.94) for v = SN and one more time
the method used to control (7.52) to find that this is < K(«)/N. O

Proof of Lemma 7.6.9. Given any two r.v.s a,a’ > 0, there is a canonical
way to construct a coupling of them. Consider the function Y on [0, 1] given
by

Y(z)=inf{t; Pla >t) <z} .

The law of Y under Lebesgue’s measure is the law of a. Indeed the definition
of Y (x) shows that

Pla>y)>z=Y(x)>y
Pa>y)<z=Y() <y,

so that if A denotes Lebesgue measure, we have A({Y(z) > y}) = P(a >
y). Moreover “the graph of Y is basically obtained from the graph of the
function t — P(a > t) by making a symmetry around the diagonal”. Define
Y similarly. The pair (Y,Y”) is the pair we look for, although it will require
some work to prove this. First we note that

ElY —-Y'| = /0 Y (z) = Y'(z)|dz .

This is the area between the graphs of Y of Y’, and also the area between
the graphs of the functions ¢ — P(a > t) and t — P(a’ > t) because these
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two areas are exchanged by symmetry around the diagonal (except maybe
for their boundary). Therefore

ElY — V| :/ P(a > t) — P(a’ > t)|dt .
0

The rest of the proof consists in elementary (and very tedious) estimates of
this quantity when a and a’ are as in Lemma 7.6.9. For ¢t < 1 we have

1 1 1 1
Pla>1t) =P(exp(—yX) > t) = P<X < —log Z) = min (1, — log Z) ,
Y Y

and similarly

1 1
P(exp(—yRX/,) > t) = min (1, R log Z) .

Since a’ > t as soon as one of the summands exp(—yRX/) exceeds ¢, inde-
pendence implies

Pl >t)>1 1 in (1 1lo1 "’ P(t)
a — (1 — min —log - = .
21) = "SR gt
Since (1 — z) > 1 — Rz for x > 0, we have
1 1 1 1
and since 9 (t) < 1, we have in fact
. 1 1
¥(t) < min (1, — log ;) =Pla>1).
Y
We note that

2.2
§€7R1§17R$+R2x )

Using this for

this yields that

and

Since
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1 1 1 1
min (1, —log— | < Rz < —log —,
¥ t 0 t

we have proved that

11, 1\
0<Pla>t)—9(@®) < 3 log . (7.95)
For a real number y we write y* = max(y,0), so that |y| = —y + 2yT. We

use this relation for y = P(a > t) — P(a’ > t), so that since P(a’ > t) > 9 (t)
we obtain
yT < (Pla=t)—9(t)" =Pla>1t) - ¥(t),
and
Pla =)= Pla' = )] < P(a 2 t) — Pla > 1)+ 2(Pla > 1) — (1) . (7.96)
Since a < 1, for ¢ > 1 we then have
|[P(a>t)—P(a' >¢t)| =P >t)=P(a’ >t) —Pla>1). (7.97)
Using (7.96) for t < 1 and (7.97) for ¢ > 1 we obtain, using (7.95) in the
second inequality,

/Oo |P(a>1t)—P(a >t)|dt <2 /1(P(a >t) —(t))dt
0 0

+/ a>tdtf/ Pla>t)d
0 0

L
< —2+Ea'—Ea.
Y

Finally we use that by (7.39) we have |Ea — Ea/| < L/~?, and this concludes
the proof that E|Y — Y'| < L/~%
We turn to the control of E(Y — Y’)2. First, we observe that

E(Y —Y")? < 2E(Y — min(Y”,2))? + 2E(min(Y’,2) — Y')%.
Now, since Y < 1, we have

E(Y —min(Y”,2))? = E(min(Y,2) — min(Y”, 2))?
< 2E|min(Y,2) — min(Y”, 2)]

L
<2EY -Y'| < .
v

The r.v. A=Y’ — min(Y’, 2) satisfies

A>0=>A=Y" -2,
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so that if ¢ > 0 we have P(A > ¢) = P(Y’ >t +2). Since Y’ and a’ have the
same distribution, it holds:

E(min(Y’,2) —Y')2 = EA% = 2/ tP(Y' >t +2)dt
0

= 2/ tP(a’ >t +2)dt .
0
To estimate P(a’ > t), we write, for A > 0

P(a’ > t) < exp(—At)EexpAd
= exp(—At)(Eexp(\ exp(—’yRX)))R

and, using (7.39) in the second inequality, and a power expansion of e* to
obtain the third inequality, we get

AP
Eexp(Aexp(—yR X)) = Z - Eexp(—y Rp X)
p>0 "

AP el
<1+ <1+ —
;p!pvR TR

- 3)\
eXp | —=
- YR

o
P(a' > t) <exp (— — At) )
Y

Taking A = logy > 0, we get

so that

Pla >t) <Lyt

so that since v > 2 we obtain

/ tP(a’ >t+2)dt <
0

Research Problem 7.6.10. (Level 2) Is it true that given an integer n,

there exists a constant K (a,n), and independent r.v.s Uy,...,U, of law p
with K )
. a,n

E;(UN,M(Z) —U;)? < v ! (7.98)

Proof of Theorem 7.1.2. We will stay somewhat informal in this proof.
We write Ay ar = Elog Zn ar, so that
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Z
AN,M - AN,M—l = Elogﬂ = —EloguN,M(M — 1)
N,M—-1
— ZN7M —
AN,M — ANfl,M = ElOgZ— = —ElngN’I\/[(N) .
N—-1,M

By Theorem 7.1.2, these quantities have limits — f logzdp (z) and — f log
dv (x) respectively. (To obtain the required tightness, we observe that from
(7.27), (7.28) and Markov’s inequality we have P(uy p(M — 1) < t) < Kt
and P(wy v (N) < t) < Kt.) Setting M(R) = |R(1 + «) ], we write

Ay — A =14+11,
where

I= Z Arm(Rr) — Ar—1,M(R)
2<R<M

1= Z Ap-1,M(R) — AR-1,M(R-1) -
2<R<M

For large R we have

AR MR) — AR—1,M(R) = — /logxdl/(x) ;

and since M(R) —2 < M(R —1) < M(R) — 1, we also have

ARA,M(R) - ARA,M(RA) =~ —(M(R) - M(R - 1))/logxdu(x) .

The result follows. O

A direction that should be pursued is the detailed study of Gibbs’ mea-
sure; the principal difficulty might be to discover fruitful formulations. If G
denotes Gibbs’ measure, we should note the relation

) . . Z i . . )
6o = 1) = ali, 22T o ot s iyun i) (7.99)
N,M
Also, if i1 # i2 and j; # jo, we have
Zn m (i1, 02; 1, Ja)
N,M

G({o(i1) = ji; oliz) = j2}) = alir,i2)alj1, j2 7.100)

One can generalize (7.7) to show that

Zn (i, 25 51, J2)
ZNm

=~ wn,m (i) wn,ar(i2)un,ar(51)un, i (J2)

so comparing (7.99) and (7.100) we get
G({o(ir) = ji; oliz) = jo}) = G({o(ir) = jn})G({o(i2) = j2}) -

The problem however to find a nice formulation is that the previous relation
holds for most values of j; and j2 simply because both sides are nearly zero!
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7.7 Notes and Comments

A recent paper [169] suggests that it could be of interest to investigate the
following model. The configuration space consists of all pairs (A, o) where
A is a subset of {1,..., N}, and where o is a one to one map from A to
{1,..., N}. The Hamiltonian is then given by

Hy((A,0)) = —CcardA + BN Y _ c(i, o (i), (7.101)
€A

where C is a constant and c¢(i,j) are as previously. The idea of the Hamil-
tonian is that the term —Ccard A favors the pairs (A4, o) for which cardA is
large. It seems likely that, given C, results of the same nature as those we
proved can be obtained for this model when 5 < G(C), but that it will be
difficult to prove the existence of a number [y such than these results hold
for B < By, independently of the value of C', and even more difficult to prove
that (as the results of [169] seem to indicate) they will hold for any value of
C and of G.






A. Appendix: Elements of Probability Theory

A.1 How to Use this Appendix

This appendix lists some well-known and some less well-known facts about
probability theory. The author does not have the energy to give a reference in
the printed literature for the well known facts, for the simple reason that he
has not opened a single textbook over the last three decades. However all the
statements that come without proof should be in standard textbooks, two of
which are [10] and [161]. Of course the less well-known facts are proved in
detail.

The appendix is not designed to be read from the first line. Rather one
should refer to each section as the need arises. If you do not follow this advice,
you might run into difficulties, such as meeting the notation L before having
learned that this always stands for a universal constant (= a number).

A.2 Differentiation Inside an Expectation

For the purpose of derivation inside an integral sign, or, equivalently, inside
an expectation, the following result will suffice. It follows from Lebesgue’s
dominated convergence theorem. If that is too fancy, much more basic ver-
sions of the same principle suffice, and can be found in Wikipedia.

Proposition A.2.1. Consider a random function ¢¥(t) defined on an inter-
val J of R, and assume that E|1)(t)] < oo for each t € J. Assume that the
function ¥(t) is always continuously differentiable, and that for each compact
subinterval I of J one has

Esup [/ (¢)] < oo . (A1)
tel

Then the function p(t) = Ey(t) is continuously differentiable and
©'(t) =E¥'(t) . (A2)
As an illustration we give a proof of (1.41).
M. Talagrand, Mean Field Models for Spin Glasses, Ergebnisse der Mathematik 435

und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics 54,
DOI 10.1007/978-3-642-15202-3, (©) Springer-Verlag Berlin Heidelberg 2011
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Proposition A.2.2. Consider an infinitely differentiable function F on RM
such that all its partial derivatives are of “moderate growth” in the sense of
(A.18). Consider two independent centered jointly Gaussian families u =
(ui)i<nmr, v = (vi)i<mr, and let u;(t) = Viu; + /1 —tv;, u(t) = (ui(t))i<ns-
Consider the function

(1) = EF(u(t)) . (4.3)
Let d L )
uy(t) = &ui(t) = 2—\/#” — =i
Then OF
P =E Y w9 (uit). (A

i<M

Proof. We prove (A.1) with ¢(¢t) = F(u(t)). We write first that for a
compact subinterval I of ]0, 1] we have

OF

T

oF

1) oo ().

sup
tel

<u<t>>\ < sup [} (1)) sup
tel tel

Using the Cauchy-Schwarz inequality, to prove (A.1) it suffices to prove that
2
E(sup |u;(t)|> < o0
tel

and

E(sup et

tel

)2 < 00. (A.5)

We prove only the second inequality, since the first one is rather immediate.
Using that 0F/0x; is of moderate growth (as in (A.18)), given any a > 0 we
first see that there is a constant A such that

oF
37()() < AeXpCLHX||2 ,
and since
lu@®)|| < VEjul + VI =t|v]l < vV2max(|ul, |v])
we obtain
F 2 2
sup (u(t))| < Amax(exp 2al|ul|?, exp 2a||v]|*)
tel | 0%

< Aexp2a Z(uf + 03,

i<M

so that (A.5) follows from Hélder’s inequality and the integrability properties
of Gaussian r.v.s, namely the fact that if ¢ is a Gaussian r.v. then Eexp ag? <
oo for aEg? < 1/2 as follows from (A.11) below. O
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A.3 Gaussian Random Variables

A (centered) Gaussian r.v. g has a density of the type

1 < t? )
—exp | ——
VonT 272
so that E g2 = 72. When 7 = 1, g is called standard Gaussian. We hardly ever
use non-centered Gaussian r.v., so that the expression “consider a Gaussian
r.v. z” means “consider a centered Gaussian r.v. z”. A fundamental fact is
that
o272

Eexpag = exp 5 - (A.6)

Indeed,

Forar.v.Y >0 and s > 0 we have Markov’s inequality

P(Y > s) < éEY . (A7)

Using this for Y = exp(AX), where X is any r.v., we obtain for any A > 0
the following fundamental inequality:

P(X >1t) = Plexp(AX) > M) < e MEexp(\X) . (A.8)
Changing X into —X and ¢ into —¢, we get the following equally useful fact:
P(X <t)< eME exp(—AX) .

Combining (A.6) with (A.8) we get for any ¢ > 0 that

)\2 2
Plg>1) < exp(—AH - ) 7
and taking \ = t/72
2
P(g > 1) < exp (—2—) . (A.9)

Elementary estimates (to be found in any probability book worth its price)
show that for ¢ > 0 we have, for some number L,
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1 t?
P(g > t) > mexp (—F> . (AlO)

This is actually proved in (3.137) page 229, a way to show that this book is
worth what you paid for. There is of course a more precise understanding of
the tails of g than (A.9) and (A.10); but (A.9) and (A.10) will mostly suffice
here. Another fundamental formula is that when Eg? = 72 then for 2a72 < 1
and any b we have

Eexp(ag® + bg) = exp (A.11)

1
V1 —2at2 2(1—2&7’2) '

Indeed,

1 > t?
Eexp(ag® + bg) = N / exp (at2 ~ 5 + bt) dt

We then complete the squares by writing

2 t? b= 1 —2ar? y br? 2 br?
a — S R
272 272 1 —2ar? 2(1 — 2a7?)

and conclude by making the change of variable

br? T

+u .
1 —2ar? V1 —2ar2

t =

The following is also important.

Lemma A.3.1. Consider M Gaussian r.v.s (g;)i<n with Eg? < 7 for each
i < N. We do NOT assume that they are independent. Then we have

Eﬂéé}éigi <7y/2logM . (A.12)

Proof. Consider § > 0. Using Jensen’s inequality (1.23) as in (1.24) and
(A.6) we have

Elog(z expﬁgl> < 1og( Z exp ﬁgi>
<M i<M
log (M exp (%5272>>
2

2
£ T+ log M . (A.13)

Now
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ﬂmax gi < 10g<z €Xp ﬂgz> ,

i<M
so that, using (A.13),

2,2
ﬁEmaxgZ < Elog(z expﬁgl> < 627 +log M .
<M

Taking 6 = /2log M /7 yields (A.12). O
An important fact is that when the r.v.s g; are independent, the inequality
(A.12) can essentially be reversed,

Emax > — \/log

We do not provide the simple proof, since we will not use this statement.

Given independent standard Gaussian r.v.s ¢i,...,ga, their joint law
has density (27) /2 exp(—||x||?/2), where ||x||? = 3", ,, #2. This density is
invariant by rotation, and, as a consequence, the law of every linear combi-
nation z = )., a;g; is Gaussian. The set G of these linear combinations is
a vector space, each element of which is a Gaussian r.v. Such a space is often
called a Gaussian space. It has a natural dot product, given with obvious
notation by Ezz’ = >, ., ara). Given two linear subspaces Fi, F» of F, if
these spaces are orthogonal, i.e. E z;29 = 0 whenever z; € Fy, 2o € Fy, they
are probabilistically independent. This is obvious from rotational invariance,
since after a suitable rotation these spaces are spanned by two disjoint subsets
Ofglv"'ng~

We say that a family z1,...,zy of r.v.s is jointly Gaussian if the law
of every linear combination ),y arz, is Gaussian. If zq,...,2x belong
to a Gaussian space G as above, then obviously the family z1,...,zy is
jointly Gaussian. All the jointly Gaussian families considered in this book
will obviously be of this type, since they are defined by explicit formulas such
as zp = » ., Qk,i9i where gi,..., gy are independent standard Gaussian
r.v.s, a formula that we abbreviate by 2, = g - ay where g = (g1,...,9Mm),
ap = (ag1,...,a, ) and - denotes the dot product in RM. For the beauty of
it, let us mention that, in distribution, any jointly Gaussian family 21, ..., 2y
can be represented as above as zp = a; - g (with M = N). This is simply be-
cause the joint law of a jointly Gaussian family z1, ..., zi is determined by the
numbers Ez zy, so that it suffices to find the vectors aj in such a manner that
Ezizy = a - ap. If we think of the linear span of the r.v.s z1,..., zy provided
with the dot product z - 2/ = Ezz’ as an Euclidean space, and of z1,..., 2y
as points in this space, they provide exactly such a family of vectors.

Another interesting fact is the following. If (qu v)uv<n is & symmetric
positive definite matrix, there exists jointly Gaussian r.v.s (Y,,)y<n such that
EY,Y, = qu. This is obvious when the matrix (g, ,) is diagonal; the gen-
eral case follows from the fact that a symmetric matrix diagonalizes in an
orthogonal basis.
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A.4 Gaussian Integration by Parts

Given a continuously differentiable function F on R (that satisfies the growth
condition at infinity stated below in (A.15)) and a centered Gaussian r.v. g
we have the integration by parts formula

EgF(9) = Eg°EF'(g) . (A.14)

2

To see this, if E g2 = 72, we have

EgF(g) = \/21_777_/Rtexp (-%) P()dt

7_2 t2
=—7 [ exp|—— | F/(t)dt
—/ p( 272) (0

provided
lim F(t)exp(—t?/27%) =0. (A.15)

[t]—o0

This formula is used over and over in this work. As a first application, if
Eg? = 72 and 2a7? < 1 we have

Eg? expag® = Eg(gexpag?) = 7*(Eexp ag® + E 2ag exp ag?) , (A.16)

so that
1

V1 —2ar?

by (A.11) and Egexp ag? = 72(1—2a7?)~3/2. As another application, if k > 2

(1 —2a7*)Egexpag® = T*Eexpag® =7

Egk: _ Eggk71 _ TQ(k o 1)Egk72 ,

so that in particular E¢g* = 372, and one can recursively compute all the
moments of g. All kinds of Gaussian integrals can be computed effortlessly
in this manner.

Condition (A.15) holds in particular if F' is of moderate growth in the
sense that limyy_, F(t) exp(—at?) = 0 for each a > 0. A function F' (with a
regular behavior as will be the case of all the functions we consider) fails to
be of moderate growth if “it grows as fast as exp(at?) for some a > 0”. The
functions to which we will apply the integration by parts formula typically
do not “grow faster than exp(At)” for a certain number A (except in the case
of certain very explicit functions such as in (A.16)).

Formula (A.14) generalizes as follows. Given g, z1,..., 2, in a Gaussian
space G, and a function F of n variables (with a moderate behavior at infinity
to be stated in (A.18) below), we have

oF
EgF (z1,...,2n) = ZE(gze)Ea—w(zl,...,zn) . (A.17)

<n
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This is probably the single most important formula in this work. For a proof,

consider the r.v.s
E zpg

g Eg2 *
They satisfy Ez;g = 0; thus ¢ is independent of the family (z1,...,2]). We
then apply (A.14) at (2}),<,, given. Since 2, = z,+gE gz, /E g2, (A.17) follows
whenever the following is satisfied to make the use of (A.14) legitimate (and
to allow the interchange of the expectation in z and in the family (21, ..., 2)):
for each number a > 0, we have

2p = 2

lim |F(x)|exp(—alx|*) =0. (A.18)

lIx[|—o0

A.5 Tail Estimates

We recall that given any r.v. X and A > 0, by (A.8) we have
P(X >t) <e MEexpAX .

IfX = EigN X; where (X;);<n are independent, then

EexpAX = J] EexpAX;,
i<N

so that

P(X >t)<e ™ H Eexp AX; = exp (—/\t + Z log E exp )\Xi> . (A.19)
i<N i<N

If (7;)i<n are independent Bernoulli r.v.s, i.e. P(n; = £1) = 1/2, then
Eexp Aa;n; = ch Aa;, and thus

P (Z a;n; > t) < exp <)\t + Z log ch )\ai) . (A.20)
i<N i<N
It is obvious on power series expansions that cht < exp(t?/2), so that
A2 9
P(Z a;n; = t) < exp(—)\t+ > Z ai) ,
i<N i<N
and by optimization over A, for all ¢ > 0,

(> t) < p(ﬁ> | (A.21)

i<N
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This inequality is often called the subgaussian inequality. By symmetry,
P(> i<y @i < —t) is bounded by the same expression, so that

t2
P a;n;| > t) < 2eXp<—7) ) A.22
> o (A22)

i<N
As a consequence of (A.21) we have the following

Nt?
card{(e',0%) € X% ; Rio >t} <2V exp (_T) . (A.23)

This is seen by taking a; = 1/N, by observing that for the uniform measure

on X% the sequence n; = o} o7 is an independent Bernoulli sequence and that

Rio= Zz‘gN a;n;. Related to (A.21) is the fact that

1 ? 1
- E ) < — . .
Eexp 5 ( aml> - (A.24)

i<N 1- Zigz\r a;

Equivalently,

2
Zexp%(Z aiai> < % ,

i<N Zig]\r a;

where the summation is over all sequences (0;);<n with o; = £1. To prove
(A.24) we consider a standard Gaussian r.v. g independent of the r.v.s
and, using (A.6), we have, denoting by E, expectation in g only, and using
again that logcht < 2/2,

2
1
Eexp 3 (Z aim> = EEgexp Z gain;

i<N i<N

= Egexp Z log chga;

i<N
92 2
< Egexp 5 Z a;
i<N
1
1- ZiSN a;

It follows from (A.24) that if S = 37,y a7, then, if b; = a;/v2S, we have
doi<N b? =1/2 and

2 2
1 1 1
_ o — - e < < 9.
Eexp 45( E aml> Eexp 2( E bﬂh) S is 2

i<N i<N
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Since expx > z™/n! > z™ /n™ for each n and x > 0 we see that

E (Z aim)% < 2(4n)"8™ = 2(4n)" (Z af)n : (A.25)

i<N i<N
a relation known as Khinchin’s inequality.
Going back to (A.20), if a; = 1 for each ¢ < N, changing ¢ into Nt, we
get
P(Z ni > Nt) < exp N(=At +logch \) .
i<N
If 0 <t < 1, the exponent is minimized for th A = t, i.e.

et —e R e —1

Ate X e2Aip1

t,
so that e = (1+1¢)/(1 —t) and
1
A= §(log(1 +1t) —log(l —1t)).
Also, ch™?XA =1 —th*\ =1 — 2, so that

1
logch A = . log(1 — %) ,

and
1
m/\in(—/\t +logch\) = —§(t log(1+t) —tlog(1 —t))
f% log(1—1t) — %log(l +1)
= —I(t) (A.26)
where 1
I(t)= 5((1 +t)log(1+¢)+ (1 —t)log(l —1¢)). (A.27)
The function Z(t) is probably better understood by noting that
1

It follows from (A.26) that

p(z m > Nt) < exp(—NZI(t)),

i<N

or, equivalently, that
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card{o’ €EXN; Y 0> tN} < 2N exp(—NZ(t)) . (A.29)
i<N

If k is an integer, then ), 0; = k exactly when the sequence (0;)i<n
contains (N +k)/2 times 1 and (N — k)/2 times —1. This is impossible when
N +k is odd. When N +k is even, using Stirling’s formula n! ~ n™ e™"/27n,
we obtain

i<N 2 2
> 1 VN NN
~ L.,/(N—-E)(N+Ek) (%)(NMW (NT,;C)(ka)/z
> 2" 1
~ LVN (1+ %)(N+k)/2 (1- %)(N—k)/Q
2N k
el (2)

This reverses the inequality (A.29) within the factor Lv/N.
Since by Lemma 4.3.5 the function ¢ +— log chv/t is concave, it follows
from (A.20) that

P(Z a;n; > tx/ﬁ) < expN(—)\t +logch A Z af)
i<N \/ i<N

and, using (A.26)
P(Z;amizt¢ﬁ>fgmp<NI(Vﬁii;:E)>. (A.31)

A.6 How to Use Tail Estimates

It will often occur that for a r.v. X, we know an upper bound for the prob-
abilities P(X > t), and that we want to deduce an upper bound for EF'(X)
for a certain function F'. For example, if Y is ar.v., Y > 0, then

EY = /oo P(Y >t)dt, (A.32)
0

using Fubini theorem to compute the “area under the graph of Y.
More generally, if X > 0 and F is a continuously differentiable non-
decreasing function on Rt we have
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X
F(X)=F(0) +/ F'(t)dt = F(0) +/ F'(t)dt .
0 {t<x}
Taking expectation, and using Fubini’s theorem to exchange the integral in
t and the expectation, we get that

EF(X) = F(0)+ /Oo F'(t)P(X > t)dt . (A.33)
0

For a typical application of (A.33) let us assume that X satisfies the following
tail condition:

2
Vi >0, P(X] > 1) < 2exp(2tAz> , (A.34)

where A is a certain number. Then, using (A.33) for F(z) = 2* and |X]|
instead of X we get

e} t2
EIX|* < Qk/o th=1 exp<—ﬁ)dt.

The right-hand side can be recursively computed by integration by parts. If
k>3,

[ee] t2 o0 . t2
k-1 _ 2 k-3
/0 t""exp (2A2>dt =(k—-2)A /0 t" 7 exp <2A2)dt.

In this manner one obtains e.g.
EXF < 2FH1g1A%k

This shows in particular that “the moments of order £ of X grow at most
like vk.” Indeed, using the crude inequality k! < k* we obtain

(E|X[F)V/F < (EX?*)1/2F < 24V . (A.35)

Suppose, conversely, that for a given r.v. X we know that for a certain number
B and any k > 1 we have EX?* < B?*E* (i.e. an inequality of the type (A.35)
for even moments). Then, using the power expansion exp x> = > k>0 22k /K,
for any number C we have
X2 EXQk B2k k.k:
Eexp — =

C? C?kE! = C?kE! -
k>0 k>0

Now, by Stirling’s formula, there is a constant Lo such that k* < LEE!, and
therefore there is a number L (e.g. L = 2Lg) such that

2

=%

E exp
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This implies in turn that

2
P(X >t) < 2eXp<LBZ> .

Many r.v.s considered in this work satisfy the condition (A.34). The previous
considerations explain why, when convenient, we control these r.v.s through
their moments.

If F' is a continuously differentiable non-decreasing function on R, F' > 0,
F(—00) = 0, we have

X
F(X)= F'(t)dt = F'(t)dt .
= [ roa= [ o

Taking expectation, and using again Fubini’s theorem to exchange the inte-
gral in ¢t and the expectation, we get now that

EF(X)= / F'(t)P(X >t)dt. (A.36)
This no longer assumes that X > 0. Considering now a < b we have
b
E(F(min(X, b))]-{XZa}) = F(a)P(X > a) +/ F'()P(X >t)dt. (A.37)

This is seen by using (A.36) for the conditional probability that X > a, and
for the r.v. min(X,b) instead of X.

A.7 Bernstein’s Inequality

Theorem A.7.1. Consider a r.v. X with EX = 0 and an independent se-
quence (X;)i<n distributed like X. Assume that, for a certain number A, we
have

Eexp |ii| <2. (A.38)

Then, for all t > 0 we have

P(Z X; > t> < exp (— min (ﬁ, ﬁ)) (A.39)

i<N

P(Z X, > t) < exp <_2NtE2X2 (1 - N?;;’;)Z» . (A.40)

i<N
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Proof. From (A.19) we obtain

P<Z X; > t) < exp(—At 4+ Nlog Eexp AX) . (A.41)
i<N

We have
EexpAX =14 Ep(A\X) (A.42)

where p(x) = e” — x — 1. We observe that Ep(|X|/A) < Eexp(|X|/A) -1 =
2—1 = 1. Now power series expansion yields that ¢(z) < ¢(]z|) and that for
x > 0, the function A — @(\z)/A\? increases. Thus, for A < 1/A, we have

Ep(AX) < N2AZEo(|X|/A) < \2A? .
Combining (A.42) with the inequality log(1+z) < x, we obtain log Eexp AX <
A2 A2, Consequently (A.41) implies
P(Z X; > t) <exp(—Mt + NA2A%) .
i<N

We choose A\ = t/2N A% if t < 2N A (so that A < 1/A). When t > 2N A, we
choose A = 1/A, and then

9 19 t t
M\t + =—— 4+ N<—— .
M+ NNA N 3

This proves (A.39). To prove (A.40) we replace (A.42) by

A2 EX?

EexpAX =1+ +Epi1(AX)

where @1 (z) = e*—2%/2—x—1. We observe that Ep; (| X|/A) < Ep(|X|/A) <
1. Using again power series expansion yields ¢1(z) < ¢1(|z|) and that for
x > 0 the function X — ¢1(Ax)/A? increases. Thus, if A < 1/A, we get

Epi(AX) < N3APE (| X|/A) < A343

so that logEexpAX < A2EX?/2 + A3A2 and we choose A = t/NEX? to
obtain (A.40) when t < NEX?2/A. When t > NEX?/A, then

4A3¢ N 4A2 -
N(EX2)2 = EX2 ~

because EX?2/2A42 < Eexp|X|/A < 2. Thus (A.40) is automatically satisfied
in that case since the right-hand side is > 1. g

Another important version of Bernstein’s inequality assumes that

IX| < A. (A.43)
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In that case for p > 2 we have EX? < AP72EX?, so that when A < 1, and
since 3 5, 1/pl=e—2<1,

P p—2
Ee(\X) = ZA—' EXP <\ EXQZ% < NEXZ.
p>2 7 p>2 '

Proceeding as before, and taking now A = min(¢/E X?2,1/A), we get

P(Z X; 27&) < exp (—min (ﬁi)) . (A.44)

i<N

We will also need a version of (A.39) for martingale difference sequences.
Assume that we are given an increasing sequence (=;)o<i<n of o-algebras.
A sequence (X;)1<i<n is called a martingale difference sequence if X; is =;-
measurable and E;_1(X;) = 0, where E;_; denotes conditional expectation
given =;_1. Let us assume that for a certain number A we have

X,
Vi< N, E,_1exp % <2. (A.45)

Exactly as before, this implies that for |[A\| A < 1 we have E;_jexpAX; <
exp A2A2. Thus

Er1expA ) X, = exp()\ > XZ-) Ej exp A X,
i<k i<k—1

< exp<)\ > Xi+)\2A2) .

i<k—1
By decreasing induction over k, this shows that for each k£ we have
Ep_1exp Z X; < exp()\ Z X;+(N—k+1) /\2A2> .
i<N i<k—1

Using this for & = 1 and taking expectation yields EexpA) .,y X; <
exp NA2A2. Use of Chebyshev inequality as before gives

P(Z X; > t) < exp ( min (ﬁ, i)) : (A.46)

i<N

A.8 e-Nets

A ball of RM is a convex balanced set with non-empty interior. The convex
hull of a set A is denoted by convA.
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Proposition A.8.1. Given a ball B of RM, we can find a subset A of B
such that

\M
card A < <1 + —) (A.47)
€
VeeB, AN(x+2eB)#0 (A.48)
convA D (1-2¢)B. (A.49)

Moreover, given a linear functional o on RM | we have

sup p(z) > (1 —2¢) sup p(z) . (A.50)
z€EA z€EB

As a corollary, we can find a subset A of (1 — 2¢)~!B such that cardA <
(1+e7 )M and B C convA. The case € = 1/4 is of interest: card4 < 5™ and

sup,eq () > (1/2) supep ().

Proof. We simply take for A a maximal subset of B such that the sets x+¢B
are disjoint for z € A. These sets are of volume ¢ VolB, and are entirely
contained in the set (1 +¢)B, which is of volume (1 + )™ VolB. This proves
(A.47).

Given z in B, we can find y in A with (z+eB)N(y+eB) # 0, for otherwise
this would contradict the maximality of A. Thus y € (z + 2¢B) N A. This
proves (A.48).

Using (A.48), given z in B, we can find yg in A with z — yo € 2¢B.
Applying this to (x — yo)/2¢, we find y; in A with z — yo — 2ey; € (2¢)2B,
and in this manner we find a sequence (y;) in A with

y = Z(Qa)iyi € (1—2¢)"tconvA ,
i>0

since A is finite. This proves (A.49), of which (A.50) is an immediate conse-
quence. U

A.9 Random Matrices

In this section we get some control of the norm of certain random matrices.
Much more detailed (and difficult) results are known.

Lemma A.9.1. If (¢ij)i<i<j<n are independent standard Gaussian r.v.s,
then, with probability at least 1 — Lexp(—N) we have

1/2
> gijriy| < LW(Z w Yy yf) . (A51)

i<j i<N <N

V(zi)i<n, ¥V (Yi)i<nv



450 A. Appendix: Elements of Probability Theory

Proof. Let us denote by B the Euclidean ball of RV, and by A a sub-
set of 2B with card A < 5V and convA O B, as provided by Proposi-
tion A.8.1. If (x;);<n and (y;)i<n belong to A, then E(ZKj Gij T yj)2 <
DN T DN y; <16 and (A.9) implies

t2
P(Zgijl“iyj Zt) < 2exp <—3—2> ;

i<j
so that with probability at least 1 — 2(25)Y exp(—64N) it holds that

V(®i)i<n s Y (¥i)i<y € A, Zgij ziy;| < 32VN,
i<j
and hence
V(z:)i<n, ¥ (0:)i<n € B, Y giwiy;| < 32VN,
i<j
and this implies (A.51). O

We consider independent Bernoulli r.v.s (1; k)i<n k<m, that is, P(n; x =
+1) =1/2.

Lemma A.9.2. Consider numbers (o i)k kr<m with Za%,k, < 1. Then,
fort >0 we have

2t
X Ca > < — mi —_— = .
P(Z Za’“’k ik Mik t) exp( min <NL’ L)) (A.52)

k#k! i<N

2 Lt
P ' M S > < — (1 - = . A.
(E E Q&' Misk Mk _t> _eXP( 2N< N>) (A.53)
kAk! i<N

Proof. Ther.v.s X; = Zk#k/ O k' ik Mi ke are 1.i.d., and obviously EX; = 0,
EX? => a2,, < 1. An important result of C. Borell [14] implies that then

’

Eexp(|X;|/L) < 2 so that (A.52) is a consequence of (A.39) and (A.53) is a
consequence of (A.40). O

Proposition A.9.3. Consider a number 0 < a < 1 and n < M. If
nlog(eM/n) < Na?, the following event occurs with probability at least
1 — exp(—a®N). Given any subset I of {1,..., M} with cardl = n, and
any sequences (Tx)r<m, (Yk)k<m, we have

(5o (S

i<N “kel kel

1/ 1/2
<Nz +NLa<Zm§) / (Zﬁ) . (A.54)

kel kel kel
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Corollary A.9.4. If a < 1 and M < Na?, then with probability at least
1 —exp(—a®*N/L), for any sequences (zy)k<m and (yx)r<m we have

S(g ) (5o

i<N k<M k<M
1/2 1/2
SN apye+ NLa( > mi) (Z y,%) , (A.55)
k<M E<M k<M

and

> < > m,k)z <N(1 +L&)<Z ari) . (A.56)

i<N k<M k<M

Proof. The case n = M of (A.54) is (A.55) and the case yr = x of (A.55)
is (A.56). 0

Proof of Proposition A.9.3. We rewrite (A.54) as

1/2 1/2
> Y amemene <ve(Xa2) (X))  @asn
kel

i<N kK’ k, k'€l kel

Consider a subset A of R™, with card A < 5", A C 2B and convA D B,
where B is the Euclidean ball -, _ 27 = 1. To ensure (A.57) it suffices that

Z Z Tk Yk ik Mk < LNa (A.58)
i<N k#k! kok' €1

whenever (zg)ker € A and (yr)rer € A. Now, given any such sequences
(A.52) implies

N
P(Z Z Tk Yk ik Mikr > Nu) < exp <_f mln(uQ,u)) . (A.59)

i< N k#k! k'€l

Since n < M and nlog(eM/n) < Na? it holds that n < Na?. We observe also
that 25 < e?. Thus the number of possible choices for I and the sequences
(Ik)kej, (yk)kel is at most

M MAN\" M
( )(card A)? < (e_) 25" = 25" exp <n log <6—)> < exp5Na?
n n n

so that taking u = L'a where L’ large enough, all the events (A.58) simulta-
neously occur with a probability at least 1 — exp(—Na?). a

Our next result resembles Proposition A.9.3, but rather than restricting
the range of k we now restrict the range of i.
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Proposition A.9.5. Consider a number 0 < a < 1. Consider a number
No < N such that Nolog(eN/No) < a?N, and assume that M < a®?N. Then
the following event occurs with probability at least 1 —exp(—a®N): Given any
subset J of {1,..., N} with cardJ < Ny, and any sequence (zy)k<n, we have

Z(Z ka,k>2 < Ny Z 22 + Lmax(Na?, \/N—Noa)<z x%) .

ieJ k<M k<M k<M
(A.60)

Proof. The proof is very similar to the proof of Proposition A.9.3. It suffices
to prove that for all choices of () and (yx) we have

1/2 1/2
Z Z Tryk i ki < Lmax(Na?, /N Noa) ( Z xi) (Z yz%) :
i€J k#k! k<M k<M
(A.61)
Consider a subset A of RM | with cardA < 5, A C 2B, B C convA, where
B is the Euclidean ball >, -, z7 < 1. To ensure (A.61) it suffices that

Z Z TRy i ki < Lmax(Na?, /N Nga)
ieJ k£k!

whenever cardJ < Ny, (z)k<m, (Yr)e<m € A. It follows from (A.52) that
for v > 0,

cardJ .
P(Z Z TRYRN: ki > vcardJ> < exp <— 7 mln(UQ,v)> ,

i€J k£k!
and using this for v = ulNy/cardJ > u entails
P Z Z TeYri ki ke > Nou | < exp 7% min(v2 u) | . (A.62)
i€J k#k! R a L ’

The number of possible choices for J and the sequences (zx)r<ar, (Yk)k<m
is at most

No
E (N) (cardA)2 < <§V—N> 25M < exp5Na?
n

n<Np 0

so that by taking u = L' max(a?N/Ny,ar/N/Ny) where L’ is large enough,
all the events (A.61) simultaneously occur with a probability at least 1 —
exp(—Na?). O

Here is another nice consequence of Lemma A.9.2.
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Lemma A.9.6. If e > 0 we have
P( > NRiu=>( —25)_2u)
1<k<k’<M

(1) e (2 (- 1y5)

where R;“kf =N"! ZZSN i,k i,k -
Proof. We start the proof by observing that

1/2
(Z Ri,k’) = sup Z ok Ry g

k<k’ k<k’

where the supremum is taken over the subset B of RM(M—1)/2 of sequences

Qpp With Y0, g Ozi’k, < 1. We use Proposition A.8.1 to find a subset A of
B with card A < (14~ )M” such that

1/2
Supzakk/Rkk/ 1—26 <ZR/€/€’> .

k<K’

Thus

P( Y NRiu >(1—2e)" 2u>

k<k’

(
< waﬂ

k<k’

< (1+%> exp(—% (1—L %)) :

where we use (A.53) for t = vuN in the last line. O
Corollary A.9.7. We have

2_N”card{(al,...70”); Z NR;, > (1—-2¢)7? }

1<4<t'<n

<(1+2) e (-5 (-1y5))

’
where Ry = N~1>. _yofal.

P

Proof. This is another way to formulate Lemma A.9.6 when M = n. |
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A.10 Poisson Random Variables and Point Processes

A Poisson random variable X of expectation a is an integer-valued r.v. such
that, for k=0,1,...

ak

PX = k)= 5o

so that
k

Eexp A X = Z % M = expale — 1) . (A.63)
E>0

Differentiating 1, 2, or 3 times this relation in A and setting A = 0 we see
that

EX=a; EX?’=a+d®; EX3?=a+3a®>+a. (A.64)

Using from (A.8) that for A > 0 and a r.v. Y we have P(Y > t) <
e MEexp\Y and P(Y < t) < eMEexp(—\Y), and optimizing over A\ we
get that for t > 1 we have

P(X > at) < exp(—a(tlogt —t —1))
and
P(X <a/t) <exp(—a(tlogt —t—1)).

In particular we have
P(X —a| > a/2) < exp (-%) . (A.65)

Of course, such an inequality holds for any constant instead of 1/2.
If X1, Xs are independent Poisson r.v.s, X; + X5 is a Poisson r.v. The
following lemma prove a less known remarkable property of these variables.

Lemma A.10.1. Consider a Poisson r.v X and i.i.d. r.v.s (0;);>1 such that
P(o;=1)=0,P(6; =0) =1—9 for a certain number §. Then the r.v.s

X1=) 0i; Xa=) (1-4)
i<X i<X
are independent Poisson r.v.s, of expectation respectively SEX and (1—6)EX.

In this lemma we “split X in two pieces”. In a similar manner, we can split
X in any number of pieces.

Proof. We compute
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Eexp(AX; + uXs) = Eexp( 25 +/¢Z (1-94 )

i<X 1<X

-y C}Z—T@’“Eexp ()\Z D 60)

k>0 i<k i<k

_ Z e EeXp()\(S + p(l— 51)))
k>0 :

k

- ‘;' (5 + (1 — 8)et)*
k>0

expa(de? + (1 —8)e! — 1)
expad(e™ —1)expa(l — &) (e " —1)
= Eexp(AY1 + pY2) ,

where Y7 and Y5 are independent Poisson r.v.s with expectation respectively
0 and 1 —9. O

Consider a positive measure p of finite total mass |u| (say on R?), and
assume for simplicity that p has no atoms. A Poisson point process of intensity
measure p is a random finite subset II = II,, with the following properties:

1. card IT is a Poisson r.v. of expectation |u|.
2. Given that card IT = k, IT is distributed like the set {X1,..., X} where
Xi1,..., Xy are i.i.d. r.v.s of law p/|pl.

(Some inessential complications occur when g has atoms, and one has to
count points of the Poisson point process “with their order of multiplicity”.)
We list without proof some of the main properties of Poisson point processes.
(The proofs are all very easy.)

Given two disjoint Borel sets, A, B, II N A and II N B are independent
Poisson point processes.

Given two finite measures 1, po, if I1,,, and II,,, are independent Poisson
point processes of intensity measure 1y and po respectively, then 11, U II,,
is a Poisson point process of intensity measure g1 + po.

Given a (continuous) map ¢, ¢(I1) is a Poisson point process of intensity
measure o(4), the image measure of the intensity measure p of IT by ¢.

Consider a positive measure y and a Poisson point process I1,, of intensity
measure u. If v is a probability (say on R?), and (U, )a>1 are i.id. r.v.s of
law v, we can construct a Poisson point process of intensity measure p ® v
as follows. We number in a random order the points of IT as z1,...,x, and
we consider the couples (z1,U1), ..., (xg, Ug).

Consider now a positive measure p on RT. We do not assume that p is
finite, but we assume that p([a,c0)) is finite for each a > 0. We denote by
o the restriction of i to [1,00), by juy its restriction to [27%, 27F+1[ £ > 1.
Consider for k > 0 a Poisson point process Iy of intensity measure py, and
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assume that these are independent. We can define a Poisson point process of
intensity measure p as IT = Ug>oIl). Then for each a, II N[a, o) is a Poisson
point process, the intensity measure of which is the restriction of u to [a, 00).

A.11 Distances Between Probability Measures

The set M7 (X) of probability measures on a compact metric space (X, d) is
provided with a natural topology, the weakest topology that makes all the
maps p — [ f(z)dpu(z) continuous, where f € C(X), the space of continu-
ous functions on X. For this topology the set M;(X) is a compact metric
space. The compactness is basically obvious if one knows the fundamental
Riesz representation theorem. This theorem identifies M (X) with the set of
positive linear functionals ¢ on C(X) that have the property that (1) =1
where the function 1 is the function that takes the value 1 at every point.
The so-called Monge-Kantorovich transportation-cost distance on M (X)
is particularly useful. Given a compact metric space (X, d), and two proba-
bility measures pq and ps on X, their transportation-cost distance is defined
as
d(,ul, /1,2) =infE d(Xl, XQ) 5 (A66)

where the infimum is taken over all pairs (X7, X2) of r.v.s such that the law
of X, is p; for j = 1,2. Equivalently,

d(p, p2) = inf/d(ilfla@)d@(xla@) ;

where the infimum is over all probability measures 6 on X2 with marginals
w1 and pg respectively. It is not immediately clear that the formula (A.66)
defines a distance. This is however obvious due to the (fundamental) “duality
formula”

dpnspe) =5 [ 1@ apa(o) = [ 1) ) ) (A.67)

where the supremum is taken over all functions f from & to R with Lipschitz
constant 1, i.e. that satisfy |f(z) — f(y)| < d(z,y) for all z,y in X. The
classical formula (A.67) is a simple consequence of the Hahn-Banach theorem.
We will not use it in any essential way, so we refer the reader to Lemma A.11.1
below for the complete proof of a similar result.

Another proof that d is a distance uses the classical notion of disintegra-
tion of measures (or, equivalently of conditional probability), and we sketch
it now. Consider a probability measure § on X? with marginals p; and j
respectively. Then there exists a (Borel measurable) family of probability
measures 6, on X such that for any continuous function h on X2 we have

/ hdo — / ( / hz, y)d@w(y)>dm(m) . (A.68)
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Consider another probability measure #’ on X? with marginals p; and us
respectively, and a family of probability measures ¢/, on X such that for any
continuous function h on X? we have

/ hdd = / ( / h(x,y)cw;(y)> s (z) - (A.69)

Consider then the probability measure 8” on X2 such that for any continuous
function we have

/hd@” = /(/ h(y,z)dﬁx(y)dQ_fE(z))dul(x). (A.70)

Using (A.70) in the case where h(y, z) = f(y) in the first line and (A.68) in
the third line we get that

[ 102 = [( [ s )ame)
_ / ( / f(y)df)z(y))dﬂl(x)
:/f(y)de(x,y)z/f(y)dm(y)

using in the last inequality that s is the second marginal of 6. This proves
that the first marginal of 6" is ug, and similarly, its second marginal is pus.
Using the triangle inequality

dy, 2) < d(y,z) +d(z, 2) ,
and using (A.70), (A.69) and (A.68) we obtain

/cly7 )do” (y, 2) /dmyd@xy /dmzd@(mz)

and in this manner we can easily complete the proof that d is a distance on
My (X).

The topology defined by the distance d is the weak topology on M (X).
To see this we observe first that the weak topology is also the weakest topol-
ogy that makes all the maps p — [ f(z)du(z) where f is a Lipschitz function
on X with Lipschitz constant < 1. This is simply because the linear span of
the classes of such functions is dense in C(&X) for the uniform norm. Therefore
the weak topology is weaker than the topology defined by d. To see that it is
also stronger we note that in (A.67) we can also take the supremum on the
class of Lipschitz functions that take the value 0 at a given point of X'. This
class is compact for the supremum norm. Therefore given ¢ > 0 there is a
finite class F of Lipschitz functions on X such that

d(ul,u2)<e+sup’ [ 1@ am@) - [ f@ dusle (AT1)
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Given two probability measures (i, ) on a compact metric space (X, d)
we consider the quantity

A(p,v) = inf Ed(X,Y)?, (A.72)

where the infimum is taken over all pairs of r.v.s (X,Y) with laws p and
v respectively. The quantity A'/ 2(u,v) is a distance, called Wasserstein’s
distance between p and v. This is not obvious from the definition, but can be
proved following the scheme we outlined in the case of the Monge-Kantorovich
transportation-cost distance (A.66). It also follows from the duality formula
given in Lemma A.11.1 below. Of course Wasserstein’s distance is a close
cousin of the transportation-cost distance, simply we replace the “linear”
measure of the “cost of transportation” by a “quadratic measure” of this
cost.
Denoting by D the diameter of X, i.e.

D = sup{d(z,y) ; =, y € X},
for any two r.v.s X and Y we have the inequalities
(Ed(X,Y))* <Ed(X,Y)* < DEd(X,Y),

so that
d(p,v)* < A(p,v) < Dd(v, pr) -

Consequently the topology induced by Wasserstein distance on M (X)) also
coincides with the weak topology. Let us note in particular from (A.71) that,
given a number € > 0 there exists a finite set F of continuous functions on
X such that

A, pz) < &+ sup ‘ [r@ame - [ 1@ ane) (A.73)

The following is the “duality formula” for Wasserstein’s distance.

Lemma A.11.1. If p and v are two probability measures on X, then
Ap,v) = sup{/fdu—l—/gdu; f, g continuous,
VryeX, S +a) Sdwa}. (AT
Proof. If f and g are continuous functions such that

Va,y e X, f(z)+g(y) <d(z,y)?,

then for each pair (X,Y) of r.v.s valued in X we have Ef(X) + Eg(Y) <
Ed(X,Y)?, so that if X has law y and Y has law v we have [ fdu+ [gdv <
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Ed(X,Y)?. Taking the infimum over all choices of X and Y we see that
J fdp+[ gdv < A(p,v). Therefore if a denotes the right-hand side of (A.74),
we have proved that a < A(y,v), and we turn to the proof of the converse.
We consider the subset S of the set C(X x X) of continuous functions on
X X X that consists of the functions w(x,y) such that there exists continuous
functions f and g on X for which

/fdu—l—/gdu:a (A.75)

and
Vo,ye X, w(z,y) > flz)+g(y) —d(z,y)* . (A.76)

It follows from the definition of a that for each function w in S there exist
x and y with w(z,y) > 0. Since S is convex and open, the Hahn-Banach
separation theorem asserts that we can find a linear functional ¢ on C(X x X)
such that @(w) > 0 for each w in S. If w € S and w’ > 0 it follows from the
definition of S that w + Aw’ € S, so that #(w + Aw’) > 0. Thus $(w') > 0,
i.e. @ is positive, it is a positive measure on X x X. Since it is a matter of
normalization, we can assume that it is a probability, which we denote by 6.
If f and g are as in (A.75), then for each € > 0 we see by (A.76) that the
function w(z,y) = f(z) + g(y) — d(x — y)? + ¢ belongs to S and thus

/ A, y)? d0(, y) < / (F(2) + g(w)) d6(z, ) (ATT)

Now this holds true if we replace f by f + f’ where [ f'du = 0. Thus this
latter condition must imply that [ f'(z)df(z,y) = 0. It follows that if 6, is
the first marginal of 6 then [ f'(z)d6;(z) = 0 whenever [ f'du = 0. Using
this for f'(z) = f(x) — [ f du where f is any continuous function, we see that
01 = p, i.e. p is the first marginal of §. Similarly, v is the second marginal of
0 so that

[+ sty = [ au+ [gav=a,
and (A.77) then implies that [ d(z,y)*df(z,y) < a. A pair (X,Y) of r.v.s of
joint law 6 then witnesses that A(u,v) < a. O

The previous distances must not be confused with the total variation
distance given by

= vl = sup{\ [ sante) - [ savta

The total variation distance induces the weak topology on M7 (X) only when
X is finite. When this is the case, we have

ln=vil =" lu({z}) — v({a})] - (A.79)

zeX

Il < 1} . (A.78)
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Exercise A.11.2. Prove that [|u — v|| = 2A(u,v), where AY2(u,v) is
Wasserstein’s distance when & is provided with the distance d given by
d(z,x) =0 and d(z,y) = 1 when z # y.

When X is a metric space, that is not necessarily compact, the formulas
(A.66) and (A.72) still make sense, although the infimum might be infinite.
The corresponding “distances” still satisfy the triangle inequality.

A.12 The Paley-Zygmund Inequality

This simple (yet important) argument is also known as the second moment
method. It goes back to the work of Paley and Zygmund on trigonometric
series.

Proposition A.12.1. Consider a r.v. X > 0. Then
1 1 (EX)?
P(X>-EX]|>-
(xz56%) 25 &

Proof. If A = {X > EX/2}, then, since X < EX/2 on the complement A°
of A, we have

(A.80)

1
EX = E(X14) + E(X140) < E(X14) + 5 EX .
Thus, using the Cauchy-Schwarz inequality,

% EX <E(X1,4) < (EX?)'/2P(A)Y/2. O

A.13 Differential Inequalities
We will often meet simple differential inequalities, and it is worth to learn how
to handle them. The following is a form of the classical Gronwall’s lemma.
Lemma A.13.1. If a function ¢ > 0 satisfies

[P ()] < crp(t) + 2
for0 <t <1, where c1,ca > 0 and where @, is the right-derivative of ¢, then

o(1) < expleat) (@(0) n —) | (A81)

Proof. We note that

so that
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A.14 The Latala-Guerra Lemma

In this section we prove Proposition 1.3.8. We present the proof due to F.
Guerra. M. Yor noticed that essentially the same proof gives a more general
result that is probably less mysterious.

Proposition A.14.1. Consider an increasing bounded function o(y), that
satisfies o(—y) = —p(y) and ¢"(y) < 0 for y > 0. Then the function ¥(x) =
Ep(2v/T + h)?/z is strictly decreasing on RT and vanishes as x — oc.

Proof. To prove that the function ¥ is strictly decreasing, working condi-
tionally on h, we can assume that h is a number. We set Y = zy/z + h. We
have

W (z) = E (:v2 ' (V)p(Y) — p(Y)?)

—E
=E(e(M)(Y¢'(Y) = @(Y))) —hEQ' (Y)p(Y) .

The reader should observe here how tricky we have been: we resisted the
temptation to use Gaussian integration by parts.

To study ¢, we note first that ¢(0) = 0 since ¢ is odd, so that since
© is increasing p(y) > 0 for y > 0 and p(y) < 0 for y < 0. The function

¥(y) = y¥'(y) — @(y) satisfies 1(0) = 0 and ¢'(y) = y" (y). Thus ¢'(y) <0
for y # 0 and thus ¥(y) < 0 for y > 0 and ¥(y) > 0 for y < 0. Therefore

(W) (e’ (y) — o(y)) = v(y)(y) <0 for y # 0 and hence
E(p(Y)(Y¢'(Y) — ¢(Y))) <0.
Consequently all we have to prove is that hE p(Y )¢’ (Y) > 0. We start by
writing that

Eo(Y)'(YV) = \/%7 /gp(z\/i +h) (aVT+h)e " /?dz . (A.82)

Now comes the beautiful trick. We make the change of variable

_y—h
-,

z

so that y = 2\/x + h and

# / P(v/T + h)g (2v/T + h) e 2dz

2 2
_ \/21% /so(y)so’(y) exp (—g_x + % - %:) W A8

Making the change of variable ¥/ = —y we get
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\/% / P(2V/T + ) (2v/a + h) e~ /2dz

——— [ewen (-L -2 - s

Recalling (A.82) and adding (A.83) and (A.84) we get

1 y?  h?
hE(Y)e'(Y) = '(y)hsh(h —=——)dy>0
o) = o= [ e msni/zyexm (<3 - 5 Yav = 0.
because ¢'(y) > 0 and he(y)sh(hy/x) > 0. This proves that ¥ is strictly
decreasing. 0O

A.15 Proof of Theorem 3.1.4

Proof. We start with V =1 and then perform induction on the dimension
N. By homogeneity, we may assume that [Udz = [Vdz = 1 and by ap-
proximation that U and V are continuous with strictly positive values. Define
2,10, 1= R by
=(t) y(t)
Ulg)dg =t , Vig)dg=t.

— 00 — 00

Therefore x and y are increasing and differentiable and

Set z(t) = sz(t) + (1 — s)y(t), ¢t €]0,1[. By the arithmetic-geometric mean
inequality, for every t,

Z(t) = s2'(t) + (1= s)y' (1) = («'(1))° (¥ (1)) . (A.85)

Now, since z is injective, by the hypothesis (3.11) on W and (A.85),
1
/de > / W(z(t))z'(t)dt
0
1
Z/O U(z()*V (y(t)' (2" ()* (' (1)) ~>dt

1

= o [U($(t))$/(t)]s[V(y(t))y/(w]l—sdt

This proves the case N = 1. It is then easy to deduce the general case by
induction on N as follows. Suppose N > 1 and assume that the functional
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version of the Brunn-Minkowski theorem holds in RV =1, Let U, V, W be non-
negative measurable functions on RY satisfying (3.11) for some s € [0, 1].
Let ¢ € R be fixed and define U, : RN=1 — [0, 00[ by U,(z) = U(z,q) and
similarly for V; and W,. Clearly, if ¢ = sqo + (1 — s)¢1, g0, ¢1 € R,

Walsz + (1= 8)y) 2 Uy (@) Vau ()"~

for all z,y € RV—1. Therefore, by the induction hypothesis,

[ Wila)do > ( /.. qu(x)dx>s ([, v (x)dx)ls (As6)

Let us define W*(q) = [ons x)dx, and U*(q), V*(¢q) similarly. We see
from (A.86) that

W*(sqo+ (1 —8)q1) > U*(q0)*V*(q)'*,

so applying the one-dimensional case shows that

JRRCE ( / U*(q)dq)s ( / v*<q>dq)1_s |

» W(z)de = /R < - Wq(:c)dx) dg = /R W*(q)dq,

and similarly for U* and V* this is the desired result. Theorem 3.1.4 is
established. 0O

Since
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Glossary

G’ In the Hopfield model, the image of the Gibbs’
measure under the map o — m(o) =
(mi(o))k<n, 244

Gn Gibbs’ measure on Xy, 5

K A quantity that does not depend on NN, although
it might depend on other parameters of the
model. Its value might not be the same at each
occurrence, 30

L A universal constant, i.e. a number, that does
not depend on anything. Its value might not be
the same at each occurrence, 30

O(k) Any quantity A such that |A| < KN~*/2 where
K does not depend on N, 41

Ri 5 The overlap of configurations o' and o2, that
is the quantity N=' Y, ..y 0io?, 3

Ry The overlap between configurations o and o’
that is N™' 32, .,y olol’, 35

R,y The quantity N™' >, .y olol 55

Sk In the models of Chapter 2 and 3, this denotes

the quantity N—1/2 Zi<Ngi,kUi' We can also
denote this quantity by Si(o). We then use the
short-hand notation St = Si(et), 153

S¢ The quantity corresponding to Sx when using
the “cavity in M”, where ¢ is now fixed, and v
is the interpolation parameter, 161

Skt The quantity corresponding to S; when using
the cavity method (interpolation along the last
spin), e.g. in the case of the perceptron model
this quantity is given by (2.15). One then need
the “replicated versions” Sf:’t of Sk, such as in
(2.22), 155

. . — 1 SN — 1 -0 .
Tow;Te; T T = Z'LSN 0,0, Tt = « Zigzv G (04);
_ 1 2

T=x>i<nloi)” —q,87
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w
Yy
E
EY?
Ee

RS

Sy
SK(8,h)

2N

log

tha
vi(f)
v(f)
v(f)'/?
vi(f)

Vtw

)

In the Hopfield model, W = (N3/2m)M/2, 244
Often Y = Bz,/q + h, 40

Mathematical expectation, VII

Short-hand for E(Y?), 3

Expectation only in the r.v. & that is, for all
the other r.v.s given. More generally, expecta-
tion only in the r.v.s “named from &” such as
¢, 51

This notation and its avatars such as &, etc. is
used throughout the book to denote an expo-
nential term that occurs when using the cavity
method, 79

This denotes an ewvent, not the whole of the
probability space, 247

The typical name for a “replica-symmetric for-
mula”, i.e. and expression that gives the limiting
value of py at high temperature. In the case of
the SK model, this is denoted SK(3, h), VII
The sphere of RNof center 0 and radius v/N,
VII

The expression giving the replica-symmetric for-
mula in the case of the SK model, 24
{—1,1}V, IX

In a model with two parameters M and N, such
as in Chapters 2 to 4, this often denotes the
ratio M/N. This might also denote a number
> 0, such as in the expression “M/N — «”, 153
The hyperbolic cosine of x, 9

An average for the Gibbs measure or its prod-
ucts, 6

A Gibbs average for an interpolating Hamilto-
nian, when the interpolating parameter is equal
to t, 20

The natural logarithm, VII

The hyperbolic tangent of z, 9

A short-hand for du;(f)/dt, 31

A short-hand for E{f), 30

A short-hand for (v(f))'/2, 131

A short-hand for E(f);, 31

This is the quantity that corresponds to 14 when
we interpolate “in the cavity in M” method
along the parameter v, so v = 141, and sup-
posedly, v ¢ is easier to compute than v, 162
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In the Hopfield model, the convolution of
G’ with ~, the Gaussian measure of density
W exp(—BN||z||?/2) with respect to Lebesgue
measure on RM. It is a small perturbation of
G, 244

In the Hopfield model, the quantity ¥ (z) =
—Np||z|]?/2 + 3, v log ch(Bn; - z + h), 245

A short-hand for o; — (0;), 47

The hyperbolic sine of x, 9

Equality in distribution, 62

The barycenter of u, 51

A short-hand for o¥%;, the last spin of the ¢-th
replica, 55

The gradient of F', 16

The sequence (6;)1<i<n, 47

A standard Gaussian vector, that is g =
(91,---,9m) where g1, ..., gn areii.d. standard
Gaussian r.v.s, and where M should be clear
from the context, 15

In the Hopfield model, m(o) = (mg(o))k<n,
244

When considering a configuration o =
(01,...,0n) we denote by p the configuration
(61,...,0n_1) is the (N — 1)-spin system, 53
The standard name for a configuration in the
{-th replica, 6

Most of the time, § = Eth*Y = Eth*(B2,/g+h),
83

The k-th moment of a standard Gaussian r.v.,
except in chapter 7 where the meaning is differ-
ent, 40

In the Hopfield model, a* = 1 — (1 —m*?), 256
In the Hopfield model, b* = logch(Sm* + h) —
Sm*2, 242

In the Hopfield model, the solution of the equa-
tion m* = th(fm* + h), 241

In the Hopfield model, my = mi(o) =
N=EY o n Mikoi, 240

py = N 'Elog Zy. This quantity is also de-
noted pyn(8) or pnx (B, k). In models where there
are two parameters N and M, as in Chapters 2,
3, 4, might be denoted pxy s, 6
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approximate
integration by parts

AT line

Bernoulli r.v.

Boltzmann factor

configuration

decorrelate

disorder

energy

. 6712/2
The function f% log N (z) = \/%W? 228

The function
I(t) = %((1 +t)log(1+1t) + (1 —t)log(1 — t)),

which satisfies Z(0) = Z'(0) = 0 and Z"(0) =
1/(1 —t2), see (A.29), 237

The probability that a standard Gaussian r.v. g
is > x, VII

Denotes a quantity which is a remainder, of
“smaller order”, such as in (1.217), 81

The indicator function of the set A, 49
Typically denotes the average over one or a few
spins that take values £1, 53

A central technique to handle situations where
the randomness is generated by Bernoulli r.v.s
rather than by Gaussian r.v.s. It relies on the
identity (4.198), 289

For the SK model, the line of equation
ﬁQEch%(ﬁz\/@ + h) = 1, where ¢ is the solu-
tion of (1.74), 80

Arv.nsuchthat Pln=1)=P(n=-1)=1/2,
13

At the configuration o is has the value
eXp(_ﬂHN(U))v IX

An element of the configuration space, which is
most of the time either X'y are Sy, IX

The spins o7 and o9 decorrelate when
limy_ 00 E|[{o102) — (01)(02)| = 0. One expects
this behavior at high temperature. One also ex-
pects that asymptotically the r.v.s (o1) and (o2)
are independent, 47

The randomness of the Hamiltonian, X

A number associated to each configuration,
which is often random, IX



essentially
supported

external field

finite connectivity

Gibbs’ measure

Griffiths’ lemma

Hamiltonian

Hamming distance

high-temperature
behavior

independent

interchange
of limits

Jensen’s inequality

negligible
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A random measure G is essentially supported
by a set A (depending on N and M) if the com-
plement A€ of A is negligible, 254

A term h) ;. 0; occurring in the Hamilto-
nian, 4

A situation where the average number of spins
that interact with a given spin remains bounded
as the size of the system increases, XII

The probability on the configuration space with
density proportional to the Boltzmann factor,
IX

If a sequence @y of convex differentiable
functions converges pointwise in an interval
to a (necessarily convex) function ¢, then
limy oo Py (x) = ¢'(x) at every point z for
which ¢/ (x) exists, 25

The function that associates to each configura-
tion its energy, IX

The Hamming distance of two sequences o' and
o? of X is the proportion of coordinates where
they differ, 3

The situation where the spins decorrelate, and
where the limiting value of py is given by the
replica-symmetric formula, 11

This word is always understood in the proba-
bilistic sense, 1

A very sticky point, 8

For a convex function ¢ and a r.v. X, the fact
that o(EX) < Ep(X), 8

If G is a random measure, as set A (depend-
ing on N and M) is negligible if EG(4) <
K exp(—N/K) where K does not depend on N
or M, 254
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overlap

overwhelming

probability

partition function

r.v.s
random
external field

replica-symmetric

replicas

self-averaging

site
symmetry
between replicas

The overlap between two configurations o =
(01,...,0n) and T = (71,...,7n) is the quan-
tity N“lo -7 =N"1Y" ..oy 0iTiy 3

An event {2 (depending on M and N) occurs
with overwhelming probability if P(£2) > 1 —
Kexp(—N/K) for some number K that does
not depend either on N and M, 247

The normalizing factor in Gibbs’ measure,
Zn =2ZN(B) = 25 exp(=BHN(0)), IX

A short-hand for random variables, 1

A term ZKKN h;o; in the Hamiltonian, where
(h;) are i.i.d. r.v.s, 20

In physics’ terminology, this describes “high-
temperature behavior”. The limiting value of
pn is then given by the replica-symmetric for-
mula. This formula depends on some “free pa-
rameters” that are specified by the replica-
symmetric equations. These equations always
seem to express that the free parameters are a
critical point of the replica-symmetric formula.
A simple example of replica-symmetric formula
is given by the right-hand side of (1.73), and
the corresponding replica-symmetric equation is
(1.74), 22

Configurations that are averaged independently
for Gibbs’ measure. They are typically denoted

by ol,...,0% ..., 6

Informally, a random quantity Xy such that
E|X x| > 1/L but that the variance of Xy goes
to 0 as N — oo. The value of EX then “gives
all the first-order information about Xn”, 7
An integer 1 <i < N, 8

A consequence of the fact that (o) is an i.i.d.
sequence for Gibbs’ measure. A good place to
learn about it is the beginning of the proof of
Proposition 1.8.7, 32
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symmetry

between sites A general principle that for many Hamiltonians,
the sites “play the same role”, 8

typical A situation that occurs with probability near 1,

as opposed to an exceptional situation, which
occurs with probability near 0, VIII
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